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Abstract

We characterize comparative statics for open production network economies
in general equilibrium. We generalize growth-accounting to environments with
international trade, input-output networks, and arbitrary distortions. We char-
acterize how income responds to trade shocks up to a second-order approxima-
tion, and show that our result generalizes Arkolakis et al. (2012) to environments
with nonlinear input-output networks. We show how aggregate trade elasticities
can be constructed from microeconomic estimates. Finally, we also show that the
costs of tariffs (but not iceberg costs) can be calculated by an appropriate sum-
ming up of deadweight loss triangles, and provide non-parametric formulae for
these losses in terms of sufficient statistics. We apply our results to find that real-
location of resources has been a drag on the incomes of industrialized countries,
the presence of intermediate inputs doubles the costs of Brexit (and changes its
distributional consequences), and network spill-overs mean that main benefi-

ciary of Trump tariffs on China may be Mexico.
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1 Introduction

In this paper, we study how aggregate statistics, like GDP and real income, respond to
disturbances in open-economies. Our comparative static results are general and non-
parametric, allowing us to bring together results from several different literatures, includ-
ing the growth-accounting, production networks, and international trade literatures. At
an abstract level, we characterize how every variable (every price and quantity) responds
to a microeconomic disturbance anywhere. However, we place our focus narrowly on
how real income and real GDP respond to shocks.

This paper expands upon and generalizes a fundamental theorem of closed economies.
Consider a closed, perfectly competitive economy where households have identical ho-
mothetic preferences and primary factors are inelastically supplied. Then, we can write

dlogi dlogW  dlogY  sales;
dlog A; dlogA; dlogA; GDP’

(1)

where U is social welfare (in consumption equivalent units), W is real income, Y is real
output, and A; is a Hicks-neutral shock to some producer i. This means that the sales
share of producer i is a sufficient statistic for understanding, to a first-order, the impact of
a shock on aggregate welfare, aggregate income, and aggregate output. The first equality
follows from homotheticity of preferences. The second equality follows from the fact that
in a closed economy, real income and real output (when measured via a consumption
price index) are identical. The final, and most subtle, equality is a consequence of the
tirst welfare theorem known as Hulten’s theorem. In open, and potentially distorted,
economies, every one of the equality signs above can fail. In this paper, we generalize and
clarify the relationship between each component of equation (1) in these environments.
To describe our results, we proceed equality by equality starting with

dlogY  sales;
dlogA;  GDP’

showing that the elasticity of real GDP with respect to shocks are given by sales shares.
We show that if perfect competition holds within a country, then changes in aggregate
productivity are still described by Hulten (1978) even if the economy is open to trade.
However, when marginal cost pricing does not hold in a country, aggregate productivity
is no longer described by Hulten’s theorem, rather it behaves as described in Baqaee and
Farhi (2017¢).



Whereas Hulten’s theorem applies unchanged to perfectly competitive open economies
for real GDP, the relationship between real income and real GDP

dlogW  dlogY
dlog A; N dlog A;

breaks down even if the economy is perfectly competitive. Intuitively, the simplicity of
Hulten’s theorem comes from the fact that, at the efficient allocation, a reallocation of re-
sources has no effect on output and aggregate productivity, and hence, can be ignored. In
an open-economy, reallocations do matter for real income up to a first order, even if the
allocation is efficient. The reason is that in an open economy, one consumer’s gain is an-
other consumer’s loss — since at the efficient point, reallocations are zero-sum. Therefore,
whereas reallocations have no first-order effect on aggregate productivity and real GDP in
efficient environments, they do have first-order effects on real income and consumption.
We derive growth-accounting style expressions that apply to real income, rather than real
GDP, and show that these expressions can decompose changes in welfare into a produc-
tivity effect and a reallocation effect. Once aggregated over all households in the world,
in an efficient economy, the reallocation effects sum to zero, leaving behind only the pure
technology effects. Hence, for the world as a whole (or equivalently, a closed economy),
our welfare-accounting formulas collapse to be the same as traditional growth-accounting
formulas. Outside of those cases however, the two formulas are very different.

Finally, social welfare in open economies differs from real income, breaking down

dlogi  dlogW
dlog A; N dlog A;

due to non-aggregability of consumer preferences. Therefore, we provide an approxima-
tion of a social welfare function for the world economy when each consumer’s preferences
are weighted according to their income share in the competitive equilibrium.

We state our results in two ways: (i) using ex-post sufficient statistics, and (ii) using
ex-ante sufficient statistics. When stated in terms of ex-post sufficient statistics, compar-
ative statics can be tied to changes in factor shares. These expressions are convenient
for growth-accounting applications where our goal is measuring and decomposing the
sources of real income growth, but are less useful if we need to perform counterfactuals
or predict future changes (since we do not know how factor shares might respond to a
shock). To make counterfactual predictions, we solve for the changes in factor income



shares implied by the model. These changes can be written in terms of microeconomic
elasticities of substitution and the input-output matrix, and they do not require us to
tully specify the structural model. By plugging these expressions for the changes in fac-
tor shares into our ex-post formulas, we can state our results in terms of ex-ante sufficient
statistics.

Since solving for welfare changes requires us to first solve for how factor incomes
change, our analysis also delivers, for free, the distributional consequences of shocks on
the different factors. In addition, simple corollaries of our results show how aggregate
trade elasticities, which are key statistics of interest in the international trade literature,
can be written as linear combinations of underlying microeconomic elasticities of substi-
tution.

Our approach allows us to spot some interesting connections between the closed-
economy macro literature and the open-economy trade literature. The former is inter-
ested in tracing out the impact of productivity shocks on real GDP, whereas the latter is
interested in tracing out the impact of trade shocks on real income. We prove that, under
some conditions, there exists a useful isomorphism between these two types of questions.
In particular, the income effects of iceberg shocks in CES trade models are equivalent to
the output effects of productivity shocks in a dual closed economy. This means that we
can use results from the closed-economy literature, principally Hulten (1978) and Baqaee
and Farhi (2017a), to characterize the effects of iceberg shocks on welfare up to the second-
order. Our formulas provide a generalization of the influential insights of Arkolakis et al.
(2012) to environments with disaggregated, and non-linear, input-output connections.

For most of the paper, we restrict ourselves to efficient economies. Towards the end of
the paper, we extend our results to allow for arbitrary distorting wedges (e.g tariffs). We
show that extending our analysis to incorporate distortions via wedges is very straight-
forward. Conceptually, in a distorted economy, reallocations not only affect welfare, but
they can also affect productivity and real GDP, and our set up allows for a unified treat-
ment of both welfare and productivity in situations where reallocations matter to a first
order.

We also show that, in general, the losses to society as a whole, and to the output
of each country, from the imposition of tariffs or other distortions can be computed by
an appropriate summing up of Harberger triangles. We provide explicit formulas for
what these Harberger triangles are equal to in terms of microeconomic sufficient statistics,
statistics that depend on microeconomic elasticities of substitution and the input-output



network. In particular, we show how the existence of global value chains can dramatically
increase the costs of protectionism by both inflating the size of deadweight loss triangles
and the weight on the importance of each triangle.

We include some empirical and quantitative applications of our results. We use our
growth-accounting formulas to decompose changes in real income for different countries
into pure technology and reallocation effects. We find that reallocation effects have had
significant impacts on welfare for many countries. In particular, industrialized manu-
facturing dependent countries like Japan and Germany have lost much ground over our
sample, whereas developing countries like China and commodity exporters like Australia
and Canada have gained. The US has not been as dramatically affected by reallocation
effects, and the evolution of real income has mostly kept pace with that of technological
progress. However, even for countries like the US, where real income on the whole has
not been affected by reallocation, factors within the US have experienced dramatic real-
locations, with high-skilled real income gaining and low and medium skilled incomes
losing.

Next, we use a quantitative model to predict how trade policy can affect different
countries. We consider three exercises, each of which highlights a conceptual point. First,
we consider the welfare changes associated with a reversal of globalization, achieved
either via import tariffs or non-tariff trade barriers. We show that the latter is far more
costly than the former, and link this to the fact that deadweight loss triangles are much
smaller than the loss trapezoids generated by non-trade barriers. We also show that for
both tariffs and non-tariff barriers, accounting for the existence of global value chains is
crucial. Quantitatively, the losses from protectionism are tripled or quadrupled once we
account for the existence of input-output connections.

Second, we consider a simple Brexit scenario where the remaining members of the
European Union place tariffs or non-tariff trade barriers on British imports. We find that
the former is much better than the latter, since in the latter some EU member states are
even worse affected than Britain, while in the former scenario, European income on the
whole rises from the collection of tariff revenues. Interestingly, regardless of whether the
trade barriers are tariffs or not, low and medium skilled workers in Britain are better off
after the tariffs are imposed, but only if we ignore the input-output connections between
producers. When we allow for network linkages, all British factors are made worse off by
Brexit (though capital and high-skilled labor are still more negatively affected).

Finally, we compute the effects of US tariffs on Chinese imports, motivated by recent



events. We find that, once we take into account network connections, Mexico, rather
than US workers, are the primary beneficiaries of US tariffs on China, while the primary
losers are China and China’s major trading partners (Taiwan, Korea, and Australia). This
last exercise emphasizes the interconnected nature of global trade, and the importance of
considering the trading system as a whole when evaluating policy counterfactuals.

The outline of the paper is as follows. In Section 2, we set up the basic framework
and define the relevant objets of interest. In Section 3, we derive our ex-post growth
and welfare accounting expressions for efficient economies and use it to decompose in-
come growth. In Section 4, we derive our ex-ante sufficient statistic formulas for doing
counterfactuals in efficient economies and show how they can be used to aggregate trade
elasticities and study the distributional consequences of shocks. In Section 5, we estab-
lish a duality between open and closed economies that allows us to extend the insights of
Arkolakis et al. (2012) to economies with non-linear disaggregated production. We find
that the welfare gains from trade can be much higher once one accounts for complemen-
tarities in production and intermediate inputs. In Section 6, we show how our results
can be generalized to inefficient environments. In Section 7, we perform some quantita-
tive counterfactual exercises. Before concluding in Section 9, we briefly describe how the
results in prior sections, which occasionally assume CES functional forms, can easily be

generalized to be fully non-parametric in Section 8.

Related Literature

Our paper is related to three literatures: the literature on production networks, the liter-
ature on growth accounting, and the literature on the gains from trade. We discuss each
literature in turn starting with the one on production networks.

The literature on production networks has primarily been concerned with the propa-
gation of shocks in closed economies, typically assuming a representative agent. For in-
stance, Long and Plosser (1983), Acemoglu et al. (2012), Atalay (2017), Baqaee (2018), Car-
valho et al. (2016), among many others. For an overview of this literature, see Carvalho
and Tahbaz-Salehi (2018) and the references therein. Our results builds on the results by
Baqaee and Farhi (2018) who show how shocks propagate in input-output networks with
heterogenous consumers, since heterogeneity of consumers is a defining property of trade
models.

Our growth accounting results are related to closed-economy results like Solow (1957),

Hulten (1978), as well as the literature extending growth-accounting to open economies,
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including Kehoe and Ruhl (2008), and Burstein and Cravino (2015) who show that Hul-
ten’s theorem can be applied to measure productivity changes in open-economies. Per-
haps closest to us are Diewert and Morrison (1985) and Kohli (2004) who introduce out-
put indices which account for terms-of-trade changes. Our real income and welfare-
accounting measures share their goal, though our decomposition into pure productiv-
ity changes and reallocation effects is different. In explicitly accounting for the existence
of intermediate inputs, our approach also speaks to how one can circumvent the double-
counting problem and spill-overs arising from differences in gross and value-added trade,
issues studied by Johnson and Noguera (2012) and Koopman et al. (2014). Relative to
these other papers, our approach has the added bonus of easily being able to handle inef-
ticiencies and wedges.

Finally, our results build on and contribute to the literature on the gains (or losses)
from trade. In particular, our results generalize some of the results in Arkolakis et al.
(2012) and Costinot and Rodriguez-Clare (2014) to environments with non-linear input-
output connections. Our framework generalizes the input-output models emphasized in
Caliendo and Parro (2015), Caliendo et al. (2017), Morrow and Trefler (2017), Fally and
Sayre (2018), and Bosker and Westbrock (2018). Our results about the effects of trade in
distorted economies also relates to Arkolakis et al. (2015). Our results also relate to work
with non-parametric or semi-parametric models of trade like Adao et al. (2017) and Lind
and Ramondo (2018).

[TO BE COMPLETED]

Trefler and Zhu (2010), Vanek (1968), Davis and Weinstein (2008), Costinot and Rodriguez-
Clare (2014), Johnson (2014), Caliendo et al. (2017), , Cufiat and Zymek (2017), Feen-
stra and Sasahara (2017), Burstein and Vogel (2017),Krugman et al. (1995), Elsby et al.
(2013), Koopman et al. (2014), Hummels et al. (2001), Blanchard et al. (2017), Costinot and
Rodriguez-Clare (2018), Barattieri et al. (2018), Artug et al. (2010), Dix-Carneiro (2014),
Galle et al. (2017), Yi (2003), Epifani and Gancia (2011), Berthou et al. (2018), Bernard et al.
(2018).

2 Framework

In this section, we set up the general framework of the model and define the key statistics
whose properties we study. To start with, we will assume marginal cost pricing, so that

there are no distorting wedges. In Section 6, we extend our results to environments with



distortions (e.g. markups, tariffs, taxes, etc.)

2.1 Model

There is a set of households H, a set of goods N, and a set of factors F. Each household,
good, and factor is assigned to a country. Denote the set of households, goods, and factors
belonging to country ¢ by He, N;, and F.. Finally, C is the set of all countries. Each
households I € H. owns some share of the factors in that country f. € F.. We denote this
share by @ . We take the quantity of each factor, as well as the ownership structure of
factors ® as being exogenous.

Households

Each household I € H, maximizes a homothetic demand aggregator

Cr = Wilem,---cnn), ()
subject to the budget constraint
Y pichi = ), PppwsLls+ty, 3)
i feF;

where p; is the price of good i, cj; is the quantity of good i consumed by household £,
wy is the wage of factor f and Ly is the quantity of factor f in country c. Finally, ¢, is an
exogenously given net lump sum transfer from the rest of the agents to household #.1-2

Goods

Each good is produced using a constant returns production function with the associated

cost function

%Ck(pl,...,pN,wl,...,ZUp), (4)
k

!These exogenous transfers can be used to allow for trade imbalances in steady-state, similar to Dekle
et al. (2008).

2In mapping our model to data, we interpret domestic “households” as any agent which consumes
resources without producing resources to be used by other agents. Specifically, this means that we include
domestic investment and government expenditures in our definition of “households” when we map this
model to the data.



where y; is the total quantity of good k produced and Ci/ Ay is the unit cost function.
The parameter Ay is an exogenous Hicks-neutral productivity shifter. As pointed out by
McKenzie (1959), neoclassical production functions are constant returns to scale without
loss of generality, since any decreasing returns production function can always be written
as a constant returns production function by adding quasi-fixed factors.

The assumption that productivity shifters are Hicks-neutral is also made without loss
of generality. This is because biased technical change, say for k’s ability to use an input j,
can be captured by adding a new (constant-returns) producer who buys from j and sells
to k. A Hicks-neutral productivity shifter for this new producer is isomorphic to an input-
biased technology shock. Similarly, iceberg trade costs can be represented as productivity

shifters for specialized exporters.

Equilibrium

Given productivities A; and a feasible vector of transfers (a vector satisfying Y ;t; = 0), a
general equilibrium is a set of prices p;, intermediate input choices x;;, factor input choices
lir, outputs y;, and consumption choices c;, such that: (i) each producer chooses inputs to
minimize costs taking prices as given; (ii) each household maximizes utility subject to its

budget constraint taking prices as given; (iii) the markets for all goods and factors clear.

2.2 Definitions

To characterize comparative statics, we introduce some input-output notation and defini-

tions.

Input-Output Definitions

Let by be the N x 1 vector whose ith element is the share of good i in consumer h’s
budget

PiChi
by = — ik 5
" YicN PiChi ©)

Let xj, be consumer h’s share of total income

YicN PiChi
Xn = : (6)
YjeN LdeH PjiCdj




Following Baqaee and Farhi (2018), define the heterogenous-agent input-output matrix to
be the (H+ N + F) x (H + N + F) matrix () whose ijth element is equal to i’s expendi-
tures on inputs from j as a share of its total revenues/income

_ PjXij

=L 7
Dy, )

ij
The HAIO matrix Q) includes the factors of production and the households, where fac-
tors consume no resources (zero rows), while households produce no resources (zero

columns). The Leontief inverse matrix is
Y=(I-Q)'=1+Q+0%+.... (8)

While the input-output matrix () records the direct exposures of one agent to another, the
Leontief inverse matrix ¥ records instead the direct and indirect exposures through the
production network.

The global Domar weight A; of producer i is its sales as a fraction of world GDP

A= P, 9)

where the second equality is an accounting identity linking the Leontief inverse to the
Domar weight.
The local Domar weight A.; of producer i in country c is its sales as a fraction the GDP

of country ¢
A — PiVi
“  GDP’

Note that YN ; A; > 1in general since some sales are not final sales but intermediate sales.
For expositional convenience, for a factor f, we use Ay and Ay instead of A and Ay
Nominal Output and Nominal Income

Gross domestic product (GDP) or nominal output for country c is the total earnings of the

factors located in that country

GDP.= ) welg= ) ) picw+ 3, Y pixji— 3 3 pixij= ) pidg - (10

feF: hecH;ieN, i€N; j¢N,¢ i€eN; j¢N, ieN
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This is, in turn, equal to the revenue of all domestic firms minus the intermediate input
costs of all domestic firms (including both imported and foreign intermediates).?> The
scalar gSP7 is the net quantity of good i in the GDP of country ¢ (which means that it can
be positive or negative).

Gross domestic income (GDI) or nominal income for country c is the total income

earned by domestic households in that country

GDI.= ) w¢Lli+tc= Y Y picp (11)
feF heH;ieN

Nominal GDP and GDI can differ from one another due to trade imbalances.
Define world GDP and GDI by summing across all households in the world

GDP=)Y Y Y pici=)_ ), (wsLs+t)=GDL

ceCheH.ieN ceC feF.

Of course, at the global level, GDP and GDI are equal since the world has no net exports.
When we write GDP without a subscript, this refers to world GDP.

Real Output and Real Income

Since the economy has heterogeneous households, the level of real GDP or GDI is am-
biguous to define. Hence, we do not offer a definition for the level of real GDP, defining
instead only the changes in real output and income using the Divisia index. The change in
real GDP of country c is

dlogY, = Y F;dlogq5P", (12)

ieEN

where F,; is good i’s net share in GDP p;g%P? /GDP.. Similarly, we can define changes in
the GDP deflator as

dlog P, = ZFci dlog p;. (13)
c

We can also measure changes in household h’s welfare

dlog W), = Z Qi dlogcy;, (14)
ieN

3Equivalently, GDP is the receipts of domestic producers from sales to households and foreign firms
minus foreign purchases of intermediate inputs. Since we interpret household demand as consisting of
consumption, investment, and government purchases, this is the familiar GDP =C+ 1+ G+ X — M.
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where ()y; is good i’s share in household h’s expendi’cures.4 With some abuse of notation,
we can also define changes in real income (real GDI) for country c by aggregating across
households in that country

Xh
dlog W, = (—Q > dlog c.;, (15)
g e iEZNhEZHC ZkGHCXh hi B e

where ¢;; = Y jep. cpi- If there is a representative household in country ¢ (H, is a single-
ton), then changes in real GDI are a first-order approximation to changes in the represen-
tative agent’s welfare, and (14) is the same as (15).

