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Abstract

We study the implications of global supply chains for the design of monetary policy. We
build a small-open economy New Keynesian model with multiple stages of production. Within
the family of simple monetary policy rules, a rule that allows for targeting production-stage-
specific producer price inflation outperforms alternative policy rules. The optimal weights on
different stages of production are in general not proportional to the sales volume of the stages.
If the price is less sticky in upstream production, the relative weight on upstream would be
smaller. If we have to choose among aggregate price indicators, targeting PPI inflation is
significantly better than targeting CPI inflation alone. As the production chain becomes larger,
the weight on PPI inflation should also rise since PPI index occupies a larger proportion in the
welfare loss function in contrast to CPI index. Finally, trade frictions such as tariff war also
affect the optimal monetary policy rule by altering the weights on the prices in different stages
of production.
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1 Introduction

We live in a world of supply chains. From the data of World Input-output Tables, in 2000, the world
gross output was 1.97 times that of the world value added, suggesting a large role of intermediate
inputs in production and supply chains in the modern economy. The supply chains are global. ...
The importance of supply chains has grown over time; the ratio of gross output to value added
has increased to 2.18 by the end of 2014. In this paper, we study the implications of global supply
chains for the design of optimal monetary policy.

There is an active research on outsourcing and offshoring in the field of international trade
(e.g., Feenstra, 1999; Antras, 2016), where firms purchasing intermediate inputs from other firms,
sometimes foreign firms, for further processing. A rise in the importance of global supply chains
means a greater fraction of output is produced as intermediate inputs rather than final consumption.
As important, it is accompanied by an increase in the number of production stages in many sectors
(e.g., Wang et al., 2017). While there is a large existing literature on monetary economics which
studies the optimal price index to be targeted by the central bank in both closed-economy (e.g.,
Huang and Liu, 2005; Strum, 2009; Woodford, 2010) and open-economy environment (e.g., Benigno
and Benigno, 2003, 2006; Corsetti and Pesenti, 2005; Gali and Monacelli, 2005; Faia and Monacelli,
2008; De Paoli, 2009; Corsetti, Dedola, and Leduc, 2011; Gong, Wang, and Zou, 2016),' the
discussion for the role of global supply chains is still under explored in the sense that trade aspect
like changes in trade costs is missing, and the design of the monetary policy might need to evolve
with lengthening of the production process.?

If countries are more tightly connected through global value chains, their inflation dynamics
may be altered (e.g., Auer, Levchenko, and Sauré, 2016; Auer, Borio, and Filardo, 2017; Forbes,
2018) and the trade-offs in inflation targeting policies could also be changed for central banks.

As documented by Wei and Xie (2019) and explained via the lens of a lengthening of production
chains, the two most commonly discussed price indices in monetary literature, i.e., consumer price
index (CPI) and producer price index (PPI), used to move in tandem before 2000, which suggests
that a policy targeting CPI was almost harmless in practice. But the two price indices start to
diverge in many countries since 2001. Therefore, multi-stage production and trade in intermediate
inputs across countries, are essential in understanding desirable monetary policy and appropriate

manner of inflation targeting.

T Among others, Woodford (2011) provides a good survey on the closed-economy discussion, while Corsetti,
Dedola, and Leduc (2011) provide an exhaustive survey on the literature for the new open-economy macroeconomics
(“NOEM”).

2Huang and Liu (2005) compare alternative monetary rules through a two-stage production model in closed
economy, while Strum (2008) adopts a similar two-stage production framework but studies optimal monetary policies
under commitment and discretion. Shi and Xu (2007) build a two-country New Keynesian model with trade in vertical
production and focus on the discussion on the optimal money supply policy. Gong, Wang, and Zou (2016) exploit a
two-country New Keynesian model with two stages of production, and focus on how the degree of price stickiness in
upstream and downstream stages affects the design of optimal Taylor-type policy rules.



In this paper, we study optimal monetary policy (within the family of simple rules) in a small-

3 Trade can happen at any stage of production or

open economy with multi-stage of production.
final consumption. In other words, there is not only trade in final consumption goods, but also
trade in intermediate inputs along a sequential production chain. In the literature on “New Open
Economy Macroeconomics” (NOEM), the small-open economy is either modeled by a two-country
setup while taking a limit to zero on domestic part (e.g., Benigno and Benigno, 2003; De Paoli,
2009), or a continuum of small-open economies (e.g, Gali and Monacelli, 2005). We instead model
the small-open economy by taking foreign inputs price and foreign demand for outputs as given,
where the foreign demand is price elastic. This approach allows us to study the design of monetary
policy without assuming trade balance to hold in steady-state, which is necessary for the analysis
of implications of trade policies.*

Since the trade-offs between producer currency pricing (PCP) and local currency pricing (LCP)
is not our focus of this paper, we assume producer currency pricing (PCP) in this paper.

We evaluate alternative simple monetary policy rules such as targeting CPI, PPI, exchange rate
peg, or stage-specific producer price index. Furthermore, motivated by a rise in recent interna-
tional trade tensions, and since we study internationally traded intermediate inputs, it is useful
to incorporate trade barriers (which we call tariffs for short) in our framework. We study how a
change in trade policies like import tariffs, which alters the cost of supply chain trade, may af-
fect the design of a desirable monetary policy. In addition, since the duration of price contract in
upstream production stages may be smaller than downstream stages (e.g., Cornille and Dossche,
2008; Nakamura and Steinsson, 2008), we also study the implications of different price stickiness
along the production chain on the performance of alternative monetary policy rules in numerical
analysis.’

With a lengthening of the production chain, intermediate goods production becomes more im-
portant, and the terms measuring intermediate input inflation and wedges between prices along a
production chain can account for a larger proportion of the total welfare loss, and thus may need to
receive higher weights in an optimal monetary policy. Meanwhile, due to supply chain trade across
national borders, exchange rate fluctuation also plays a greater role in the welfare loss as compared
to models featuring a single-stage production.

Two distortions are important for welfare in our framework. One is a distortion due to labor
re-allocation caused by sticky-prices along the production chain, which is first discussed in a closed-

economy New Keynesian model with two-stage production in Huang and Liu (2005). With price

3There is a debate about targeting rules versus instrument rules (Taylor-type) for monetary policy (e.g., Svensson,
2002; McCallum and Nelson, 2004). We focus on the Taylor-type instrument rules in this paper.

4For the two approaches modeling small-open economy in literature, there is always an assumption of symmetry
across countries in steady state, which implies trade balance to be held in steady state. It basically assume away the
effects of trade policies on steady state equilibrium.

>Gong, Wang, and Zou (2016) argue that the degree of price stickiness along the production chain is a key factor
to determine which price index to be included in optimal simple monetary policy rules.



stickiness in each stage, output prices along the production chain would not be perfectly co-moving,
and thus, if labor is an input in each stage of production, the price wedges across adjacent stages
will lead to inefficient unemployment and output gap. A second distortion is caused by terms of
trade externality, as emphasized by Benigno and Benigno (2003