Recall that whenever a country has balanced trade, nominal income and nominal out-
put are the same. However, even when trade is balanced, real output and real income
are not the same. This is because real GDP and real GDI use different price deflators, the
former uses the GDP deflator (that accounts for imports and exports directly), whereas
the latter uses a consumption basket price index (which only accounts for prices faced
directly by consumers).

For the entire world, real output dlog Y and real income dlog W are the same, since
the world is in autarky. If the world has a representative consumer (H is a singleton) then
dlogY also measures changes in the welfare of that consumer. In this extreme case, the
model in this paper simplifies to the one studied by Baqaee and Farhi (2017b).°

3 Comparative Statics: Ex-Post Sufficient Statistics

We now characterize how real output and real income respond to shocks. Our results
in this section will be in terms of expenditure shares and changes in expenditure shares.
Hence, the results will only be useful with knowledge of expenditure shares, and in the
case of welfare, knowledge of changes in expenditure shares. This makes the results ideal

for applications where there is information on the expenditure shares before and after

4Shephard’s lemma implies that the right-hand side of (14) is equal to the variation in household h’s
welfare (the left-hand side).

50ur notion of real GDI growth is related to, but distinct from, the command-basis real GDP growth
computed by the BEA and discussed by, for example Kehoe and Ruhl (2008). The primary difference is in
the treatment of imported intermediate inputs — whereas the command-basis notion of GDP uses (final
and intermediate) import prices to deflate net exports, our price deflator would only use prices of imported
final goods.

6See Hulten (1973) for more details on the relationship between Divisia indices and cardinal measures
of welfare and output.
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the shock (i.e. growth-accounting). In the next section, we characterize how expenditure
shares change in response to shocks conditional on knowledge of elasticities of substitu-
tion. This can then be combined with the results in this section to produce counterfactual

predictions about how income and welfare would respond to shocks.

3.1 Output and Productivity-Accounting

In response to a productivity shock to some producer i in country c,

dlog Y.

Tos A, = Ae1(i € N.). (16)

Hence, to a first-order, a shock to producer i moves real output in country ¢ by an amount
equal to that producer’s local Domar weight. Perhaps counterintuitively, (16) implies
that shocks to foreign producers have no effect on domestic real GDP (to any order of
approximation)!”

Since changes in iceberg trade costs, and changes in the quantity of factors, can be
represented as productivity shocks, equation (16) leads to the following characterization

of changes in real GDP.

Theorem 1 (Productivity-Accounting). If domestic producers price goods at marginal cost then

dlogY, = ) A;rdlogAj+ ) AcsdlogLe. (17)
i€N; feF;

Hence, as shown by Burstein and Cravino (2015), productivity-accounting, a la Hulten
(1978), is the same in an open economy as it is in a closed economy, namely, the Solow
(1957) residual is equal to the Domar-weighted sum of productivity shocks of domestic
producers. Of course, what does break down in the open economy is the connection

between real output growth, and changes in real income.

There are two important caveats to this statement: (i) shocks to foreign producers may change domestic
local Domar weights, and thereby change the way local shocks affect the domestic economy (a nonlinear
interaction), (ii) Equation (16) is false if the economy is not efficient. We shall discuss both of these issues at
length in Sections 5 and 6.
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3.2 Income and Welfare-Accounting

In a closed economy, real income and real output are the same, and so Hulten’s theorem
applies not just to output, but also to income and welfare. In order to characterize changes
in real income, we need to define network-adjusted exposures. For each household #,
define

M=+ Y Qi+ Y QO+ -+ = Fig (18)

ieEN ijEN

as the exposure of consumer h to producer k. We can use a similar formula to define
the network-adjusted exposure of each consumer & to each factor f, which we denote
with capital letters A?. The Domar weight is related to the exposures via the accounting
identity

M= Y Al (19)
heH

in other words, the Domar weight of each good k can be decomposed into an average of
household exposures to that good, weighted by household income.

In response to a productivity shock to some producer i,

dlogW, Aydlog A  dlogAf

dlog A; k+f§% " xe dlog A; Z fdlogA

(20)

Hence, unlike real GDP, welfare and real income move in more complex ways in an open
economy than in a closed one.

Equation (20) shows that in response to a productivity shock to k, holding fixed the
distribution of income A, consumer / is made better off due to their network-adjusted
exposure )\Z to producer k. However, in equilibrium, the distribution of income can shift
in response to the shock, and these “terms-of-trade” effects have welfare consequences.
These consequences are captured by the last two summands on the right hand side of
(20): the first is the gains to income from an appreciation in the price of factors i owns,
while the second is the losses to income from an appreciation in the price of factors h
consumes. In a closed economy, the last two summands exactly offset one another and so
can be neglected. Furthermore, in a closed economy, the network-adjusted exposure of
the representative consumer )LZ is exactly equal to the Domar weight A;.8

8Equation (20) collapses to Hulten’s theorem for a closed economy even in the absence of a struc-
tural representative agent. To see this, construct changes in world real income using the weighted av-
erage of individual real incomes: dlogW = ).y x, dlogW;,. Then applying equation (20) results in
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To complete our characterization of welfare, we also show how welfare responds to a
change in transfers. Let 7, = t;,/ Y jen ey pichi be the transfers to household / as a share
of global GDP. Then, in response to a transfer shock d 7:

AN
dlogW, = ldTh + ) @hf—fdlogAf - Aj‘rdlogAf, (21)
Xh feF. Xe feF

where xj, is household h’s share of aggregate income. In response to a transfer shock, there
is the direct effect of the transfer, as well as the accompanying effect of changes in relative
factor rewards. Equations (20) and (21) allow the following (first-order) characterization
of changes in welfare (or real income).

Theorem 2 (Welfare-Accounting).

dlog Wy — Z A?dlogLf - 2 Ajdlog A; + Z (CI)thCf — Ajf) dlog Af + idr.
feF ieN feF Xh
(22)

3.3 Interpretation of Growth-Accounting Formulas

Theorem 2 shows how changes in consumer welfare can be related to changes in factor in-
come shares, so that conditional on knowledge of how factor income shares will respond
to a shock, we can deduce how welfare responds to that shock. In the next section, we
show how factor income shocks will move in equilibrium, and hence, how welfare will
move in response to shocks.

However, Theorem 2 is also interesting because it can be used to measure the reason
why welfare changed in equilibrium. Conceptually, disturbances affect welfare by chang-
ing the size of the pie and each agent’s share of the pie. Theorem 2 provides precisely this
decomposition of welfare. In a world with heterogenous consumption baskets, the notion
of “the pie” is ambiguous, since different agents value goods differently. Hence, our de-
composition breaks changes in welfare into (i) the change in welfare from increased pro-
duction of each good holding fixed every agent’s share of each good, and (ii) the change in
welfare from changes in the shares of each good consumed by each agent. Formally, bor-
rowing language from Baqaee and Farhi (2017c), let X bean (H+ N+ F) x (H+ N + F)
admissible allocation matrix, where Xj; = x;;/y; is the share of the physical output y;

dlog W/ dlog Ay = dlogY/ dlog Ay = Ak, even though there is no structural representative agent.

15



used by agent i (including factors and households). Specify the vector of productivities A
and denote by Wj,(A, X) the welfare W;, of household & achieved by this allocation.”/!Y
Now consider how welfare changes in response to shocks in equilibrium:

dlog A oX
ATech\riology ARealfc:cation
_ dlog W, dlogW), [ oX oX
= Dlog A dlog A + X alogAdlogA+ e dt ).

The change in welfare can be broken down into two components: the direct or “pure”
effect of changes in technology d log A, holding the distribution of resources X" constant;
and the indirect effects arising from the equilibrium changes in the distribution of re-
sources d X'. Reallocation effects arise for two reasons: (i) a change in the trade deficit,
and (ii) due to changes in the relative prices. Specifically, changes in terms of trade do not
necessarily offset changes in the quantity of exports, hence, the share of income claimed
by each household can rise or fall in response to movements in relative prices.!!

We can interpret Theorem 2 as giving us components of this decomposition

dlog Wy,

Y/ ,
3log 4; dlog A; = Aj dlog A;, (23)

9The allocation matrix is admissible if the following conditions are verified: 0 < X,»j < 1 for all i and
J; Xijj = 0foralljand for N+1 < i < N+ F; Z?LJ{FXij <1lforalll <j<N; ZilflrFX,-j = 1 for all
N +1 < j < N+ F; and there exists a unique resource-feasible allocation such that the share Xjj / Y; of the
Xjj
y—]f.

10T see how to construct this allocation, consider the production functions F; defined as the duals of
the cost functions C; in the usual way. Then the vector of outputs y; solves the system of equations y; =
F(Xiy1, -, XngpyisYn+p) for 1 <i < Nand yy,f = Lyfor1 < f < F.

"The reallocation effect measured here relates to the gains from international risk-sharing identified by
Cole and Obstfeld (1991). They showed that in a Cobb-Douglas model, there may be no gains from allowing
countries to insure each other against productivity shocks. The reason for this intuition is that in a Cobb-
Douglas world, where all price-elasticities are unity, the terms of trade move exactly to offset the change
in net exports, hence providing perfect insurance without the need for financial contracts. In our context,
assuming that all production and cost functions are Cobb-Douglas would imply that factor shares are con-
stant, which would then eliminate the terms associated with reallocation arising from productivity shocks.
Viewed in this way, it is also intuitive why these terms disappear in an economy with a representative
agent: there are no reallocation effects in this case.

output y; of producer i which is used by producer j is equal to Xj;, so that &j; =
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and
dlog Wy, Ay E 1
—2tdXx =) —~dlogAf— ) ASdlogAs+ —dr. (24)
0X =R = R A Y
An alternative decomposition that’s common in the literature is to break down changes

in welfare into the change in income and the change in prices:
dlog W, = dlog x;, — dlog Py,

where Y, is the share of income and Pj, is the price index of consumer 4. One might be
tempted to interpret changes in income shares as changes in the share of the pie, and
changes in prices as the change in the size of the pie. To see why this interpretation is
flawed, consider the example in Figure 1. In this example, each household produces a
good using their domestic factor and sells the entire output to the other household. The
sales of the domestic good finance the purchases of the foreign good. Now consider a
perturbation of transfers d T which moves income from home to foreign. This transfer
will shift both income and prices, however, since this economy is capable of only a single

feasible allocation, it must be that

dlogW,

dr 0

and hence

dlogx, _  dlogPh,

dt dr
Hence, with the income vs. expenditures decomposition, we are led to the conclusion that
the share of the pie changed (income shares), and there were offsetting changes to the size
of the pie (prices). However, the allocation did not change — these transfers were simply
a veil, and any reasonable observer agrees that neither the size nor the share of the pie
changed. This type of logic can also be applied to productivity accounting, see Appendix
R for more details.

3.4 Application to Welfare Accounting

In this section, we use Theorem 2 to decompose changes in income for the represen-
tative consumer in different countries over time. We decompose income into changes
due to changes in the physical environment (holding fixed the allocation of resources),

changes in the allocation of resources due to changes in relative factor prices (terms of
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Figure 1: The solid lines show the flow of goods while the dashed lines show the flow of
wage payments. Each node label gives the name of the node.

trade effects), and changes in the allocation of resources due to changes in net transfers.
Of course, if we were to aggregate all countries, then the effects of changes in the alloca-
tion of resources would be exactly zero, and we would only be left to changes due to the
physical environment (changes to the production functions and factor quantities).

We use data from the World Input-Output Database (Timmer et al., 2015). The dataset
contains input-output tables as well as price and quantity indices for 41 countries and
35 sectors from 1995-2014. The database measures four primary factors for each coun-
try: low-skill, medium-skill, and high-skill labor, as well as the capital stock. In Figure
3 we display the cumulative change in each component over time for a sample of coun-
tries. The full list of countries can be found in the Appendix E. Focusing on the terms of
trade movements, by and large, we find that manufacturing-reliant developed countries
in Western Europe (Britain, France, and in particular Germany) and developed countries
in East Asia (Japan, South Korea) have lost out over time, while Eastern Europe and China
have gained massively. Developed nations that are more reliant on commodity exports,
like Canada, Norway, and Australia, have not lost out. Developed countries reliant on
financial services, like Ireland and Luxembourg, have also fared better.

We can also decompose real income earned by factors inside a specific country per unit
of factor supply. For instance, zooming into the US, we find that high-skilled workers in
the US have benefitted from reallocation over time, while medium and low-skilled have
lost out to the rest of the world. So despite the fact that the US has been slightly hurt by
reallocation in aggregate, we the impact of this reallocation has been very heterogonously
felt by owners of different factors.

While Theorem 2 allows us to decompose real income growth after the fact, it does not
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Figure 2: Welfare accounting results for a sample of countries using the WIOD data.
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allow us to ask counterfactual questions. In the next section, we characterize how Domar
weights, including factor shares, respond to shocks. This can then be used to predict
welfare changes to a first-order using Theorem 2 and output changes to a second-order

using Theorem 1.

4 Comparative Statics: Ex-Ante Sufficient Statistics

In the previous section, we related changes in real output dlog Y and real income d log W
to expenditure shares A and changes in expenditure shares dlog A. Baqaee and Farhi
(2018) characterize how every price and quantity changes in response to shocks as a func-
tion of the HAIO table and elasticities of substitution. In this section, we use those results,
in conjunction with Section 3, to derive comparative statics.

Throughout the rest of the paper, we restrict our attention to the class of models that
belong to the nested-CES class (this is the case where every production and consumption
function can be written as a nested-CES function). The reason for this is pedagogical
clarity, and all of our results, as well as the intuitions we provide, can be extended to non-
CES economies (unless otherwise stated). See Appendix B for more information about
how to generalize the results to non-CES functions.

For convenience, we write the nested-CES economy in a standard form where each

producer in the matrix () corresponds to a CES nest.

4.1 Comparative Statics

To state our results, following Baqaee and Farhi (2017b), we introduce the input-output

covariance operator

Covgy) (Y x), ¥ y) = ZjSTikTiz - (Z jS‘ﬂ'k) (Z jS‘ﬂl) : (25)

Response of Sales Shares

Proposition 3. [Productivity/Iceberg Shocks] Consider a nested-CES model in standard form.
Then,

dlog A,

B dlog Af
'dlog Ay

Aj(1 = 8;)Covgy (‘1’<k> + ;‘Fm dlog Ak"l’a))

ic{H,N}
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dlog Ay
+ Y (A= ( O A ) .
hgi feza " dlog Ay

Letting | denote a factor in Proposition 3 allows us to write linear system whose fixed
point gives the equilibrium change in factor shares in response to a shock d log A;:

dlogA  _dlogA dlog A

dlog A, dlog A dlog Ay 0w (26)
where N
_ ]
l"fg = — 2(9] — 1)A—fCOUQ(j) (T@),‘F(f)) , (27)
]
Aj
]
and ,
Oy = 1= L (Af — Ap)PegAy. (29)
f ceC

Basically, (127) can be interpreted term-by-term. The vector ¢ is the impulse — its fth
element in (28) encodes how demand for each factor changes in response to substitu-
tion by all nodes in the network holding fixed the relative price of factors. Of course, in
equilibrium, the relative price of factors changes, and the change in factor prices sets off
additional rounds of substitution in the economy. The matrix I' accounts for how the
change in factor prices changes demand for factors.

If the economy had a representative consumer, I' and § would be all we need. How-
ever, heterogeneity in household preferences means that demand for factors depends not
only on factor prices, but also on the distribution of income across consumers, which itself
depends on factor prices. The term ® captures how changes in the relative factor shares
affect the distribution of income across households, and how that affects demands for
different factors. Note that if all households are symmetrically exposed to a factor then
Aj = Aj, and the changes in the distribution of income will have no effect on demand for
that factor.
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Response of Real GDI and GDP

We can combine Proposition 3 with Theorem 2 to trace out the welfare consequences of a
shock dlog A;,

dlogW, Ardlog Af  dlog As

=M+ Y Oyt LY A .
dlog A; k f;c " 'xe dlog A; erF fdlog A;

(30)

This expression takes into account changes in the allocation matrix, or equivalently, price
effects which are not offset by volume effects. Similarly, we can combine Proposition 1 to
compute effects on output to a second-order by noting that

9?log Y, o dAg
dlog Ardlog A;  dlog A;’

Note that since real output does not correspond to a physical good, the Domar weights are
not a conservative vector field, meaning that the order of differentiation in the expression
above is not arbitrary.

Response of Prices and Quantities

We now characterize the elasticities of prices and quantities to these shocks

Proposition 4. (Prices) The elasticities of the prices of the different producers to the different
productivities are given by

dlogwy dlogAs  dlogY

= 1

dlog Ay  dlogA; dlogA;’ G
dlogp; . ~dlogw,

dlog Ay Tt ;Tlgdlog Ay (32)

where dlog Y/ dlog Ay and dlog Ay / dlog Ay are given in Proposition 2.

Armed with Propositions 2 and 4, we can finish the characterization by showing how
sales and output quantities of the different producers respond to shocks.

Corollary 1. (Sales and Quantities) The elasticities of the sales and output quantities of the dif-
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ferent producers to the different productivities are given by

dlogp;y;  dlogA; dlogY
dlog Ay  dlogA;  dlog Ay’

(33)

dlogy; _ dlogpy; dlogp; (34)
dlog Ay  dlogAx dlog Ay’

where dlog A;/ dlog Ay, dlogY / dlog A, and dlog p;/ dlog Ay are given in Propositions 2
and 4. These formulas can be applied to factors by treating them as producers of non-reproducible

goods using i = f and replacing p; by wy, y; by Lg, and A; by Ay.

An Example: Cost-Disease vs. Specialization

To build some intuition for these results, we work through a simple example showing
how trade can result in export-led growth. As discussed by Baqaee and Farhi (2017b),

O——

«

O—eh—

Figure 4: The solid lines show the flow of goods while the dashed lines show the flow of
wage payments. Each node label gives the name of the node, as well as its elasticity of
substitution.

©

Baumol'’s cost disease, whereby sectors with faster productivity growth shrink over time,
is a manifestation of non-log-linearity. In particular, Baumol’s cost disease occurs when
the general equilibrium elasticity of substitution between sectors is less than 1. In this
example, we show how the general equilibrium elasticity of substitution of a country can
depend on its openness to trade.

Consider the economy depicted in Figure 4. Goods 1 and 2 are final goods, and goods
3,3%,4, and 4" are intermediate goods. The goods 3 and 4 are produced using domestic
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labor and 3* and 4" are produced using foreign labor. The elasticity of substitution be-
tween 3 and 3* is given by 6; and between 4 and 4 is 6,. The elasticity of substitution for
home consumers is ¢ and for foreign consumers is ¢*. To simplify the algebra, suppose
that both household consume the same basket of goods, and this demand is split evenly
across goods 3 and 4. We also assume ()13 = (o4 = (), and 0, = ¢* = 1. Then applying

Propositions 1 and 3, we have

?logy dAz  Q¥oc—-1) Q(1-Q)6-1)

= = 35
dlog A3 dlogAs 4 (0+1) (35)
Letting d log Y}, denote the GDP of the home country, we can also characterize!?
dA (c—1) (6—1)
2 _ B _ A2 _
dlogY, = dlog 45 Q 1 +(1-Q) 651 (36)

The parameter () measures the degree of openness: when () = 1, then the home country
is effectively closed since the foreign country contributes nothing to the value-added of
the world; when () = 0, then the home country becomes a small open economy. It is

instructive to consider these two extreme cases

dzlogYh:jI(a—l), O=1,
1(6—-1)

2 = — =

dlogYh—29+1, O =0.

Typical estimates of elasticities of substitution across sectors suggest that ¢ < 1 whereas
trade elasticities within sectors 8 > 1. Hence, in the closed economy limit, we find
d?logY;/ dlog A3 < 0 whereas in the small open economy d?log Y}/ dlog A3 > 0 —
hence, opening to international trade can help the home country overcome Baumol’s cost-
disease by relying on export-led growth. Of course, conditional on matching the size of
the two sectors in the home country’s GDP, the first-order effect of the productivity shock

is given by Hulten’s theorem, and does not depend on the degree of openness

dlogY;,
dlogA; ™

12To characterize d>dlogY;, we use d?logY;, = dA,z = d(A3/A;) = A3/A,(1/A3d A3 —dlogAy),
where A, is the global Domar weight of the home factor.

(37)
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4.2 Aggregating Trade Elasticities

Proposition 3 can also be used to delineate the mapping from microeconomic elasticities
of substitution up to aggregate trade elasticities. The trade elasticity is a key object of
interest in international economics. Costinot and Rodriguez-Clare (2014) define this as
the elasticity of imports relative to domestic demand with respect to bilateral iceberg
costs, holding fixed income levels. In our context, the trade elasticity of imports of j into
iis

Eijkl = —8 1;31; N/ i

0g i

where A;; is the value of imports from country j by country i and 13 is the iceberg cost
of imports from k to I. The partial derivative is holding fixed income levels (the wages
of the primary factors and transfers). Other than being an object of independent interest,
the trade elasticity is one of the key sufficient statistics that pin down gravity equations,
and inform welfare counterfactuals.!® Typically, the trade elasticity between i and j is
defined only relative to the trade costs between i and j — this is because in most models,
cross-elasticities are all equal to zero. In general however, the trade cross-elasticities are
not equal to zero, hence our more general definition.

In many, if not most, workhorse trade models the trade elasticity is equal to some
constant primitive so that ¢;;; = ¢ > 0 whenever ij = kI and zero otherwise. However,
much like the macro-elasticity of substitution between labor and capital, the aggregate
trade elasticity is a reduced-form object that emerges endogenously from the interactions

of heterogenous producers and consumers.

Proposition 5. (Aggqregating Trade Elasticities) The trade elasticity of imports from i into j rela-
tive to the trade cost between k and | is

ejp = 3, (1= 0m)AmCoveyum (¥ gy ¥ iij / Aij — ¥ (iay / Aii)- (38)
meC,N

Proposition 5 shows that the aggregate trade elasticity is a linear combination of mi-
croeconomic elasticities of substitution, where the weights depend on the input-output
structure. These weights capture the change in demand expenditure on ij vs. ii as a re-
sult of substitution by each producer /household m in response to a change in the iceberg
cost to kI. This means that the aggregate trade elasticity is not necessarily constant across
different counterfactuals.

13Gee Head and Mayer (2014) and Costinot and Rodriguez-Clare (2014).
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Variable Trade Elasticities and Intermediates

In many trade models, the trade elasticity is constant.!* A notable exception is provided
by Yi (2003). Yi observes that the response of trade volumes to reductions in trade costs
has varied greatly over time — large reductions in trade barriers resulted in relatively
small movements in the volume of trade during the middle of the 20th century, whereas
small reductions caused large changes in the 80s and 90s. Yi’s explanation for these facts
is the existence of vertical specialization, or in our language, the presence of intermediate
inputs, which can cause the trade elasticity to become variable even if all the microeco-
nomic elasticities are constant and uniform. The example, which uses Proposition 5 gives
a flavor of Yi’s basic insight.

Consider the two-country, two-good economy depicted in Figure 5. Each country’s
good is produced using domestic factors and imports. Suppose that the micro elasticity
of substitution is equal to 6. Then the trade elasticity is

(-0
1 — ww*’

where w and w* are the steady-state intermediate input shares of the domestic and for-
eign producer. We see that as the intermediate input shares increase, the trade elasticity
becomes larger. Of course, since the intermediate input shares w and w™ are themselves
endogenous (depending on the iceberg shock), this means that ¢ varies as a function of
the iceberg shocks. In particular, if 6 > 1, then the trade elasticity increases as the iceberg

costs fall.

Figure 5: The solid lines show the flow of goods. Green nodes are factors, purple nodes
are households, and white nodes are goods. The boundaries of each country are denoted
by dashed box.

14See Appendix TBA for conditions under which the trade elasticity is constant.
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Capital Reswitching and the Trade Elasticity

Yi (2003) shows that the trade elasticity can be nonlinear due to vertical specialization.
Imagine there are two ways of producing a good, one uses a domestic supply chain and
the other uses a global value chain. Whenever the good is domestically produced, the
iceberg costs of transporting the good are, at most, incurred once. However, when the
good is made via a global value chain, the iceberg costs are incurred as many times as
the good is shipped across borders. As a function of the iceberg cost parameter 7, the
difference in the price of these two goods (holding factor prices fixed) is a polynomial of
the form
B,t" — By,

where B, and B; are some coefficients and 7 is the number of times the border is crossed.
The nonlinearity in T, whereby the iceberg cost’s effects are compounded by crossing the
border, drives the excess sensitivity of trade to trade barriers in Yi (2003).

An interesting connection can be made between the behavior of the trade elasticity,
along the lines of Yi (2003), and the (closed-economy) reswitching debates of the 1960s.
Specifically, the Yi set up is one special case. In general, the cost difference between pro-
ducing goods using supply chains of different lengths is a polynomial in T — and this
polynomial can, in principle, have more than one root. This means that the trade elas-
ticity can be non-monotonic as a function of the trade costs, in fact, it can even have the
“wrong” sign, where the volume of trade decreases as the iceberg costs fall. This mirrors
the apparent paradoxes in capital theory where the relationship between the capital stock
and the return on capital can be non-monotonic, and an increase in the interest rate can
cause the capital stock to increase.®

Such examples are extreme, but they illustrate the point that in the presence of input-
output networks, the trade elasticity even in partial equilibrium (holding factor prices

constant) can behave quite unlike any microeconomic demand elasticity.

15To see this in the trade context, imagine two perfectly substitutable goods, one of which is produced by
using 10 units of foreign labor, the other is produced by shipping 1 unit of foreign labor to the home country,
back to the foreign country, and then back to the home country and combining it with 10 units of domestic
labor. If we normalize both foreign and domestic wages to be unity, then the he costs of producing the first
good is 10(1 + ), whereas the cost of producing the second good is (1 + 7)3 + 10, where 7 is the iceberg
trade cost. When T = 0, the first good dominates and goods are only shipped once across borders. When
T is sufficiently high, the cost of crossing the border is high enough that the first good again dominates.
However, when 7 has an intermediate value, then it can become worthwhile to produce the second good,
which causes goods to be shipped across borders many times, thereby inflating the volume of trade.
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Non-Symmetry and Non-Triviality of Trade Elasticities

Another interesting subtlety of the Proposition 5 is that the aggregate trade elasticities are
non-symmetric. That is, in general ¢4y # €j; x. Furthermore, unlike the standard gravity
equation, Proposition 5 shows that the cross-trade elasticities are, in general, nonzero.
Hence, changes in trade costs between k and I can affect the volume of trade between i
and j holding fixed relative factor prices and incomes. This is due to the presence of global
value chains, which transmit shocks in one part of the economy to another independently
of the usual general equilibrium effects (which work through the price of factors).

5 Duality Between Open and Closed Economies

Folk wisdom among trade economists suggests that an increase in trade costs are, in some
sense, isomorphic to negative productivity shocks. Formally, this intuition is incorrect.
For instance, as Kehoe and Ruhl (2008) point out, in an efficient model, trade shocks have
no effect on TFP whereas domestic productivity shocks clearly do. Their observation
is implied by Theorem 2, which shows that Hulten’s theorem holds in an international
context as long as the economy is efficient.

However, there is also a sense in which the folk intuition is correct. In this section,
we establish a useful isomorphism between the effects of trade shocks in an open model
and the effects of productivity shocks in a closed one. Besides bridging the open and
closed economy literatures, the isomorphism allows us to use results from closed models
to study the behavior of open ones.

Specifically, we prove that under some conditions, the effects of iceberg trade shocks
on real income/welfare in an open economy can be analyzed by studying the effects of
productivity shocks on real output/GDP in a dual closed economy. In other words, there
exists a useful mapping between closed and open economies. Since Hulten (1978) and
Baqaee and Farhi (2017a) have characterized the behavior of real GDP up to a second-
order in closed-economies, we can use the isomorphism to study the welfare effects of
trade shocks non-linearly. This dual relationship is also valuable since it can be seen as a
direct generalization of the insights of Arkolakis et al. (2012) (ACR).
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5.1 Environment

Unlike the rest of the results in the paper, this isomorphism relies on having CES ag-
gregators in traded goods.!® For any open economy c, there are some nodes D, whose
production functions do not rely directly on foreign goods, while the rest of the nodes M,
have production functions that do rely on foreign goods. We assume that any node i € M,
is a CES aggregator with elasticity of substitution ;. In other words, for any i € M,, the

cost of producing i is given by

1
Pi:X

1

1
1_7('1.
1-¢; 1-¢;
(.Z Qijp; ™ + ), Qip; ) :
JENC JEN.

For the open economy ¢, we construct a fictitious closed economy which shares the
nodes D, with its open economy counterpart, but for any node i € N; — D,, it instead has

1 1
. 1 Ql] 1_6) 1-¢; 1 ( . 1-¢, 1-¢;
=\ Ly —ar ) =X

A <jeNc Yjen, Qij A jEN. J

where % = (v)ij. Intuitively, the closed economy replaces any good which relies on
foreign goods with a good that only relies on domestic goods but has a different produc-
tivity shifter.

In the body of the paper, we consider one-factor models, like ACR, and in Appendix
J, we extend the result to multi-factor models. The latter case is useful in studying the

distributional consequences of trade.

5.2 Duality for One-Factor Economies

Assume that the domestic economy has one primary factor of production (say, labor).!”
Let W,(z) denote real income of a country ¢ as a function of iceberg trade costs z. Let
W,(A) denote the real income of the closed-economy counterpart of ¢ as a function of
fictitious productivity parameters. Since the “caron” economy is closed, real income is

v v

equal to real output W.(A) = Y. (A).18

16This is because the result relies on the Feenstra (1994) formula.
7The assumption that the domestic economy have one factor of production will be relaxed shortly.
18Caron is the name of the inverted hat symbol*
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Proposition 6 (Isomorphism). Consider a change in iceberg trade costs from z to z, then

LAY ens
° (Ya@) ~hlest

5 X oW
Alog A; = log é _ 1! log Z]LC_” .
A, Ci—1 Yjen, ij

In words, the effect of iceberg trade shocks on income in an open economy are isomor-

Alog W = log (%z_z_;) -

where

phic to the effects of productivity shocks on output in a fictitious closed economy. Given
this isomorphism to a closed-economy, we can use results from the literature on closed-
economy models to characterize the effects of trade shocks.

We begin by looking at the first-order effects:

Corollary 2 (First-Order). When Proposition 6 holds, a first-order approximation to the change
in welfare from iceberg shocks Alog z is

AlogW =~ Y AiAlog A;. (39)
i€EN,

where dlog W,/ dlog A; = A; by Hulten (1978).

Hence, conditional on the size of the implied productivity shocks, the presence of
intermediate inputs amplifies the effects of trade shocks much in the same way that
the effect of intermediate inputs amplifies the effects of productivity shocks in closed
economies. This is due to the intermediate input multiplier effect discussed by, among
others, Jones (2011).

Next, we consider the second-order effect of these shocks.

Corollary 3 (Second-Order). When Proposition 6 holds, a second-order approximation to the

change in welfare from iceberg shocks Alog z is

x < 1 vd2loglvfc v
Alog W =~ AiAlog A; + =Alog A —Alog A. 40
24 ieZNc i & A 5 24 dlogA2 24 (40)

From Bagaee and Farhi (2017b),

v

FlogW,  dA;
dlogAjdlogA; dlog4; &,




whenever the model has a nested CES form.1

Hence, nonlinearities in consumption and production can act to amplify or mitigate
the effects of the shock relative to the first-order approximation. Cobb-Douglas (6, = 1

for all j) is the case that keeps the isomorphic closed economy log-linear.

Connection to ACR

Proposition 6 provides a way to generalize the insight of Arkolakis et al. (2012) to models
with nonlinear input-output linkages. We can also recover the basic results of ACR in the

one-sector and multi-sector case. In the one-sector case, A; = 1, and hence

1
1-¢;

where (), is the domestic input share. This formula can be integrated in closed form to

dlog W, =

d 10g th, (41)

yield the classic ACR result. For the multi-sector version, ACR assume that the elasticity
of substitution across nests is 1, in which case,

| log Qii

legWh:Z/\i 1—6 , (42)
i i

but Corollary 3 shows that the second-order effects d /v\i = 0 in this case. Hence, this can
also be integrated in closed-form to yield their multi-sector formula.

Corollary 2 shows that by ignoring intermediate inputs, we are likely to significantly
mitigate the impact of trade shocks due to the intermediate multiplier effect. Further-
more, Corollary 3 shows that by restricting ourselves to a Cobb-Douglas specification in
the fictitious closed-economy, we are assuming away nonlinearities in production which
can act to amplify or mitigate trade shocks.?’

YCorollary can easily be extended to models that do not have a nested CES form in domestic consump-
tion and production by replacing the input-output covariance operator with its generalization, the substi-
tution operator, so that

d? log W, . U
_ G0 We A-<1>v-<‘1’-,‘1’->,
dlog A;dlog A; .ZC a0 R0 70

where @ ;) (‘T’(i), ‘-TE’( ]-)> is the substitution operator defined by Baqaee and Farhi (2017b). See Baqaee and

Farhi (2017b) for more details. For convenience, we restrict our attention to the nested-CES class of models.

20This observation accords with the findings of Costinot and Rodriguez-Clare (2014) who find that al-
lowing for intermediate inputs significantly increases the predicted gains from trade, although they restrict
themselves to a Cobb-Douglas model.
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Example with a Critical Input

Consider the economy depicted in Figure 6, where the only traded good is E. We interpret
E as energy. Consumers in country H consume domestic goods 1 through to N with some
elasticity of substitution 6y. Goods 1 through to M are made via labor L and a composite
energy good E, which is a CES aggregate of domestic and foreign energy with elasticity
of substitution {g. Domestic energy E, as well as goods M + 1 through to N are made
using domestic labor only.

Let Oy denote the expenditure share of domestic varieties in the composite good
E, denoting its steady-state value by Qpy. Now, consider an increase in iceberg trade
costs zg that reduces the share of foreign varieties in composite good E (or equivalently,
increases ()gpy). We can analyze the impact of this shock on the welfare Wy of consumer
H by making use of Proposition 6. Namely, we can analyze the welfare effect of the shock

by considering a negative productivity shock of size

(log Qpy — log Qpy)

X 1
Alog Ap = 17
—GE

to the isomorphic closed-economy.

Figure 6: An illustration of the economy with a key input E. Each industry has different
shares of labor and energy and substitutes across labor and energy with elasticity 6; < 1.
The household can substitute across goods with elasticity of substitution 8y > 6;. Energy
is a traded good, which can either be produced domestically or sourced from the rest of
the world.
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In this case, using Hulten (1978), we can write

dlog W dlog W <
R - (43)
dlogzg dlog Ar

where Af is the domestic sales of E as a share of domestic consumption (the Domar weight
of E in the isomorphic closed economy). Hence, the larger are the domestic sales of E, the
larger is the reduction to welfare. As usual, the existence of intermediate inputs amplifies
the effect of the shock

With the aid of Proposition 6, and the generalization of Hulten’s theorem from Baqaee

and Farhi (2017b), we can also analyze the nonlinear effect on welfare of the trade shock

5 .
dlogzg dlogAr &R,
«wN—M v N .
= /\% (1 — 90) + AE (1 — M)LE) (1 — 91), (45)
. . . N .
= Ap(1—Ag)(1—69) + AE (1 - MM) (6o — 01). (46)

Equation (44) is the general form of the second-order term, as shown by Baqaee and Farhi
(2017b). Specialized to this example, gives (45), which can also be written as (46). Hence,
the elasticities of substitution in domestic production 6; and consumption 6y affect the
way a given trade shock is felt by domestic consumers. If 6y and 6; are very low, then the
impact of a negative trade shock is amplified. In the case when M = N, so that E becomes
a universal input in the economy, then the elasticity of substitution in consumption 6y
drops out of the expression. This is because when M = N, the household is uniformly
exposed to the trade shock Var (‘f’( g)) = 0, so that substitution by the household is
irrelevant.

So, intuitively, relative to the formula in ACR, we see that complementarities in pro-
duction in the domestic economy can amplify the effects of negative trade shocks. These
effects are further amplified if flexible producers (those with high elasticities of substi-
tution in production) are uniformly exposed to the shock, while less flexible producers

(those with low elasticities of substitution in production) are heterogonously exposed to
the shock.
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Gains from Trade Using the Isomorphism

Using the World Input-Output Database (WIOD) (see Timmer et al., 2015), we can apply
our isomorphism to study the gains from trade by moving each country to Autarky and
using Proposition 6. We assume that production takes a nested CES form, where ¢ is the
elasticity of substitution across industries in consumption, € is the elasticity of substitu-
tion between value-added and intermediate inputs, and 6 is the elasticity of substitution
across industries in intermediate input use. Finally, we assume that the output of each
industry is a CES aggregate of domestic and foreign varieties, with the relevant elasticity

of substitution set to match the estimates of Caliendo and Parro (2015).

(r,,6) | ACR (1,1,1) (1,05,0.6) (0.8,0.3,0.2)
MEX 115%  184%  23.7% 69.5%
FRA 98%  17.2%  24.3% 99.9%
USA 45%  83%  9.6% 13.1%
JPN 24%  46%  4.9% 5.5%

Table 1: Percentage change in consumer welfare for a selection of countries associated
with going to Autarky. The ACR column assumes that there are no intermediate inputs,
and that the elasticities of substitution across industries in final demand is one. In other
words, the ACR column implements (42). The trade elasticities are the same across all
columns, so the size of the trade shock to each industry is the same across all columns.

The results of this exercise are in Table 1 for different values of the elasticities of sub-
stitution (o, €,0). As expected, moving from the multi-sector ACR column to the Cobb-
Douglas model with intermediate inputs increases the numbers. This is a “first-order” ef-
fect associated with the fact that intermediate inputs amplify TFP shocks. Moving across
columns towards more complementarity increases the gains from trade (but by different

amounts in different countries), and this is a nonlinear effect.

6 Tariffs and Other Distortions

So far, we have maintained the assumption of perfect competition. In this section, we
extend our results to allow for tariffs, or more generally distortions (modelled via im-
plicit or explicit taxes). We prove a sufficient statistics result showing that the way output
changes when tariffs change is only a function three statistics: the sales shares of goods
with wedges, the size of each wedge, and the quantity of goods with wedges. All other
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variables (elasticities of substitution, returns to scale, input-output linkages, non-taxed
goods production etc.) matter only in so far as they play a role in determining the equi-
librium value of these sufficient statistics.?!

We use this sufficient statistic formula to characterize, up to a second order, the gains
in output and welfare from eliminating tariffs. This second-order approximation, which
is exactly a deadweight loss triangle, depends on an unobservable and endogenous suffi-
cient statistic: the change in the quantities of taxed goods. Therefore, we use a generalized
version of our propagation equations to derive counterfactual formulas for the gains from
eliminating tariffs. These formulas show how the nature of input-output connections, and
elasticities of substitution, affect the size of welfare losses.

In Appendix M, we also show how all the results in the previous sections, includ-
ing the growth-accounting results in Theorem 1 and 2 and the propagation equations in

Proposition 20, can be generalized straightforwardly to a context with distortions.

6.1 Allowing for Distortions

Let u represent the N x 1 matrix of tax wedges, where the ith element is an ad valorem
tax on the output of i. To model trade tariffs, we simply need to add specialized importers
and exporters to the model who buy finished domestic goods and sell them across bor-
ders. An import or export tax would then correspond to output taxes on these specialized
importers/exporters.

To state our results, we assume that the revenue generated by the wedge y; are included
in the revenue of i—that is, i collects the tax revenue as part of its revenue, and then
pays the government. This is merely an accounting convention, and it is straightforward
to convert our results for situations where the revenue generated by the wedge are not
included in the revenue of i.

6.2 Comparative Statics

The following result, taken from Baqaee and Farhi (2019) and building on Harberger
(1964), shows the way tariffs affect output depends on the sales shares of taxed goods,
and how their quantities change; nothing else matters.

2IThis accords with Paul Krugman's view that trade in intermediate inputs does not alter the logic of why
trade barriers are harmful, see, Does Trade in Intermediate Goods Alter the Logic of Costs From Protectionism? by
Paul Krugman (2018).
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Proposition 7.

dlogY dlogW ( 1 ) dlogy;
- =Y A (1 =) 508 47
dog ~ dlogp; " \' ) dlog )
For any country c,
dlog Y, ( 1 ) dlogy;
SO0 % _ vy Ay (1- =) 28 48
dlog p; ZEZNC T\ ) dlogu )

Proposition 7 shows that production networks, or global value chains, matter only in
so far as they affect the equilibrium Domar weights A or the elasticity of taxed quantities
dlogy with respect to taxes. Of course, production networks will affect both the size of
the Domar weights as well as the output elasticity of taxed goods, but at least in terms of
Proposition 7, these are quantitative and not qualitative changes.??

An immediate consequence of Proposition 7 is that at the efficient equilibrium, the
elasticity of output with respect to taxes is zero. This holds at the world level, and at the

country level as long as there are no wedges inside the country.

6.3 Costs of Tariffs: Ex-Post Sufficient Statistics

Using Proposition 7, we can calculate the losses from protectionism in world GDP, country-
level GDP, and social welfare (defined via a social welfare function), up to a second-order

approximation.
Proposition 8. At the efficient (no wedge) equilibrium, up to a second-order approximation

1. World real GDP and real GDI:

AlogY = AlogW =~ % Z AiNlogyiAlog u;. (49)
ieN

2. Country c real GDP:

1
AlogYe =~ = Y A AlogyAlog ;. (50)
2.
iEN,
22This runs counter to Melitz and Redding (2014) and their argument that intermediate inputs introduce
a new channel for why trade is beneficial, an effect they dub “trade-induced productivity changes.” As
shown by Theorem 1, in a competitive model, changes in import costs have no effect on domestic produc-
tivity regardless of whether or not there are intermediate inputs. In inefficient models, changes in trade can
affect domestic productivity but the existence of this effect is not contingent on the existence of intermediate
inputs.
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Hence, for both the world and for each country, the reduction in output is given by
the sum of all the deadweight-loss triangles 1/2Alog y;Alog y; weighted by their Domar
weights. 23 These expressions rely on ex-post sufficient statistics in the sense that they
require data from after the shock. In the next subsection, we write these in terms of ex-
ante sufficient statistics instead.

We can compare these costs to the cost of an increase in transport costs, rather than
tariffs, whose effect on output, up to a second order, is given by the sum of trapezoids
rather than triangles

AlogY = AlogW =~ Z A (1 + %A log /\i) Alog A;. (51)
ieN
In the expression above, Alog A; are changes in iceberg costs (or equivalently, Hicks-
Neutral shocks to exporters).
Propositions 7 and 8 are predictions of the model about how GDP and GDI respond to
taxes. They do not have any normative content since real GDP and GDI are problematic
as measures of welfare in situations where household preferences are not aggregable.

To study welfare, we define a Bergson-Samuelson social welfare function
WBS = th log Wy,
h

where Y, is the income share of consumer / at the equilibrium with no distortionary taxes.
This is the social welfare function which, at the undistorted equilibrium, has no incentives
to redistribute resources from one agent to another. Now, we compute the cost of tariffs
in terms of the proportional reduction in every agent’s consumption which would make
social welfare at the undistorted equilibrium equal social welfare after the imposition of

tariffs. Formally, we measure the social cost of tariffs as the number ¢ that solves
WBS(6W1,...,0Wx) = WBS(Wy,..., Wg),

where W), and W), is the consumption of agent / in the undistorted and distorted equilib-

rium.

ZThese results are simple consequences of differentiating Proposition (48) and evaluating this derivative
atu = 1.
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Proposition 9. At the efficient (no wedge) equilibrium, up to a second-order approximation
6 ~ AlogY + Covy (Alog x, Alog P.y;) . (52)

Hence, world welfare is lowered by an amount equal to the reduction in world GDP
plus a redistributive effect. This effect is positive whenever the covariance between the
change in income shares and the change in consumer price indices is positive. This is
because the social planner would prefer that those consumers whose income share has

increased also be the consumers whose prices have increased.

6.4 Costs of Tariffs: Ex-Ante Sufficient Statistics

Propositions 8 and 9 express the costs of tariffs in terms of individual output elastici-
ties. In this subsection, we provide explicit formulas for these costs in terms of micro-
elasticities of substitution and the HAIO network.

Proposition 10. At the efficient (no wedge) equilibrium, up to a second-order approximation, the
change in world GDP due to a change in wedges is

—AlogY =~ L;+ Lx+ Ly, (53)
where ,

1 =53, (dlogu)(dlog ) ZA 0;Cove) (¥ 0y, Y 1)) (54)

Ik

1
E ZZd log Ui dlog Ag Z)\]‘Q]’COUQ(]') (‘Y(g),‘lj(l)), (55)
! j
Ly = ——Z Y~ (dlog ) (dlog xu)xn(A} — A1) (56)
heH

Changes in country-level GDP and social welfare WBS are treated along similar lines in Appendix
M. The formula for dlog A and dlog x are in the same Appendix.

Although production networks do not matter conditional on the sufficient statistics
in Proposition 7, Proposition 10 shows that these sufficient statistics are functions of the
details of the production network. Furthermore, even though goods which are not taxed
do not matter from the perspective of Proposition 7, they do matter in the sense that they
shape the sufficient statistics.
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Equation (53) shows that losses to world output are the sum of three components.
The first component £ shows that when wedge y changes, this changes j's demand for
goods produced by I. The extent to which j’s demand for [ is affected depends on the
elasticity of substitution 6; and the covariance between j’s exposure to k and [. If 6; is
very low, then j substitutes very little. If the covariance Covg;) (¥ k), ¥ (;)) is very low,
then changes in j’'s input demands, caused by j, do not affect demand for I. This change
in the demand for /, multiplied by the size of the wedge dlog y; is the size of the Ith
Harberger triangle.

A helpful term to consider for intuition in £y is the k = | term:

(dlog pe)* Y Aj6;Varq (¥ (r))-
j

If j is uniformly exposed to k, then Var(QU) (Y (x)) = 0, in which case substitution by j is
irrelevant, since j cannot change the demand for k by varying its input choices.

The term £; would be all we would have if the economy contained a single household
and a single factor. The other two terms, Lx and Lp account for the fact that relative
factor prices (given by dlog A) and relative income shares (given by d log x) also change
in response to the change in wedges.

The term associated with changing factor prices, Lx, behaves much the same way as
L. The only difference is that it traces out how a change in the price dlog Ay of some
factor ¢ causes demand for I to change. This is compared to £; which instead tracked
how a change in the wedge to k changed demand for . s

The final term Ly, which is associated with the fact that there are heterogeneous con-
sumers, accounts for the fact that changes in the income shares of households dlog x
reallocates household demand for different goods. An increase in household /’s income
dlog xj increases demand for [ by Xh()\f’ — A;). If household # is exposed to good ! in the
same way as the economy in general, then /\? = A;, and this change in income shares in
neutral. Of course, the assumption of a representative agent will always cause this final
term to be zero.

Proposition 10 is not fully explicit in the sense that it depends on some endogenous
elasticities — namely the elasticity of factor shares dlog A, income shares dlog x and
consumer price indices d log P,;. In Appendix M, we provide the structural formulas for
these objects as well, but we omit them from the body of the paper since we have studied

those propagation equations in other papers, and because they are quite similar to the
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propagation equations for the efficient case studied in Section 4.

Round-about Example

To see how the details of the production network can matter, consider again the example
in Figure 5. Suppose that both the home country 1 and the foreign country 2 introduce a
tax on their imports. If these taxes are identical, then by symmetry, there will be no terms
of trade effects. This means that changes in country-level GDP, country-level GDP, world
GDP, world GDI, and world welfare are all the same. Hence, using Proposition 8, the

losses are given by

20w?
A;dlogy; = dlog u,
igi rosY (w—1)%(w +1)? &

where d log y is the change in import tariffs. The increase as the intermediate input share
w tends to 1. This is because as w — 1, both the Domar weight A; and the output elasticity
dlogy; diverge. For this example,

1 20>

)\i:m, and legyl:_(l—a])(1+w)2d10gy

The Domar weight diverges since a higher intermediate input share expands sales relative
to value-added. The output elasticity diverges since a higher intermediate input share
means that goods cross the border more times, and each time the border is crossed, the
tariff has to be paid.?*

7 Quantitative Examples

In this section, we use a multi-factor production network model, calibrated to fit world
input-output data, to quantify the way trade costs (tariffs or iceberg) affect output, wel-
tare, and factor rewards. We also compare our benchmark model to alternative calibra-
tions which trivialize the input-output connections or global value chains as a way to
gauge the quantitative significance of allowing for these effects.

Our benchmark model consists of X countries, each with four factors of production:
high-skilled, medium-skilled, low-skilled labor, and capital. Due to lack of data, we as-

sume that each country has a single consumer price index. Hence, different consumers in

24This simple example recreates the spirit of the argument in Melitz and Redding (2014).
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the same country may draw their income from different factors, but they all consume the
same basket of goods as their compatriots. Each country has 30 industries each of which
produces a single output good.

The model has a nested-CES structure. Each industry produces output by combining
its value-added (consisting of the four domestic factors) with intermediate goods (con-
sisting of the 30 industries). The elasticity of substitution across primary factors is <y, and
across intermediates is e. The elasticity of substitution between primary factors and inter-
mediate inputs is . When industry 7 in country ¢ purchases intermediate inputs of some
industry j, it consumes a CES aggregate of goods from this industry sourced from various
countries with some elasticity of substitution 6;. The final consumer in each country con-
sumes goods with an elasticity of substitution ¢ across industries. When the consumer
consumes goods from some industry j, it does so via CES aggregate of goods from indus-
try j sourced from various countries with elasticity of substitution ;. Finally, there are
both import tariffs and iceberg trade shocks.

We use data from the world input-output database (see Timmer et al., 2015) to cali-
brate the model’s expenditure shares. The world input-output database (WIOD) contains
the expenditures of each industry in each country on intermediate input purchases from
every other industry in every other country, as well as on the four primary factors. It also
contains data on final consumption demand. We use the data from the year 2008 to cali-
brate the CES share parameters in the model. We also assume there are transfers between
countries so that we can match trade imbalances.

To calibrate the elasticities of substitution, we use the estimates from Caliendo and
Parro (2015) for the elasticity of substitution 6; across traded goods. We set the elasticity of
substitution across primary factors v = 0.5, the one across industries ¢ = 0.2, and the one
between value-added and intermediates { = 0.5. These elasticities are broadly consistent
with the estimates of Atalay (2017) and Boehm et al. (2015). Finally, we set the elasticity
of substitution in consumption ¢ = 0.9, following Atalay (2017), Herrendorf et al. (2013),
and Oberfield and Raval (2014), who use an elasticity of substitution in consumption
(across industries) of slightly less than one.

Of course, there is substantial uncertainty about these parameter values, since the rel-
evant elasticity value is context dependent (depending on the time-horizon and the level
of aggregation in the data among other things). Therefore, we perform some robustness
checks on our results to find out how sensitive the numbers are to the precise values of
the elasticities of substitution.
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7.1 Reversing Globalization: The Role of Intermediates

In Table 2, we consider the impact on the real income of each country, as well as the effect
on world welfare, if the extent of globalization is rolled back. In particular, we compute
the model’s response to a 10% increase in either the iceberg costs of trade or a 10% increase
in import tariffs. We compare the response of our benchmark model to the response of
a version of the model which trivializes input-output connections and assumes value-
added production functions.

Across the board, as expected, we see that an increase in iceberg trade costs (or non-
tariff barriers to trade) are significantly more costly than tariffs. As an example, the losses
to US income are slightly positive for a rollback of globalization due to tariffs, but are
ten times larger and negative for an increase in iceberg cost. For the world, the losses in
welfare due to an increase in iceberg costs are almost six times larger at 2.3% relative to
0.4% for tariffs.

Secondly, when we compare the model to the one with value-added production func-
tions, again we find that intermediate inputs act to magnify the losses greatly. For the
world as a hole, the losses are more than twice as big for both tariffs and iceberg costs. The
presence of intermediates also makes tariffs more costly, both on aggregate, and individ-
ually. For almost every country in the world, accounting for intermediate inputs makes
tariffs more costly. Hence, although Proposition 22 shows that the losses from tariffs are
not qualitatively different in the presence of global value chains, and are still estimable
from an appropriate summing up of Harberger triangles, quantitatively, accounting for

global value chains makes a significant difference.

7.2 Brexit: Distributional Consequences

We use the quantitative model to consider how Britain’s exit from the European Union
might affect both the real income, as well as the distribution of income, across differ-
ent countries. Although the terms of Britain’s divorce from the EU are still not settled,
Britain’s departure from the EU is likely to set off an increase in both tariff and non-tariff
barriers to trade with the rest of Europe. We start with the tariff scenario, where we con-
sider the effects of a 10% import tariff imposed on all British imports into EU countries.
The effects of this tariff on world GDP is modest at around —0.01%. The change in real
GDI for each country in the database is shown in Table 3. As one might expect, Britain is

most negatively affected by the tariffs, experiencing a reduction in real income of around
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IO Iceberg
VA Iceberg
10 Tariff
VA Tariff

IO Iceberg
VA Iceberg
IO Tariff
VA Tariff

IO Iceberg
VA Iceberg
IO Tariff
VA Tariff

IO Iceberg
IO Tariff
VA Iceberg
VA Tariff

IO Iceberg
VA Iceberg
IO Tariff
VA Tariff

\ AUS AUT  BEL BGR BRA CAN CHN CYP CZE
-2.04% -4.45% -6.69% -5.89% -0.80% -3.27% -1.30% -3.96% -5.10%
-0.75% -1.67% -2.30% -1.94% -0.32% -1.36% -0.52% -1.43% -1.71%
-0.72% -1.16% -2.26% -0.67% -0.09% -1.23% -0.16% -0.23% -0.55%
-0.35% -0.50% -0.35% 0.29% -0.04% -0.73% 0.10% -0.05% 0.10%

\ DEU DNK ESP EST FIN FRA GBR GRC HUN
-3.04% -3.55% -2.09% -5.54% -3.32% -1.98% -2.52% -2.37% -5.81%
-1.24% -1.59% -0.76% -1.86% -127% -0.67% -1.00% -0.84% -2.34%
-091% -0.39% 0.12% -1.38% -0.82% -0.18% -0.65% 0.34% -0.53%
-0.45% -0.30% 0.12% -0.36% -0.13% 0.04% -0.38% 0.17% -0.31%

\ IDN IND IRL ITA JPN KOR LTIU LUX LVA
-2.08% -1.58% -8.35% -1.82% -1.02% -3.31% -5.16% -16.89% -4.27%
-0.90% -0.58% -3.65% -0.68% -0.47% -1.34% -1.73% -5.05% -1.38%
-0.62% -0.06% -3.71% 0.07% -0.01% -0.30% -1.17% -5.38% -0.52%
-0.46% -0.03% -1.32% 0.12% 0.02% 0.16% 0.03% -0.73% -0.09%

‘ MEX MLT NLD POL PRT ROU  RUS SVK SVN
-1.71% -7.36% -5.50% -3.11% -2.97% -3.16% -297% -6.14% -5.17%
-0.08% -1.84% -2.59% -0.14% 0.07% -0.07% -1.59% -0.66% -0.89%
-0.83% -291% -2.02% -1.05% -1.04% -1.12% -1.40% -217% -1.87%
-0.37% -0.84% -0.66% 0.06% 0.10% -0.01% -1.10% -0.16% -0.46%

\ SWE TUR TWN USA ROW  World
-4.22% -191% -542% -1.06% -3.99% -2.26%

-1.61% -0.62% -1.71% -0.35% -1.52% -0.86%
-1.48%  0.12% -1.78% 0.09% -1.20% -0.43%
-0.50%  0.06% -0.03% 0.07% -0.58% -0.17%

Table 2: Percentage change in real income by country in response to a universal 10%
change in iceberg trade costs or import tariffs. We compare the results from the Bench-
mark model (IO) with a model that assumes only value-added production functions (VA).
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—0.3%. As one might expect, most European countries, with the exception of some Balkan
countries, gain from the imposition of tariffs, with much of the gain coming from the col-
lection of tariff revenues. The countries gaining the most are Luxembourg and Ireland,
both of whom are engaged in significant financial services trade. Next, we consider the
effects of iceberg trade costs. Now, most European countries lose, since no tariff revenues
are being collected. Furthermore, Luxumbourg and Ireland now lead the losses (whereas
previously they lead the gains), and these losses are in fact larger than those borne by
Britain. This underscores the same lesson as in the previous section: non-trade barriers
are much more costly than tariffs.

In Table 4 we consider how the real wages of primary factors change in various Eu-
ropean countries in response to the imposition of the tariffs. In almost every European
country, capital and low-skilled labor loses and high-skilled workers gain. This suggests
that Britain was primarily engaged in selling high-skilled labor services to the rest of Eu-
rope. Interestingly, in Britain, the losers are capital and high-skilled workers, whereas
low-skilled and medium-skilled worker wages actually rise in response to Brexit, sug-
gesting that Britain was primarily exporting capital and high-skilled labor services to the
rest of Europe in exchange for low and medium-skill competing workers.

Of course, this exercise abstracts from the fact that Brexit is likely to also affect the
mobility of labor across borders within Europe. In particular, one might expect the di-
verging distributional consequences of Brexit on British primary factors to become even
starker if Brexit results in reduced migration of low-skilled workers from Eastern Europe
into Britain.

In Table 4, we tabulate the change in the price of each factor of production in units
of domestic consumption. For brevity, we suppress non-European countries who are not
greatly affected by the imposition of the tariffs. In general, we see that capital income de-
clines most significantly in response to the tariffs, while high-skilled income mostly rises.
Low-skilled and Medium-skilled labor tend to also lose, although not by as much as cap-
ital. For Britain, all factors lose, the losses being led by capital, followed by high-skilled,
medium-skilled, and low-skilled workers. Table 7 in Appendix Q shows the breakdown
between overall changes in real income into changes due to factor prices and changes due
to tariffs and transfers. Table 7 shows that on the whole, every single EU country’s factor
real factor prices fall due to the tariffs — the reason EU members gain from imposing
tariffs is due to the increased tariff revenue. Of course, the overall reduction in factor
rewards masks the heterogeneity shown in Table 4.
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Tariffs

AUT 0.02% GRC  0.00% ROU 0.00%
BEL 0.01% HUN 0.01% SVK 0.01%
BGR -0.01% IRL 0.23% SVN  0.02%
CYP 0.02% ITA 0.00% SWE 0.01%
CZE 0.01% LTU -0.01% GBR -0.30%
DEU 0.02% LUX  0.33%

DNK 0.02% LVA 0.00%

ESP 0.00% MLT 0.07%

EST 0.02% NLD  0.04%

FIN 0.03% POL 0.02%

FRA 0.00% PRT 0.01%

Non-Tariff Barrier

AUT -0.03% GRC -0.03% ROU -0.03%
BEL -0.11% HUN -0.06% SVK -0.03%
BGR -0.08% IRL -0.66% SVN -0.08%
CYP -0.12% ITA -0.02% SWE 0.00%
CZE -0.06% LTU -0.03% GBR -0.27%
DEU -0.05% LUX -1.04%

DNK -0.07% LVA  -0.04%

ESP -0.03% MLT -0.36%

EST -0.06% NLD -0.10%

FIN -0.07% POL -0.04%

FRA -0.04% PRT -0.04%

Table 3: The change in real income for each country when EU countries impose a 10%
import tariff or iceberg cost on all British trade.
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In general, the increases in tariffs reduce the volume of trade, and since traded goods
are more capital intensive, this negatively affects capital earnings across the board. On
the flip-side, factors which are less trade intensive, typically but not always high-skilled
labor, tend to gain. Most of the gains to Ireland and Luxembourg (the countries which
gain the most from the tariffs) are actually coming tariff revenues collected from financial
intermediation. Interestingly, for Britain itself, the tariffs have very little effect on the real

income of low-skilled workers, with most of the costs being borne by capital and high-
skilled labor.

\ AUT  BEL BGR  CYP CZE DEU DNK ESP EST

Capital | -0.09% -0.16% -0.09% -0.18% -0.07% -0.11% -0.13% -0.02% -0.17%
Low -0.06% -0.26% -0.13% -0.47% -0.12% -0.16% -0.22% -0.04% -0.09%
Med -0.02% -0.10% 0.06% -0.05% -0.07% -0.02% -0.09% -0.01% -0.04%
High 0.07% 017% 0.15% 0.14% 0.12% 0.00% 0.12% 0.00% 0.12%

FIN \ FRA GRC HUN IRL ITA LTU LUX LVA

Capital | -0.20% -0.05% -0.07% -0.14% -1.26% -0.04% -0.08% -0.71% -0.04%
Low -0.06% -0.04% 0.04% -0.12% -0.36% -0.06% -0.02% -1.06% -0.09%
Med -0.07% -0.04%  0.04% -0.08% -0.37% 0.00% 0.00% -0.97% -0.07%
High 0.12% 0.02% -0.01% 0.15% 0.05% 0.05% 0.05% -0.78%  0.04%

\ MLT NLD \ POL PRT ROU SVK SVN SWE GBR

Capital | -0.53% -0.13% 0.02% -0.02% 0.02% -0.08% -0.16% 0.01% -0.87%
Low -0.53% -0.31% -0.15% -0.12% -0.09% -0.11% -0.12% -0.01% 0.40%
Med -0.03% -0.16% -0.17% 0.04% -0.06% -0.03% -0.07% -0.01% 0.14%
High 025% 0.11% 0.08% 0.09% 0.01% 0.06% 0.06% 0.01% -0.19%

Table 4: The change in factor rewards, in units of domestic consumption, for each primary
factor in response to a 10% increase in European taxes on British imports.

7.3 Trump Tariffs: Spillovers in Trade Policy

Next, we consider the way tariffs between two countries can affect a third country. The
Trump administration has recently imposed a 10% tariff on a broad range of Chinese im-
ports, with the possibility that these tariffs will be increased further to 25%. Meanwhile,

the administration has also renegotiated the North American Free Trade Agreement with
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Mexico and Canada, replacing with the USMCA. In this subsection, we analyze an im-
pressionistic version of this policy, computing the effects of the imposition of a tariff on
China while maintaining free trade with Mexico.

In Table 5, we show the effects on the real income of each country due to a 10% tax
on Chinese imports. As one might expect, China is affected most negatively by this pol-
icy, followed by some of China’s close trading partners, like Taiwan, Korea, and Australia.
The United States gains slightly from the imposition of tariffs, and these gains are roughly
divided between increases in real factor prices and increases in tariff revenues. Interest-
ingly, the country that gains the most from the tariffs is Mexico due to the increase in
demand for Mexican goods. Table 6 in Appendix Q breaks down how the factor prices
(in units of domestic consumption) change in response to the tariffs. This table shows that
the overall trend, across all countries including the USA and Mexico, is that capital loses
at the expense of labor. This is similar to the Brexit scenario, and indicates that typically
tariffs seem to tilt the distribution of income in favor of labor due to the fact that trade is
more capital intensive. For most countries, except Mexico, most of labor’s gains accrue to
high-skilled workers. For Mexico, most of the gains go to low and medium skilled labor
instead.

AUS -0.01% | ESP  0.01% | JPN 0.00% | RUS  0.00%
AUT 0.00% | EST  0.02% | KOR -0.02% | SVK  0.01%
BEL 0.00% | FIN  0.01% | LTU  0.02% | SVN  0.01%
BGR  0.02% | FRA 0.01% | LUX -0.01% | SWE  0.00%
BRA  0.00% | GBR 0.01% | LVA  0.01% | TUR  0.01%
CAN 0.02% | GRC 0.01% | MEX 0.03% | TWN -0.06%
CHN -0.24% | HUN 0.02% | NLD 0.02% | USA  0.01%
CYP 0.04% | IDN 0.01% | NOR 0.01% | ROW 0.01%
CZE 0.01% | IND 0.02% | POL  0.01%
DEU 0.00% | IRL  0.00% | PRT  0.01%
DNK 0.00% | ITA  0.01% | ROU 0.01%

Table 5: The change in real income for each country when the USA imposes a 10% import
tariff on all Chinese trade.

48



8 Extensions
8.1 Appendix on Beyond CES

9 Conclusion
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A Proofs

Proof of Theorem 1. Let H be the set of domestically produced goods and let F be the set of
foreign-produced goods. Let Q" be the matrix whose elements are

O = 7! (ijeH), (57)

where M;; is the value of i’s purchases from j and R; is the revenues of i. Similarly, let of

be given by
f = My (i€ H,jeF). (58)
R;
Finally, let
wi = SN (e ), (59)

i
where w;L;; are factor payments by i to factor j.
Denoting the vector of domestic prices by p" and foreign prices by pf, Shephard’s

lemma implies that
dlogp" = (1- Q") (0 dlog p + adlogw — dlog 4), (60)

where d log A are perturbations to the productivity functions of domestic producers.
Now, let ¥ be each good’s share in GDP, so for domestically produced goods

F+ X,
- 1
Yi="cpp (61)
where F; is final consumption and X; is exports. For imported goods
jeH
Hence,
dlog RGDP. = A’'(dlogw + dlog L) — dlog Pgpp,, (63)
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can be written as
dlog RGDP, = A'(dlogw +dlog L) — (") dlog p" + (v/)' dlog p/. (64)
Substituting the expression for d log p" gives

dlog RGDP, = A'(dlogw +dlog L) — (y")/(I — Q") (Qfdlog pf +adlogw — dlogA)
+ (7f)' dlog p'.

To complete the proof, note that (7") (I — Q")~la = A, and (4" (I — Q")1Qf = 4/,
These facts follow from market clearing conditions:

A =B+ Q5N e, (65)
]

where bf? is final domestic demand as a share of GDP and ¢; is exports as a share of GDP.
This implies that

(A" =" +e)(1-a". (66)
Similarly,
v =Ll (67)
j
and
j
Putting these market clearing conditions together gives us our desired result.
n
Proof of Theorem 2. TBA. |
Proof of Proposition 3. This follows as a corollary of Theorem 19. |
Proof of Proposition ??. Part I:
In the household CES nest, we have
dlogb; = (1—6.) (dlogp; —dlogPy,). (69)
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In particular, this implies that
dlogb.j — dlogb.; = (1 —6.) (dlog p; — dlog p;) . (70)
Substituting the equilibrium prices gives
F F
leg bC] - leg bci = (1 - GC) <‘F]k + ZT]J[ leg Af - Tik - Z‘Flf legAf> . (71)
Hence, we have

F dlogb.; — dlogb,; F
Yk +) ¥jrdlogAs = e+ ¥x+t L¥irdlogAp. (72)

From Theorem 2, we know that

dlog Y. ——/\C—l—Z—dlogAf— ZAfdlogAf (73)
fec Xe
In other words,
N
dlog Y, = —Zbcj ( ]k—i—Z‘F]fdlogAf) —i—Z—dlogAf (74)
j=1 f€c

Substituting in (72) into this expression above we get

dlog Y, = — by <dlog i L i‘f’ifdlogf\f> + XY dlog
=1 —be fec Ae

(75)
Since, by assumption i is entirely domestically produced ¥;; = 0. Furthermore, since
there is only one factor in country ¢, ¥;; = 1 and ¥;; = 0 for all factors f # L. So, this

becomes

dlogAL—i—Z fdlogAf (76)

fec Ae

N dlogb.; — dlog b,;
dlogYC:—ZbC]( 08 i]_e 08 Cl)
~ .
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Since there is only one factor in country c, this means that A; = x. and so

N dlogb.,; — dlogb,;
dlogYC:_Zij( & i]_e g cz). (77)
=1 c
Since ) b;jdlogb.; = 0, this leaves us with
N
dlogb,;
dlochzzbcj( 1_89”). (78)
j=1 ¢
Integrate this expression to get the desired result.
Part II:
If ¢ has more than one factor, then we have
N dlogb.; — dlogb,; F A
legYCZ_Zbcj< & i]_g & Cl—{-‘Yik—FZ\PifdlogAf)+Z—fd10g/\f.
j=1 ¢ fee Xe
(79)

Since, by assumption i is entirely domestically produced ¥ = 0, this simplifies to

N /dlogb,.; —dlogh,.
( 08 % — <08 ) ZbC]Z‘i’lfdlogAf+Z fdlogAf

dlogYC:—Zbcj 1o
Cc

j=1 f cc X
(80)
The representativeness of the supply chain of i then implies
N dlogb.; — dlogb,;
d]OgYC:_ZbC],( & i]_e & cz)' (81)
j=1 ¢
Since }_b.jdlogb.; = 0, this leaves us with
N
dlog b b

Integrate this expression to get the desired result.
Part III:
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As above, we have

dlogY. = —A{ + Y fdlogAf— ZAfdlogAf,
fee Xe f=1
= _Zbci Zwl] ]k-I-Z‘II]deOgAf) + Z —legAf,
f€c
dlogw;; — dlogwj;,

A

:_Zbci Zwij +Tik+ZTifdlogAf +Z—fd10g/\f,

- 1—-0,; d d Xc

J f fec

dlog w;; — dlog w;;

= =) b Zwij( d T8 d ”d>>,

i i

dlogw

=Lk (qu( feud)).

Integrate this, noting that b,; is constant, to get the desired result. |

Proof of Proposition 16. This follows from Proposition 3. Specifically, let 6 be the elasticity
of substitution for all i € R. Then, if L € F, then

f—o0 1 — ieR

1
lim —QALdlogAL = hm (Z/\ iCou (Y ) +;‘I’(f)dlogAf,‘P(L))

+Z<1_9>)\COU (k)-l-Z‘P(f)legAf,T(L))

igR
ZAC (Z AfdlogAf> )
1 c fec
This gives the result.
[
Proof of Proposition 19. For each good,
Ai =) beixe+ ) Qi) (83)
c i
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This means

AidlogA; = Zxcbci dlogb.; + Z Qﬂ)\] dlog Q]‘i + Z jS d /\] + Z beixcdlog xc. (84)
c ] ] c

Now, note that

dlogb, = (1 —6.) (dlogp; —dlogP,,) (85)
dlog Qj; = (1 - 6;) (dlog p; — dlog P; + dlog ;) — dlog (86)
dlog x. = Z —dlogAf—l—Z—dlogyi. (87)
ferr Ae icc Hi
dlogp; = ¥ (dlogu —dlog A) + Ya dlog A. (88)
dlog P, = b'Y (dlogu — dlog A) + b'¥adlog A. (89)

For shock dlog ik, we have

dlogb.,; = (1—6.) (‘T’ik—{—Z‘?ifdlogAf ZbCJ < k—{—Z‘I’fdlogAf>> (90)
f

dlongiz(l—Qj)< 1k+2x1f,fdlog/\f ]k—Z‘I’fdlogAf) —6jdlogp;. (91)

Putting this altogether gives
dA = ZZ (1 —6c)xcbei (qfik—kzqrifdlog/\f qu < ]k+ZT]fd10gAf)>
f
—1-22 ]]/l] (‘I’lk—i-zqflfdlog/\f—‘?]k—ZT]deOgAf> b &7
f f

- 9k/\k Y O¥i+ Y xe) bei¥idlogxc.
i c

Simplify this to

c 1

d)\l Z )(C Zba ( ik + Z‘PflegAf> (Zbci (q’]k + Z‘F]fdlog/\f>) (Zba"{fﬂ>
- 7 ;
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+ 2 ]]/[] -1 ZQ (qjik + ;‘T’lfdlog/\f> ‘Fil — <ZQFTZZ> (qf]k -+ ;‘I’]fdlog/\f>

J
— Ak (P —1(1 =K)) + Y xc ) bei'¥i dlog xc.
Cc

i

Simplify this further to get

dA = Z(l — OC)XCCOZ)b(C) (T(k) + qu(f) leg Af,lf(l)>
f

c
+ 2(1 - 9])/\]}l;1 20]1 (‘ijik + qulf dlog Af) Til
j f f
- (Z Q]‘i‘fﬂ) (Z sz‘sz + ZQ],‘ ZTlf dlog Af)
i i f
—0Ak (P — 11 =k)) + ) _xc ) bei'¥idlog xe,
c i

Using the input-output covariance notation, write

d/\l = 2(1 — QC)XCCOUb(C) (T(k) + qu(f) legAf,‘I'r(l)>
f

[

+ Z ]‘l/l] 1COUQ (T(k) + ;‘?(f) legAf/T(l)>

- (1 - gk))\k(‘Pkl - 1(l = k)) - GkAk (Tkl - 1(1 = k)) + ZXC Zbciwil lech,
c

i

This then simplifies to give from the fact that ) ; b;%¥;; = Aj:

Aldlog)\l: 2 (1 9) ]]/l 1COU +Zd10g/\f, ())
jEN,C

— M (Y — Lk = 1)) + ) xcAf lech-
C
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To complete the proof, note that

ZWfo +) (1 - yl) piyi- (92)

i€c

Hence,

d<1——>

dlogp; PYidlog i

(93)

d(Py.Yc) waLfdlogwf+Z (1 — V_) piy;i dlog(piyi) —i—z

fec iec iec

In other words, since P,Y = 1, we have

d(l——)
1 Ui
dx.=) Ardlogws+ <1——))\ dlogA; +) ——A;dlogy; (94)
= LAvdlosurt (1o L~ dlogps "

Hence,

A .
dlog x. = 2 —fdlogAf—i—Z%dlogy,-. (95)
c

ferr AL iec

Proof of Proposition 6. Here we assume that there is only one factor in the domestic econ-
omy and normalize its price to one.

Define the “fictitious domestic” IO matrix

Q= L (96)
P Yren, Qi

with associated Leontieff-inverse matrix
Y=1-0)" (97)

Then for each producer i € C, we have

dlog A
dlogpi = Y Qydlogp;+ %1":, (98)
JEN. 0;

where A;. is the domestic cost share of producer i. The solution of this system of equations
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is
dlogp; = Z ITIz‘jﬁ- (99)

From this we can get welfare gains

~ ~~ dlogA; ~ dlogA;
dlogY = — Zbidlogpi = - Z Z bi‘Fii 0. — 1]C - 2/\] 0. — 1]C’ (100)
ieC ieCjeC J jeC J
where
A=) bi¥ (101)
jeC

This can be thought of as hitting the fictitious domestic economy with productivity shocks
—dlog /\jc/ (Gj —1). We should therefore be able to leverage our results from the Hulten

paper to derive a second-order approximation as a function of these shocks. |

Proof of Proposition 18. Assume that we observe changes in factor shares dlog A in C.
Then the changes in nominal wages are given by

dlogwy —dlogwe = dlog Ay — dlog Ag. (102)
We get that
dlogA;j
dlog p; = 2‘1’1] 5 % 1” + Y. ¥idlogwy, (103)
feF

which implies that

dlogY® =Y Agdlogws— ) bidlogp;,

fek ieC
dlogA;
= ) Agdlogws— ) 3 bi¥idlogws — ) ) bi¥i— = -,
feF ieC feF, ieCjeC
AlogAj
f; (Af — Af)dlogwy — Z)\] 0,1
dlog)tjc
dlog)xjc
=—) Afdlog Ay — Z)\] 61"
feF.
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where

AG =) biY, (104)
ieC

A=) BSYS, (105)
jeC

and where we have used the fact that} rcp Af =} rcp, Aj} =1land ) ¢cp Apdlog Ay = 0.
Note that I may have introduced some conflict with the notation in the paper...
Bottom line, we get the formula

dlog A;
dlogY* = — ) AjdlogAp— ) Af o 1”. (106)
feF: jeC ]

Now the question is whether this formula is satisfactory or whether we can/want to ex-
press the changes in factor shares as a function of changes in other shares.
Note that we can always normalize nominal GDP so that

Y Agdlogws = 0. (107)
feF:
With this normalization, we have
dlogA;
dlogpi = ) ¥ij—o—+ ) Yigdlog A (108)
jeC ] fek
And the cost function satisfies
dlogA;
dlogC* = ) Ajdlog Ap+ ) Aj—— 1”. (109)
feF jeC ]

This can be thought of as hitting the fictitious domestic economy with shocks —d log A¢
to factor prices and productivity shocks —dlogAj./(0; — 1). We should therefore be able
to leverage our results from the Hulten paper to derive a second-order approximation as
a function of these shocks. I think that this should be done using the cost function rather
than the production function. |

Proof of Proposition 8. Proof of Part(1):
The expression for d? logY follows from applying part (2) to the whole world. The
equality of real GDI and real GDP at the world level completes the proof.
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Proof of Part (2):

Denote the set of imports into country ¢ by M.. Then, we can write:

1
d_logYC B ZA legAf Z d/\ (1 y]> E_legPYc
dlogp; /= f"dlog u; dlog ui PyY u; dlogu;’
where
dlog Py - dlogAg < dlogpm - dlog pm
£ = Nef——+ Aem——— — Agi — A ,
dlog u; f; cf dlog mg/lc “ dlog u; < mg/lc “ dlog u;
and
= ZFC ¥ i
j
Combining these expressions, we get
dlog Y. - dlog Ay < dlog pm
= A — A —
dlog ; =1 ( cf Cf) dlog u; + meZMC ()\cm /\cm) dlog ;
dlogA; -
+Z)‘Cj o5 1_l "’ﬁ_)\czﬁ
JEN, dlog p; Hij Hi
At the efficient point,

dzlogYC B ( dAcf d[\cf ) legAf
fe

dlogy;dlogu, dlogu; dlogu; | dlog

+ Z d Acm B d Ay dlogpm_ d A
dlogu; dlogu;) dlogu, dlogyu;

meM.
d log Ack — b 1 d Aci
dlog u; Py Y. dlog
Using Lemma 12,
d*log Y, dlog Ay

__ g dlogpm oy
dlogu;dloguy fezF “if Tlog . dlog ik mg/fc/\a‘ylmdlogyk Aei (i

dA; 1
ACk(Slk * dlog d log Uik Py Y
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dlog[\f dlogpm
= = Z At if 31 dlo Z L -
fch g‘uk

' dlog p; n dlogy;
"\dlogu, dlog
‘dlogyi

“dlog

Proof of Part(3):

dlog WBS _ dlogW, _ (dlogy, dlogPeip
oo = X = Z :
h

d log iy d log iy dlogu  dlogpy
dlogx, y AdlogAf Z (1_%).
dlogpuc (= xn dlogpy dlog Mk Xn

dlog Psz h ,dlog Af
=) Ao+ AL

dlogur  fz 7 dlog o

Hence, assuming the normalization PyY = 1 gives

d?1og WBS _ dAs dlogAs 1 A d*logA
° =Lh | L f-dl f_+z_fd1 -dlf
dlogurdlogu; 7 7 dlogp; dlogp xn ~ F xn dlogp;dlog py

_ZﬁdlogAfdlog)ch dAy 1 A dlogxn . M 5
7 xn dlogpy dlogp; — dlogpixupe  Xnp dlogpi  Xnpik K

1 1
Z d? A T=—wan 1 Ly 4 1= dlog x,
dlogﬂzdlogﬂk xn  dlogugpixy ' dlogue xn dlogp
dA dlog A d?log A d Al
Z & f Z &Hf k
dlog u; dlog 1 fdlogu;dlogu;  dlogu;
gui dlogu guidlog gH

At the efficient point, this simplifies to

d*log W5S o dlogAg [ dAf _ZX_ d]\?
dlog yi dlog u; 7 dlog ur \ dlogu; - hdlogyi
d Ay d A} dlog Ardlog xy

— Y Xn -2 A

dlogu; 45 dlogyl [ fdlogyk dlog u;
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dlog)(h ‘ d)Li
M dlogu; ~ % Jlog i

By Lemma 11, at the efficient point,

dA; dAY d x;

_ AN (Y — 5
dlog}’lz ;thlogyl ;dlogyl j )\l (sz 51]).

Whence, we can further simplify the previous expression to

d?log WES dlog Af dxn zn
= Z Z d Af - /\iqjif

dlog yi dlog u; dlog uy log u;
Z d xn A A (T — ) — Z dlog As dlog xn
dlogu; * ! o Fdlog e dlog
dA;
dlogxhdlog”’ M Jlog g
legAf dXh <
- Z dlog u (; dlog yiAf —Aiti
3 legAf d]oth
Z:dlogyl b At th: Fdlog e dlog p;
T S
dlog)(hdlogl/ll+ dlogu;’

and using dlog A; = dlog p; + dlogy;,

dlog Ay A
_;dlogyk <Zdlogy A‘Plf)
dxn 5 dlog Ay dlog xy
+;dlogy — AT ZA Fdlog i dlog u;
B Ak ' . d log pi ' d log Yi
dlog xy, Cllogyl—k)\ldlogy Aldlogyk'
_ dlogxh dlogAf _ dlog Ag
Z Xh Al i) Yif
dlogp; 7 dlogpx 7 dlog p
dloth dlog/\f

dlogxh n
+ M A — YA
20 dlog fzh Pdlog j; dlog
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Y dlog xn +Aidlogyi
dlog Ui dlog

dlogAf
A Y Wit i |

_ ydlogxydlogAr ¢ <)
_Zdlogyi dlog ( why Af)

dlogyi dlog x5 _ , dlogxy
+ AL —A ,
dlog py ;thlogyi k kdlogyi

dlogy; dlogxy («,dlogAs -,
= A A
Aldlogyk ;thlogy,- Afdlogyk+ k
dlog A
_Zdlogxh o8 Af _Akzdlogxh’
[ dlog u; dlog ux —~ dlog p;

+ A

Y d IOg Vi thd log Xh d 108 Pcpi,h
dlog p - dlogu; dlog uy

dlog A dl dl
_ <; 8 fAf) (; ogx7> _ay dos

dlog pux dlog p; . dlog i

= A dlogy: + Cov dlog Xh, 4108 Fepi
dlog p dlogu;” dlog uy

since

_ZdlogAfA _ vy dA; ( - LA - yj)):_Ak
—~ dlogp, 1~ S dlogp dlog
at the efficient point, and
dlogxy _
ZX dlogu;
[ |
Lemma 11. ;
d)\ dlog/\ dxn -~
dloguk_; hdlogﬂk ZdloguzA'_A" (5= 2).

Proof. Let u be the diagonal matrix of y; and I, be a matrix of all zeros except i for its
kth diagonal element. Then for each £,

A= b L A0,
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Hence,

d A’ b d A’ - - dO
= Q+A"L, O+ A .
dlog p dlogyk+dlogyky A ydlogyk
Hence,
dA b < . dQ
X =y ! Q+xX'AL, O+ x'A :
X Jlogp N dlogp K dlogp A A Fiogy,
On the other hand,
A= x'b+ AQ.
Form this, we have
dA dy bty b dQ dA

= A
dlogu,  dlog i +Xdlogyk+ dlogyk+dlogyk

Combining these two expressions

( dA X,dlog/\>:( dA X,dlog/\>0+ dx b—X’}\(h)kaQ-

dlogyk_ dlog dlogyk_ dlog dlog i

Rearrange this to get

( dA )_C/dlog)x)_ dx ¥ — AW, (¥ - 1),

dlogpue " dlogu) — dlogp
o d dlog A d
A _,dlogA X

— = Y — AL, (Y —1).

(dlog#k Xdloguk) dlogﬂkb M )

Lemma 12. At the efficient steady-state

d A d A
dlog py B dlog py

= — Ak (‘I’k]- — (Sk]-) .

Proof. Start from the relations
ch = F]‘C + Z)\ciﬂij/
i

and
A= Ff+ ) AcimiQj.
i
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Differentiate both to get

d/\cj _ d)\cj :Z d)\cj _ d/\c]' O O
dlogu, dlog uy — \ dlogp;  dlogpy ij — Aok i

Rearrange this to get the desired result. u

Proof of Proposition 24. Loglinearizing this, we get

AfdlogAf = legZUf Z (SthhSh — Z (Sh — 1)Xh5hf Zéhl dlogwl + Z Xhéhfdloth.
heH heH leF heH

We can put this back into familiar notation

AfdlogAf = legZUf Z q’thfEh - Z (Eh - 1)q>thf Z q)hZAl dlogwl + Z thfAdeOg Lh.
heH heH leF Ah heH
Simplify this to get
DA\

legAf = legZUf hZHq)hfSh - th(sh - 1)q>hfle By dlogwl + hZHCthdlog Lh.
S S S S

We can beautify this a bit as

leg Af = 2 gth>(h) (EzS(h) (d log ZUf — dlog ZU)) + Z ECID("I) (E(S(h> (d log ZU)) + 2 E<I>(h) (leg L) .
heH heH heH

or

dlogAs = Y Egum [en (Esm (dlogws —dlogw)) + (Ezum(dlogw)) 4 (dlogL)] .
heH

or

dlogAs = Y Egum [Esm (en (dlogws — dlogw) + (dlogw)) + (dlogL)] .
heH

The case with immobile labor is given by ¢, = 1 for every h € H, in which case
dlogws = dlog A¢. Combine this with demand for the factors to finish the characteriza-
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tion

dlog A dlogwy
ldlog Ag - 2 Aj(1 = 6;)Covgyg;) (‘F(k) + ZT(f) ¥

ie{H,N}

heH

dlogw
+ Y (A=) (Z DA f) :
This means that we can also redo the welfare accounting and write

dlog W, = dlog x, — dlog P,
where X, is the income of household g. This can be written as

dlogW,
dlog Ay

Y~ (6gs — AS) dlogws + AF dlog Ay + dlog LS,

seF

or

dlog W, P
g g _ ( gSAS—Af)dlogws-i—)t‘]f-l-legL&
dlogAx  Z\ Xg

Using trick by Rodriguez-Clare and Feenstra, we note that

1
dlog xq = dlogws-l—g—dlogégS
g

for any s, and hence
— 1
dlogxe = ZA}% (dlogwf + o dlogd, ) ,
f g

where AS and A® are the Domar weights under the closed-economy IO matrix. Then we
can combine this with the fact that

_ _dlog A
dlog P; = ZAidlogwf —i—ZAid@iO%)lL”
f i

to get

—odlogé — n
dlog W = DAF B A
7 8 P
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B Appendix on Beyond CES

The quantitative and empirical trade literature has increasingly worked to weaken func-
tional form assumptions. Thankfully, following Baqaee and Farhi (2018), all the results in
this paper can be easily generalized to arbitrary neoclassical production functions simply
by replacing the input-output covariance operator with the substitution operator instead.

Define

¢j(T(k)’T(l)) - ; QjXij(l - Uj(x/ y))Txl‘Pyk ,
x#y

= 5Ea (1= 015, (ulx) = B (B1(3) —01(0)))

where Yi(x) = Yy The substitution operator ®;('¥ (), ¥(;)) is a strict generalization
of the input-output covariance operator, and reduces to the latter when the elasticities
of substitution between any two input pairs x and y are constant (the CES special case).
Although ®; is not strictly a covariance, it still retains many of its properties: namely, it
is symmetric and bilinear in its arguments. Furthermore, CID]' is zero whenever one of its

arguments is a constant.

C Small Open Economy

Let Y denote GDP and P, denote the ideal price index. Let

b — PiCi’
' DY

where p;c; is domestic final expenditures on good i. Let

_ piki

&

where p;E; is exports of good i.
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Goods market clearing for each domestically produced good is
i =ci+ ) xi+Ei
j

and for each foreign produced good
mp=ci+ ) Xji,
j

where superscript h and f denote foreign and domestic goods.
Without loss of generality, model decreasing returns by using fixed factors. Then trade
balance and household budget balance implies

PyY = ijrLf,
f

where w/ is the wage of each factor available to the household.
The price of each domestically produced good i is pinned down by the marginal cost
function of that good

1
pi = Eci({Pj/wf})-

Note that since foreign prices are exogenous, that means prices are pinned down in levels
(not just in relative terms). Everything is being expressed in units of the foreign prices.
Construct the (N" + Nf + F) x (N" + N/ + F) input-output matrix such that

_ Pi%ij

Qi = ’
T pi

where the last N/ + F rows and columns are zeros.

We define the domestic and foreign Domar weight of each good:
A =11 - Q) e, (110)

and
M=d(-0)"e. (111)
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By accounting, it has to be the case that
A=Ay A, (112)
but the break-down between the two requires input-output data.

C.1 Foreign Tariff

Theorem 13. Then, our generalization of Hulten is

dl
Qog logi = AL+ Y (Ap - ASE wj:
dlog Py ¥ dlog i

Remark. Completely non-parametric. Doesn’t require representative agent assumption.

Can be used to do growth-accounting.

Remark. 1If we assume that final demand and export demand are homothetic, we can de-
rive non-parametric counterfactual formulas. If we assume economy has nested CES

form, then we can derive parametric counterfactuals.

Proposition 14. If the economy belongs to the nested CES class. Then denote final demand by 0
and foreign demand by N + 1, and we have

N+1
dA;= ) Aj(1—6;)Covp (¥ + ) ¥ (s dlogwy, ¥ ;)
j=0 /

+ )\{ (dlog(PgE) — dlog(P,Y)).

Also,
dlog P,Y =) Asdlogwy, (113)
f
and
dlogwy = dlogAf—i—ZAfdlogwf. (114)
f
We can rewrite this as
N+1
A dlog wy, = Z )\](1 — Qj)COZ)Q(j) (T(k) + ZT(f) dlog ZUf,T(L))
j=0 f
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+ A} dlog(P:E) + (AL — A}) dlog(P,Y).

C.2 Domestic Tariff

Theorem 15. Now suppose that home introduces a tariff on imports, labelled by ka . Then denote

the revenues earned by tariffs on k as a share of GDP by R{: . Then we have

dlogY dlogw
. 5 = - +Z Ag— Al L+ 1+ 7)) + LM ri(dlog A, + dlog B,Y).
T dlog 7, i
(115)
At the zero-tariff steady state,

dlogY 3 ndlogwy
— = A+ Y (Af— Af)——F + Ak (116)

dT [ dlog 7,

The accounting convention here is to write the tax separately, so that total expenditures on imports

inclusive of taxes is pym;(1 + T]f)

D SOE as a limit

Divide the world into home, superscript /i, and foreign, superscript f. Assume that
Q{lh — 0. Then, we can write

dlog p" = (I — Q") (a" dlogw" + Q" dlog p/ — dlog A") (117)

dlog p" = (I — /)~ (af dlogw/ — dlog Af). (118)

For domestic good A" = A;/x;, and for a foreign good )\f Ai/ xn- Then, market clearing

condition for i produced in 4 is
-L Xe e + Z QAL 4 Z QAL (119)
Differentiate this to get

dA! =Y b, ;Cc dlogbcz-f-Zb ;CC dlog(xc — xn)

c
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2th d AT + ZahhAh dlog O

thdAf thAf dlo th
g
_qu Xcdlo ba+2ba§§ dlog(xc — xn)

hhyh hh fh 14 f fhyf fh
ZQﬁ /\j dlongi +ZQ].Z. d/\]. +ZQ].Z. A]. dlongi .
j j j

Note that
dlogb, = (1—6.)(dlogp; —dlogPy.) = (1 —6.)(dlogp; — bzc) dlogp) (120)

and
dlog Qj; = (1 —0;)(dlogp; — dlogp;). (121)

Combining these equations, the ones determining prices, and the demand equations we

get
dAl =) ¥ [%(1 — 6,)(dlog p; — by, dlog p) + Zba% dlog(xc — xn)
) c

h h
ZQhW — o) (dlog p!' — dlog p!) +ZQf d/\f+ZQf M@ —0l)(dlogp! —dlogpl) |,

_Z‘If [ (1-6.) ‘I’h’“rZ‘If dlog w' +}:T ! dlog ph, — b, dlog p)

+2%fm%< Xn)

ZthAhl—Oh)(‘I’f’,f ‘ij,?JrZ‘Phh ‘Ifjljz)dlogwarZ ¥ —¥i) dlog pl)

+ZﬂjfihdAf Zﬂfh/\f 9f ‘Pf}j’+2‘1’ dlogwf—l—z dlogpfql—dlogpf)
]

The expression above holds for every domestically produced good, including the factors,
so letting i index the factors in the expressions above and using the fact that dlog A" =
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dlogw; + dlog x, allows us to write a system in d A that we can solve. This system can
be simplified to be written in terms of the input-output covariance operator. We don’t do
that here, but we do note that this system will depend on dlog p/ and dlog )\{ . In other
words, knowing that foreign prices are exogenous is not enough, in general, to apply the
usual SOE logic. Foreign price changes will change foreign demand for domestic goods,

and these will have effects on output.

E Welfare Accounting

F Hecksher-Ohlin Results

Let R be the set of all nodes whose elasticity of substitution is infinity. Divide factors into
groups two groups: F and its complement F°. The set of factors F such that for each
f € F there is some j € R and some factor g with

COUQ(]-) (T(g),lf(f)) #0, (122)

and, somei € R
COZJQ(i) (‘F(k),‘lf(f)) # 0. (123)

Then, we can take a limit of Proposition 3 to get

Proposition 16. [Hecksher-Ohlin Models]

Ardlog AL = 2/\]'(1 — Gj)COUQ(]') (T(k) + Z‘F(f) dlog Af/‘P(L))

i¢R f
+) Af (fz AfdlogAf> , (LeF)
¢ €c
and
0= Z_GZR AiCovey (¥ (k) + ;‘F(f) dlogAf, ¥ (1)), (LeF)
and

A dlog A = 0. (124)
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Figure 7: A Small Open Economy

If every factor belongs to F, then we do not need to know the elasticities of substitu-
tion in order to predict the response of factor shares to shocks.

Generalized Rybczynski

Corollary 4. Suppose that every factor f € F, then

YiAVarqgy(Yqy) - LiACovay (Yay, ¥ (k) YiAiCovqy (Y (), ¥ (1))

dlogA
' dlog Ay '
YiAiVara, (Y (ry) YiAiCovq i) (Y i), ¥ ()

where j € R. In addition, we have A dlog A = 0. If the shock dlog Ay is to a primary factor,
then this system pins down the change in relative factor prices in response to a change in factor
quantity.

Intuitively, on impulse, the changes in factor demands are determined entirely by the
demand of those nodes which are perfect substitutes, since they substitute much more ag-
gressively to the impulse. Furthermore, the change in relative factor prices has to be such
that it balances out the excess demand caused by the initial impulse since the quantity of
factors is fixed. When the above system can be solved, there is a unique combination of
factor price changes that would balance out the excess demand.

77



Stolper-Samuelson in 2 x 2 Model

The generalized Rybcynski result, Corollary 4, implies the Stolper and Samuelson (1941)
result: in a two-good, two-factor small-open-economy, an increase in the price of good
i will raise the returns to the factor that i uses relatively more intensively. To see this,
consider the example depicted in Figure 7. There are two consumption goods c; and c;.
Each consumption good c; could either be produced domestically d; using capital K and
labor L or purchased directly from foreign f;. In other words, the elasticity of substitution
between d; and f; is infinity. Now, consider an increase in the price of the foreign good i,
then Corollary 4 implies

M__<ZZAJ.

dlogpy, o = ’

-1
Vargi(Y))  Covqp (¥ ), ¥ k) ] ) [ AeyCovgyeny (Y i), ¥ (1))
Covqy (Y1), Yx)  Vargyn(Yx) Aey Covyep) (i), ¥ (k)
(125)
where dlogw = (dlogw;,dlogwgk) = dlog A, since world GDP is constant by the small

open economy assumption. The above expression holds regardless of the elasticity of sub-
stitution between L and K or between c; and c. Specifically, the expression above simpli-
fies to give the same answer as that given by the celebrated “hat” algebra of Jones (1965).

-1
dlogw _ Qa1 Qax 1 (126)
dlogpy, Qa, . Qayx 0

Namely:

The intuition for equation (125) is a little different to the one for Jones’ algebra, even
though the two equations give the same answer. In (125), the term

[ Aey Covgy ) (F iy, ¥ry) ]
AeyCovge) (P iy, ¥ (k)

measures how substitution by ¢; would redirect demand away from L and K, holding
fixed their prices, whilst

(i%’

j=c1

Varqip (Y1)  Covqip (P (), ¥ixy) D dlog w
Covq) (Y, Yxy)  Varqep (YY)

measures how a change in the price of the factors would redirect demand between L and
K, due substitution by ¢; and ¢;. In equilibrium, the sum of these two has to be zero,
which gives rise to (125). On the other hand, Jones’s algebra follows from the observation
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that, in equilibrium, dlogp;, = dlogpy = 1 and dlogp,, = dlogpy, = 0. The result
then follows from combining these facts with dlogps, = Qg dlogw + Q4 dlogwk
for i = 1,2. This means that individually, the components of (125) are not the same as the
ones in (126), even though they ultimately imply the same thing.

Intuitively, Jones” algebra starts off by imposing that the relative price of domestic and
foreign goods must not change, whilst Corollary 4 assumes that demand for factors is

differentiable. Importantly, both approaches require only expenditure data.

G Welfare Accounting Per Capita

Our equations take the number of households as given. If one were to compute our wel-
fare accounting decomposition using consumer data aggregated over a changing number
of consumers, then one has to take into account the fact that the number of consumers is
changing over time. To do this, suppose that a household type / actually consists of N,
identical agents indexed by i, consuming the same basket and in possession of the same

factors of production. In that case, we can write

Ny
Wi(A, X) =Y Wi (A, X) = NyWy (A, X).
i=1

Therefore,
dlog W, _ dlog Wy, A
dlog Ay dlog A, ¥
whence Sloe W S loe W
08 YVin _ 9108 V¥ _
X dX = X dX —dlogN.

Using these formulas, we can transform our group-level welfare results into individual-

level (or per capita) welfare results.

H Transfer Shocks

Next, we turn our attention to shocks to net transfers between countries.

79



Proposition 17. [Transfer Shocks] For some feasible perturbation of transfers ) ;cy d 1, = 0,

ArdlogA = ) Aj(1—16;)Covqy (Z‘I’ dlogAf,‘Y(l))
ie{H,N}

+ Z()\lc—/\l) <Z q)CfAfdlogAf> + Z /\?dl’h.

ceEH feF heH

Once again, when [ is a factor, Proposition 17 gives us a linear system in d log A whose

tixed point pins down the equilibrium factor share movements:
dlog A =Tdlog A +®dlog A+ A"dr, (127)

where I and © are exactly the same as before, but now the impulse is simply the change
in factor demands in partial equilibrium (holding fixed the price of factors). The model’s
propagation properties depend on I' and ®, and conditional on the initial impulse, are
the same for transfers and productivity shocks. Once again, given dlog A, and d A, we

can combine these with Theorem 2

I Example: The International Quesnaysian Cross

Consider the effects of an improvement in productivity in one country on the distribution
of income across both countries. Consider the economy depicted in Figure 8. Suppose
that C; is China and C; is the USA. There are three goods in the world: d; and d; are
“domestic” goods: produced from domestic labor and sold only locally. The good m
is a multi-national good, produced from both types of labor and sold to both consumers.
Finally, we assume that the elasticity of substitution between Chinese and American labor
is ¢ for multinationals, while the elasticity of substitution between traded and non-traded
goods is 1.2

Now, we consider an improvement in the productivity of Chinese labor L;. Then,
from Proposition 2, we know that Chinese labor’s share of income has to satisfy the fixed

2The assumption that the consumption of households is Cobb-Douglas simplifies the algebra slightly,
but it would be trivial to relax.
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Figure 8: The solid arrows represent the flow of goods. The dashed arrows represent the
flow of wages to households.

point
Cl/\L1 (0’—1) dA dALl
d log L ((7 1)Amme1 WmlL, — AL1 AL Ammel WL, dlo ogL + szLl cqi bczz) M/

This equation is plotted in Figure 9, which Baqaee and Farhi (2018) call a Quesnaysian
cross. The first term corresponds to the substitution by m in response to the change in
the productivity of Chinese labor, holding the relative wage constant. The second term
corresponds to the fact that the relative wages will adjust in response to substitution by
m, and this change in relative wages will cause m to substitute further. The final term
corresponds to the fact that Chinese and American consumers have different preferences,
due to home-bias, and hence, as Chinese consumers become richer, demand for Chinese
labor increases, which bids up the wages of Chinese workers. The first term is the partial
equilibrium effect, while the last two terms are general equilibrium terms. The general
equilibrium response may amplify or mitigate the partial equilibrium effect depending
on the sum of the substitution and distribution effect.

J Duality with Multiple Factors

The isomorphism between trade shocks in an open economy and productivity shocks in
a closed economy extends beyond the one factor economy. In the multi-factor case, a
trade shock is isomorphic to a series of productivity and factor endowment shocks in the
closed economy. In this section, we establish this isomorphism, and as an example, we

show how the model in Galle et al. (2017), which studies the distributional consequences
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O

Figure 9: The “Quesnaysian Cross”: the substitution line has slope /&';\12 AmWmL, WmL,;
1" %2
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of trade with a Roy model, can be generalized to economies with production networks.

Assume that the domestic economy has multiple factors of production. Let W,(z)
denote real income of a country c as a function of iceberg trade costs z. Let P.(4, L)
denote the consumption price index of the closed-economy counterpart of ¢ as a function
of fictitious productivity parameters A and factor prices @. Since the “caron” economy is
closed, real income is equal to real output W.(A, L) = Y.(A,L).

Proposition 18 (Isomorphism). Consider a change in iceberg trade costs from z to z, then

AlogW, = —log <CE—

P,
where
. A, en. Qi
Alog A; = log é = ! log ZJLC_Z] ,
A, ¢i—1 Yjen, (i
and

Alog by = 1 (wf> 1 (Acf
ng]" =gl =— )| =g =—|-.
ZUf Acf

In words, the effect of iceberg trade shocks on income in an open economy are isomor-
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phic to the effects of productivity and factor price shocks on the price level in a fictitious
closed economy. Given this isomorphism to a closed-economy, we can use results from the
literature on closed-economy models to characterize the effects of trade shocks.

As before, we begin by looking at the first-order effects:

Corollary 5 (First-Order). When Proposition 18 holds, a first-order approximation to the change

in welfare from iceberg shocks Alog z is

AlogW ~ Y AiAlog A;+ Y AsAlogiy, (128)

ieN. ik,
where dlog P,/ dlog A; = A; and dlog P,/ dlog w¢ = A by Hulten (1978).

Hence, conditional on the size of the implied productivity shocks, the presence of
intermediate inputs amplifies the effects of trade shocks much in the same way that
the effect of intermediate inputs amplifies the effects of productivity shocks in closed
economies. This is due to the intermediate input multiplier effect discussed by, among
others, Jones (2011).

Next, we consider the second-order effect of these shocks.

Corollary 6 (Second-Order). When Proposition 18 holds, a second-order approximation to the
change in welfare from iceberg shocks Alog z is

x 1 dlog Y. . .
AlogW~ ) AidlogAi+5 Y, ) Alog AiAlog Aj. (129)
i€ NG, F. 2 (e (FND je{F- N} dlog Ajdlog A;
From Bagaee and Farhi (2017b),
d*logW.  dA

5 = o = 1 —6)ACovxwy (Y, ¥y ),
dlogAjdlogA;  dlogA; kg\:fc( k) Ak Q“‘)( (i) (]))

whenever the model has a nested CES form. Here, we abuse notation, so that whenever i € F,,
then A; = Ajand Alog A=A log ;.

Hence, nonlinearities in consumption and production can act to amplify or mitigate
the effects of the shock relative to the first-order approximation. Cobb-Douglas (6, = 1
for all j) is the case that keeps the isomorphic closed economy log-linear.
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K Network Irrelevance

A noteworthy special case is when i and j are made directly from factors, without any

intermediate inputs. Then, we have the following

Corollary 7. (Network Irrelevance) If Aj; and A;; are only made from domestic factors, then

Z )\mCOUQ(m) (T(l]),‘P(l]) /)\1] - ‘P(ii) //\ii) =1. (130)
meC,N
Hence, if all microeconomic elasticities of substitution 0y, are equal to the same value 6,, = 6 then

81']',1']' = 0.

In the special case where ij and ii are both made only from domestic factors (no in-
termediate inputs are permitted), then the trade elasticity of imports from j to i with
respect to trade costs between i and j become convex combinations of the underlying mi-
croelasticities. Of course, whenever all micro-elasticities of substitution are the same, the
weights then become irrelevant, and this is the situation in most benchmark trade models
with constant trade elasticities.

[XX: REMOVE THE FOLLOWING??] Bagaee and Farhi (2017b) show that in a closed-
economy with a representative agent, the network-structure is irrelevant for studying
aggregate outcomes as long as all micro elasticities of substitution are the same and shocks
are factor-augmenting. For a closed-economy, this result fails due to heterogeneity of

household preferences. Instead, we have the following:

Corollary 8 (Network Irrelevance). If 6; = 0 for all i, and there is no home-bias, so that
A? = A\ for every h, then for a factor augmenting shock dlog Ly

dlogAr B B dlog Ay
M Glogty = (0= D A= - A+ (1-0 T (M1l = P =) Gt )
Hence

L. Nested-CES Models in Standard Form

Nested-CES models in written in what we call standard form, which is more convenient
to study. For a formal description of this standard form see the discussion in Baqaee and

Farhi (2017b) for more details. In short, a CES economy in standard form is one where we
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treat each CES aggregator as a node in the production network, with an accompanying
elasticity of substitution. Through a relabelling, this structure can represent any CES
economy with an arbitrary pattern of nests and elasticities. Intuitively, by relabelling
each CES aggregator to be a new producer, we can have as many nests as desired. For the
rest of the paper, and without loss of generality, we restrict our attention to nested-CES
models in standard-form.

M Propagation Equations with Distortions

So far, we have maintained the assumption of perfect competition. In this section, we ex-
tend our results to allow for tariffs, or more generally distortions (modelled via implicit
or explicit taxes). We generalize our growth-accounting and propagation equations to
distorted economies. Using these results, we briefly outline how disaggregation modi-
fies the traditional “Harbgerger triangle” intuitions about the effects of tariffs,?® and go
through some examples motivated by recent events.

Since any wedge can be represented as a markup, without loss of generality, we as-
sume that all wedges in the economy (including tariffs) have been represented as markups.?”
Denote the diagonal matrix of markups as y and, following Baqaee and Farhi (2017c), de-
fine the cost-based HAIO matrix

Q = uQ. (131)

If we use Q) in place of Q, for each good k and country ¢ and household &, we can define
cost-based versions of the Domar weight Ak, local Domar weights Aq, and household
exposures ;\Z. Simiarly, we can define these objects for the factors: A, A and f\Z. Finally,
it’s convenient to introduce “fictitious” factors corresponding to the revenues earned by
country c on the sale of each good as the result of the markup wedge. Denote the set of all
factors (real and fictitious) by F*. The fictitious factors have a cost-based Domar weight
of zero, but a positive revenue-based Domar weight.

Now, we can state our comparative statics using ex-post sufficient statistics.

26See, for example, Does Trade in Intermediate Goods Alter the Logic of Costs From Protectionism? by Paul
Krugman (2018).

27To represent a wedge on i’s ability purchase inputs from k, we can introduce a new producer which
buys from k and sells to i at a markup.
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Proposition 19. In response to shocks,

dlog W, n As
= —A} AltdlogAs + P —dlo A 132
dlog py Z fAI08Af f;* "X &S (132)
dlogWh 5 As
T A Altdlog As + P —dlo A 133
dlog Ay Z fdlogAy fg* i, G108 As. (133)
dlogY, < . ~
= gl _ —Ack — Z Acsdlog Acr + 2 (Aei — Agi) (dlog A — dlogm;), (134)
08 Mk fek. s
dlogY. - F ~
dlog Ay 1ogg A, = A= ), AgpdlogAcr+ ) (A — Adi) (dlogAq —dlogmy),  (135)

feF. i¢Nc

where A.; and m; for i ¢ N, is the expenditure share and quantity of foreign imports i.
Proposition 19 generalizes productivity and welfare accounting to open economies with
distortions. These expressions maintain their interpretation as decompositions of wel-
tfare and output into changes due to “pure” technology and changes due to reallocation
of resources. We discuss these equations in turn, starting with the welfare accounting
equations (132) and (133).

The welfare equations are remarkably similar to the efficient economy versions in The-
orem 19, the key difference is they use cost-based exposures rather than revenue-based
exposures, and they account for the contributions of income from rents. As before, the
tirst summand of (132) is the “pure” productivity effect (the size of the pie), while the rest
of the terms account for changes in the shares of the pie (i.e. reallocations):

dlogW, = A"dlog A + ( Z CIthX—fdlogAf— ZAfdlogAf A dlogy)
feF;

- -
-~

dlog Wy, alogWh
dlog A legA X dx

Interestingly, if we aggregate these equations across all households, weighted by their
income share, we recover precisely the Baqaee and Farhi (2017c) in the closed economy —

that is a decomposition of the aggregate real income:

Y dlogW =) x,dlogW, =Adlog A — (AdlogA+ Adlogy).
T T

Now, let’s our attention to the productivity equations (134) and (135). The productivity
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equations are much more complicated than their efficient-economy counterpart (namely
Hulten’s theorem). This is because, even in a closed-economy, Hulten’s theorem no longer
holds in the presence of distortions. Changes in allocative efficiency (caused by d X))
affects the evolution of aggregate productivity directly.?® In this case, changes in real GDP
are no longer measured by integrating a path integral in the vector field of the Domar
weights. This is because (i) revenue-based local Domar weights A no longer capture the
partial derivative of GDP with respect to productivity shocks (which are instead given by
Act, (ii) reallocations can have first-order effects on output since the first welfare theorem
no longer holds.

If we aggregate real GDP across all countries, weighted by their share of output, we
get

DP, x ~ ~
dlogY = ZCC;;DPC logY, = Adlog A — (Adlog A+ Adlogu) = dlogW.
c

Hence, as we might expect, once we aggregate across everybody, real income and real
output are, once again, the same — even in distorted economies. Interestingly, these
formulas show how the reallocation of resources amongst consumers by tariffs come at
the cost of productive efficiency, meaning that typically, the winners in a trade war gain
less than the losers lose. There is one interesting, and perhaps obvious, exception to this
dictum: at the efficient steady-state, tariffs are purely redistributive, so that the winners
gain exactly the same amount that the losers lose.

Proposition 19 gives a unified framework for growth and productivity accounting
in open, closed, distorted, and undistorted economies. In addition, it shows how we
can construct counterfactuals conditional from information about changes in expenditure
shares (namely factor shares). Now, we supplement Proposition 19 with propagation
equations for the distorted economy.

Using results from Baqaee and Farhi (2018), we can determine how factor shares will
respond to shocks as a function of the micro-economic elasticities of substitution and the
cost-based and revenue-based input-output matrices Q and Q.

Proposition 20 (Baqaee and Farhi, 2018). In response to some increase in a markup/wedge, we

2The growth-accounting formula in Baqaee and Farhi (2017c) is a trivial corollary of Theorem 2 when
applied to the world economy:.
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have

dlogA; /\ 1 .
dlog Ag
+ ZFZ (1-— 1(:00Q (Tg,‘f(i)) dlog it
gk
M B d log x.
)\ (Tkz k l + Z leg ]/lk
Income changes are given by
dlog x. dlog Ag
= b A , 136
Xe dlog pu <g;* 7% dlog uy (136)

where g sums over real and fictitious factors.”® The changes in Domar weight of real factors is

given by
dlog Ag _1 N
d log uy ]Z (- }4] Covey) (¥, ¥ g))
- dlog Ay
+ (1—6;,)-L 1Cov 0 (P, ¥io)
Jgp ; i %00 (¥ ¥ o) qroe s
_ Ag _ _ 1 c lech
Ag (Tkg 1(k - g)) Ag - XC(A Ag)dlog‘uk
The changes in the Domar weight of fictitious factors is given by
dlog A} B 1 .
dlog iy dlogA; + ml(z =k), (137)

as long as where A;- is the income earned by the markup placed on the sales of the ith good.

2This formula assumes that at steady-state, any markup that is perturbed is generating positive rev-

enue otherwise there is a singularity. In that case we need to use Xcgigg;f; = Yger PegAgdlog Ag +
dlog A

Yiep d(A(1—=1/p;)) = (dep CDCgAgngf) + Ygrerr (Agr dlogAg + Ags/ g+ ), where Ag« is the Domar
weight of the set of goods which are taxed.
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N Costs of Tariffs Continued

Proposition 21. At the efficient (no wedge) equilibrium, up to a second-order approximation,

1. Country c real GDP:

—AlogYe ~ L5+ LS + LY, (138)
where 1
Lr=75 ), ) (dlogpu)(dlogu) ) AcibiCovgi (Y, ¥y),  (139)
IEN: keN j
1
Ex=-3 E’v ; dlog juydlog Ag ) AcjbjCovgq (¥ (o), ¥)). (140)
c j
1
Ly=—75 ) Y (dlogpu)(dlogxn)xn(Ai — Aa). (141)
leN. heH
2. World welfare:
—AlogWBS ~Lr+Lx+ L+ Ly, (142)
where
1
Ly = -5 Y xndlog x d1og Pep; - (143)
heH

O Case Study: Tariffs in Supply Chains

Recently, the Trump administration imposed tariffs on imports of steel and automobiles.
Some commentators question the logic of imposing tariffs on imported steel. The concern
is that since steel is an intermediate input, the tariff can hurt US manufacturers who use
foreign steel as an input. Analyzing particular policy changes, like the one considered
and enacted by the US, requires a detailed and calibrated model. However, to illustrate
some of the forces that are going to matter for such a policy exercise, we study a simple
example. In Section 7, we use a fully calibrated model to quantify these forces in a more
realistic environment. The intuitions we glean from the simple example are helpful in

understanding what drives the quantitative results to come.
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Simple Example

Consider the economy depicted in Figure 11. For simplicity, we start at the efficient equi-
librium with no tariffs.3® Each country produces tradeable automobiles, which are con-
sumption goods (A and A*), and possesses an endowment of steel (S and S*) which can

be used to produce automobiles.

Figure 10: The solid lines show the flow of goods while the dashed lines show the flow
of wage payments. Each node label gives the name of the node, as well as its elasticity of
substitution. Potential tariffs are colored red.

For simplicity, we consider the symmetric case. We consider two types of taxes, either
a tariff on foreign automobiles or a tariff on foreign steel. In either case, since we start
from an initially efficient equilibrium, the change in allocative efficiency is zero, and the

policy is a pure distribution of resources (a zero sum game):
dlog W + dlog W* = 0. (144)

Ordinarily, tariff policy is a negative sum game due to the misallocation caused by the
tariffs. To simplify the algebra, we assume that w = 1/2.
We start with the consumption tariff 74+. In that case,

dlogW = dlogW* = 0. (145)

Intuitively, this follows from the fact that the tariff has no effect on the relative share of

30This simplifies the intuition since around the no-tariff equilibrium, distortions caused by tariffs (depar-
tures from the productive possibility frontier) are zero to a first-order. See Corollary 1 in Baqaee and Farhi
(2017¢).
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income claimed by domestic factor versus the foreign factor:
1
dlog As = dlog Ag« = —5(1 —b) <O0. (146)

Since both the foreign and domestic carmakers are symmetrically exposed to both factors,
the effect on factor prices is symmetric. So, the foreign consumer is hurt by the reduction
in the price of the factor they own and helped by the reduction in the price of the foreign
factor (and these effects exactly cancel). The domestic consumer is symmetrical. On the
other hand,

dlogy, — %(1 D) 2b(r—1)+1) >0, (147)

as long as o > 1.
Now consider a tax on intermediate imports of steel Tg-. In this case,

dlogW:%(l—b)—F}I:—dlogW*>0, (148)
since
dlog As =0, (149)
whereas 1
dlog Ag = —5 (150)

The tariff on steel shifts demand away from foreign steel, and so the price of foreign steel
falls, because it is inelastically supplied. This helps the domestic consumer and hurts the

foreign consumer. However,

d1ogyA=—b(1—b)(a—1)—%(1—b)—%<o, (151)

so that domestic automobile production always shrinks.

More Complex Example

To simplify the algebra, suppose now that production of cars is Cobb-Douglas between
labor and steel, and that there is no home-bias in consumption of cars or steel, so that
w = b =1/2. Then, in response to a consumption tax T+

0o

dlogW = 1 (v -1y

= —dlog W*. (152)
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Figure 11: The solid lines show the flow of goods while the dashed lines show the flow
of wage payments. Each node label gives the name of the node, as well as its elasticity of
substitution. Potential tariffs are colored red.

Since the tax has no effect on consumer welfare holding fixed factor prices (the increase
in tax revenue exactly offsets the increase in taxes on the margin), the only effect of the

tax comes from the change in relative factor prices. For welfare, domestic workers gain

(o171 —-a)a
dlog AL = ITdc 1) >0 (153)
and foreign labor loses
 —(c-1)a—-0c-1
dlog Ap+ = iTa(o—Ta < 0. (154)
On the other hand, both types of steel lose income
1 —
dlog Ag = —Tb = dlog Ag-. (155)

Since domestic workers are equally exposed to foreign and domestic steel, the two effects
cancel. However, domestic consumers are long domestic labor and short foreign labor, so
overall they benefit.

Now, we consider what happens if there is a tax on foreign steel instead

2+a(c—1))(1—a)
4+4(c—1)a

dlogW = > 0. (156)

This time, the tax generates more revenue directly than it increases the price of consump-

tion goods (holding factor prices constant). Specifically, the tax generates revenues equal

92



to (1 — a)w but increases domestic prices by b(1 — a)w.
This is because the tax on foreign steel is re-exported. Next, we investigate the effect

on the effect on the factor prices. As in the previous example, domestic steel is unaffected

dlog As =0, (157)
while foreign steel prices fall
1
dlog Ag = Y (158)

which is good for the domestic consumer and bad for foreign consumer. Finally, domestic
labor loses whereas foreign labor gains

C(o-1)(1-a)
414(c—1a

dlog AL = = —dlog A+ < 0. (159)

O.1 Extra Ramblings on Tariffs

0.2 Harberger Triangles

e Some examples where Harberger triangle holds (so only the change in import share
matters), in these cases only the change in net import share matters:

— Case I: outside good pins down factor prices.

— Case II: price of all imports and exports are exogenous (but domestic factor
prices can change).

— General details for I and II in the appendix.

e Cute examples where even though the only thing that matters is the net import
share, the change in the net import share depends on the details (maybe a Kei Mu
Yi type effect).

e Point out more generally, we don’t have a triangle anyway — and details matter.

e Start putting in the quantitative stuff.

In this class of neoclassical economies, introducing tariffs can increase the welfare of

consumers in a country by manipulating factor rewards. In general, Proposition 19 shows
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that increasing a tariff has three effects (1) it increases the price of consumption goods, (2)

it generates some revenue, and (3) it changes factor prices:

. — 1A
dlog Wy _ id <2’€h (1 Vz‘) AZ) _An o+ i <ﬂq> — [\h)
dlog Xn dlog pik ¢ f=1 \ Ac e

- -

dlog Ay
dlog pi -

~~

Goods Price Manipulation Factor Price Manipulation

e 14Ea (BN a A

0.
Xn d log i Xn  Xn

Hence, around the no-tax equilibrium, holding fixed factor rewards dlog A, tariffs have
no effect on welfare whenever consumption exposure AZ is the same as the import share in
national income A/ xj,. In models with an aggregate final good (consumed by domestic
households and exported), this assumption always holds. This means that if a country is
a price taker in factor markets, then the optimal tariff is zero.

To dig into whether or not this argument holds more generally, we abstract away from
factor-price manipulation by assuming that (i) country / is infinitesimal so that foreign
factor prices do not respond to trade policy by country k, and (ii) demand for the domestic
factors owned by country & are infinitely elastic, so that their prices (in terms of foreign
prices) are exogenous. This means that dlog Ay = 0 and terms of trade are invariant to

domestic trade policy. In this case, we call country & a price taker.

Corollary 9. Whenever country h is a price-taker, and its consumption exposure /\Z to a foreign
good is the same as that good’s sales share in national income Ay / Xy,

dlogpy

where yy is a tariff place on imports.
This corollary can be beefed up considerably into the following familiar proposition.

Proposition 22. Let country h be a price-taker, and suppose its consumption exposure /\Q toa
foreign good is the same as that good'’s sales share in national income Ay / xy. Up to a second-order
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approximation, around the no-tax equilibrium,

He dlog Wy,

net)
dlog py

1
AlogWj, = / dlog py ~ EAP‘A()‘hk ,
1
where iy is a tariff place on imports and A" = A/ (uxxn) is the expenditure on imports not
counting the tariff.

Proposition 22 shows that we can measure the real income effects of a tariff, around
the no-tax equilibrium, via a Harberger triangle. Hence, the change in welfare is approx-
imated by the change in tariffs multiplied by the change in the net import share divided
by two. Since the net import share always falls in response to the tariff, this means that
tariffs reduce welfare for a price-taking economy.

Now, let’s consider what happens if we allow the final good to be disaggregated, so
that A]’z # Ar/ xn- Around the no distortion equilibrium

Cclllloo—iv],\tzl = A+ % +(u— 1)% d(A/ 1) T —Ap+ A/ xn # 0.
Hence, if the domestic consumer is less exposed to good k than the world consumer is,
then there is a reason to impose a tariff even if there is no way to manipulate factor re-
wards. This motive for imposing a tariff can be likened to introducing a toll for goods
that pass through your borders.

More generally, the intuition for this type of tariff is not so different to any kind of
optimal tariff: ceteris paribus, country / should tax those goods which contribute more
to its income than its price index. For factors, this condition is

A -
_f > Ah’
Xh

whereas for goods, this condition is

A .
L Al
Xh
For factors, this condition is obviously satisfied, since households earn all of their income
through domestic factors, but are only partially exposed to the price of domestic factors
(since they are also exposed to foreign factors). For goods, this condition is less obvious,

but intuitively, it is the same basic idea.
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Now, what role do the details of the production network play in all of this? Proposition
22 shows that, as long as country 1 is a factor-price taker, A = A/ x,, the welfare effects
of the tariff are captured by the change in the import share. So, conditional on knowing
the change in the import share, the network structure is irrelevant. Of course, as usual,
different network structures will imply different changes in import shares, so without
a priori knowledge of AA!, we still need a model of the production network. What's

more, we also need to know the input-output matrix if we wish to check whether or not
AL = M/ X

Tariffs and Triangles in a Small Open Economy

In general, for a tariff, Proposition 19 implies that We abstract away from terms of trade
manipulation by assuming that (i) country h is infinitesimal so that foreign factor prices
do not respond to trade policy by country h, and (ii) demand for the domestic factors
owned by country h are infinitely elastic, so that their prices (in terms of foreign prices)
are exogenous. This means that dlog Ay = 0 and terms of trade are invariant to domestic
trade policy.

This means that we can write

dlogW, -, 1¢ (Sien (1= 2) 1)
dlogme " x dlog px '

Around the no distortion equilibrium, for an economy without intermediate inputs A =

A/ Xn = Ank, SO We can write

dlogW, -, 19(Ta(-f)A) a4 oA
dlogWy _ _5n 1 S S )
dlog px Xn dlog py Xn  Xn

Hence, locally, without networks or terms of trade effects, tariffs have no effect on welfare
around the no distortion equilibrium.

Now consider the effects away from the no distortion equilibrium, when the gross

tariff . > 1:
> (1——> ﬂdlog/\,
Xh Xh
Ak ( dlog A )
xn \dlogp
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(1= L) A (dlogn/m)

#k/) xn \ dlogp
Let A" = Aji/ px. Then, by the trapezoid rule, we can approximate the change in welfare
to a second-order as

e dlog Wy,

~ 1 Uy — nety _ 1 net
dlog iy, T 1081~ 5 (e = VAWGK) = 3 8uAAjE). (160)

Alog W, = /

1

Hence, the change in welfare is approximated by the change in tariffs multiplied by the

change in the net import share divided by two. Since the net import share always falls in

response to the tariff, this means that absent input-output connections and terms of trade
effects, tariffs reduce welfare.

Now, let’s consider what happens if we allow for input-output connections, but con-
tinue to abstract from terms of trade effects. In this case, /\’,z # Ak, so the domestic house-
hold could be more or less exposed to the good than the world consumer. This means
around the no distortion equilibrium

d log Wh h )\k 1 h

7 = A+ —+ (p—1)—d(M/ k) = —Ap + A/ xn # 0.

leg m k X ("Ll )Xh ( H ) k
Hence, if the domestic consumer is less exposed to good k than the world consumer is,
then there is a reason to impose a tariff even if there are no terms of trade effects.

Trade Barriers and Trapezoids in Small Open Economy

Now, let’s consider the effects of an increase in trade barriers in the same type of environ-

ment. For an increase in trade barriers, assuming there are no wedges, we have

dlog W h
_ e )\ 161
dlog Ay k (161)
Therefore, to a second-order, we can write
dlog W, noo 1 h
Al = [ —2 "dlog A; =~ — (A Alog Ay. 162
og Wy, /legAkdOg k (Ak+2( )\k) og Ay (162)
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When there are no intermediate inputs A]]z = Ak, SO
1
A IOg Wh ~ (Ahk + EA/\hk> A IOg Ak- (163)

Unlike the pervious example, where abstracting from input-output connections meant
that losses were a triangle, now the losses are a trapezoid. Intuitively, the trade barrier
destroys resources directly whereas the tariff also generates some revenues. Hence, where
as input-output networks can imply that a tariff can locally improve the welfare of the
domestic consumer, even abstracting from terms of trade effects, an increase in a trade
barrier is generically bad for the domestic consumer (once we abstract from its terms of
trade effects).

P Roy Models

Galle et al. (2017)(GRY) combine a Roy-model of labor supply with an Eaton-Kortum
model of trade to study the effects of trade on different groups of workers in an economy.
They prove an extension to the ACR result that accounts for the distributional conse-
quences of trade shocks. In this section, we show how our framework can be adapted for
analyzing models such models. We generalize our analysis to encompass Roy-models of
the labor market, and show how duality with the closed economy can then be used to
study the distributional consequences of trade.

Suppose that H. denotes the set of households in country c. As in Galle et al. (2017),
households consume the same basket of goods, but supply labor in different ways.>! We
assume that each household type has a fixed endowment of labor L;, which are assigned
to work in different industries according to the productivity of workers in that group and
the relative wage differences offered in different industries.

Define Jy¢ to be type h’s share of income derived from earning wages f

_ Dl

by = —

31Similar methods can also be used when households have different consumption baskets, although
Borusyak and Jaravel (2018) suggest that at least in the US, households have similar imported consumption
baskets.
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Letting world GDP be the numeraire, then the Roy model implies that

Y owon ()
Af = nfXn < ) Xns
d heH d xn/L"

where ¢, is the supply elasticity and L" is a shock to the stock of labor / has been endowed
with (since we analyze log changes, the value of the endowment is irrelevant). The Roy

model implies that
1

e
Xn = (Z (Shfw;h) Lh,
f

where ¢, = 1 represents the case where labor cannot be moved across markets by h. If
gy, > 1 then h can take advantage of wage differentials to redirect its labor supply and
boost its income. When ¢ — oo, labor mobility implies that all wages in the economy are
equalized (and the model collapses to a one-factor model). Galle et al. (2017) show that
the above equations can be microfounded via a ROY model where homogenous workers
in each group type draw their ability for each job from Frechet distributions, and choose

to work in the job that offers them the highest return.

Proposition 23. The change in the welfare of group ¢ € H,, in response to iceberg trade shocks

is given by
Po(A, @
Alog W, = —log <M> .
P.(A,w)
where
5 X. Q)
Alog A; = log é _ ! log Z]LC_Z] ,
A; Gi—1 Ljen, ij
and

b — oo [P} = Lioe (2
Alog Wy = log <%—f> e log <5gf .

In the case where ¢ — oo, we recover the one-factor model.

Of course, due to the fact that factor shares J, are now endogenously responding to
factor prices, the results in Baqaee and Farhi (2017a) can no longer be used to determine
how these shares will change in equilibrium. Therefore, we extend those propositions
here.

Proposition 24. The response of the factor prices to a shock d log Ay, is the solution to the follow-
ing system:
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1. Product Market Equilibrium:

dlog A dlogwy
1 = Ai(1—8;)Covy (‘Yk +) ¥ J¥
dlog Ay ey ] j QU (k) i (f)legAk (1)
dlogwy
+ Y (A=) @), A .
h;{( : )<f;-} I dlog 4y

2. Factor Market Equilibrium:

legAf = Z Eq)(h) [E'h (Ed(h) (leng — legZU)) + (EN)(dlogw)) + (dlog L)} .
heH

Given this, the welfare of the gth group is

dlogWe (Cbgs
seF

= As—Af ) dl Af +dlog LS.
dlog A Xg S) 08 s T4 08

Note that Proposition 3 is a special case of this where ¢, = 1 for every group — which
amounts to having fixed labor. In that case, the factor market equilibrium becomes trivial:
dlog Ay = dlogwy, and we recover Proposition 3. More generally, the method here can

be extended to cover multi-product firms.

Q Additional Results

R Productivity Accounting Decomposition

This type of logic can also be applied to real GDP (i.e. output). Note that the quantity of

each good i in GDP ¢¢PP

77" is a function of both the vector of productivity levels A as well

as the allocation matrix X'. Hence, discrete changes in output are given by integrating
the definition in (12). Let ¢ be a parameter that indexes changes in productivity and the

allocation matrix, then

t+o dlogq°PP dlog A(s) = dloggqtPPd X (s
log Ye(t +0) —log Yc(t) :/t 2 Fe(t) ( aligA T =k 5 di ') as.
1
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AUS AUT BEL BGR BRA CAN CHN CYP CZE DEU
Capital | -0.11% 0.01% -0.01% 0.02% -0.04% -0.27% -0.14% 0.02% 0.00% 0.00%
Low 0.07% 0.00% -0.01% 0.00% 0.01% 0.30% -0.17% 0.02% 0.01% 0.01%
Med 0.06% 0.01% 0.00% 0.02% 0.03% 0.20% -0.08% 0.04% 0.02% 0.01%
High 0.05% 0.00% 0.03% 0.04% 0.02% 0.25% -0.44% 0.05% 0.05% 0.02%
DNK  ESP EST FIN FRA GBR GRC HUN IDN IND
Capital | -0.03% 0.00% 0.04% 0.02% 0.01% -0.01% -0.02% -0.01% -0.03% -0.04%
Low 0.01% -0.01% -0.01% 0.00% 0.00% 0.00% 0.02% 0.02% 0.05% 0.06%
Med 0.02% 0.01% 0.00% 0.00% 0.00% 0.01% 0.02% 0.02% 0.06% 0.07%
High 0.03% 0.03% 0.02% 0.01% 0.01% 0.03% 0.02% 0.04% 0.05% 0.08%
IRL ITA JPN KOR LTU LUX LVA MEX NLD NOR
Capital | -0.01% 0.00% -0.01% -0.11% 0.04% 0.02% 0.01% -0.18% 0.04% 0.01%
Low -0.05% 0.00% 0.00% 0.02% -0.01% -0.06% 0.00% 0.41% -0.01% 0.01%
Med -0.01% 0.01% 0.01% 0.01% -0.02% -0.02% 0.00% 0.63% 0.00% 0.01%
High 0.04% 0.02% 0.02% 0.03% 0.00% 0.02% 0.01% 0.10% 0.04% 0.02%
POL PRT ROU  RUS SVK SVN  SWE TUR TWN USA
Capital | 0.01% 0.01% 0.01% 0.02% 0.01% 0.00% 0.00% 0.00% -0.15% -0.36%
Low 0.00% -0.01% -0.01% -0.01% 0.00% 0.00% 0.00% 0.02% -0.01% 0.08%
Med 0.00% 0.02% 0.00% 0.00% 0.01% 0.00% 0.01% 0.00% 0.02% 0.03%
High 0.02% 0.04% 0.02% 0.01% 0.04% 0.02% 0.01% 0.01% 0.07% 0.13%

Table 6: The change in factor rewards, in units of domestic consumption, for each primary
factor in response to a 10% increase in USA taxes on Chinese imports.
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Overall Factors Transfers Tariff Revenue

AUT 0.05% -0.06% 0.01% 0.09%
BEL 0.07% -0.19% 0.01% 0.25%
BGR 0.00% -0.10% -0.05% 0.14%
CYP 0.02% -0.13% -0.12% 0.27%
CZE 0.07% -0.09% 0.02% 0.14%
DEU 0.04% -0.13% 0.02% 0.15%
DNK | 0.06% -0.13% 0.02% 0.18%
ESP 0.00% -0.04% -0.02% 0.06%
EST 0.05% -0.10% -0.01% 0.16%
FIN 0.07% -0.12% 0.02% 0.17%
FRA 0.01% -0.06% 0.00% 0.08%
GBR | -0.58% -0.59% 0.01% 0.00%
GRC | -0.02% -0.03% -0.03% 0.05%
HUN | 0.05% -0.09% 0.00% 0.14%
IRL 0.49% -1.36% 0.13% 1.72%
ITA 0.02% -0.04% 0.00% 0.06%
LTU -0.01% -0.04% -0.02% 0.06%
LUX 3.12% -0.68% 0.01% 3.80%
LVA -0.01%  -0.05% -0.03% 0.07%
NLD 0.15% -0.55% -0.06% 0.76%
NOR 0.05% -0.23% 0.02% 0.26%
POL 0.02% -0.04% -0.04% 0.09%
SVK 0.07%  -0.04% 0.00% 0.11%
SVN 0.01% -0.06% -0.01% 0.08%
SWE 0.05% -0.16% 0.02% 0.19%

Table 7: The change in real income for each EU country, as well as the contribution of each
component of income (factor returns, transfers, and tariff revenue) to this overall change.
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The power of Hulten’s theorem, in its open-economy formulation of Theorem 1, is that
the second summand is zero.3? From this, it follows that

log Yo (t+0) —log Yc(t) = /H(S%dlogz‘l(s) = /ttM Z Ai(s) dlog A;(s).

t iEN,
(164)
Formally, Theorem 1 establishes that changes in real GDP are a path integral over the

vector field given by the Domar weights.?®> Theorem 1 also implies that

oA oM
ologA; = OdlogAy
d’logY = (d Ay, -+ ,dAy) = . (165)
AN AN
dlog Aq T dlog AN

In general d?log Y will not be a symmetric matrix.>*

32This follows from Pareto-efficiency of the equilibrium, which by the Envelope theorem, implies that
reallocations have no effect on output.

3Note that Theorem 1 is false in the presence of distortions. See Baqaee and Farhi (2017c) and Section 6
for more information about how this result can be extended to inefficient economies.

34Gee Hulten (1973) and Baqaee and Farhi (2018) for more information on conditions under which sym-
metry holds.
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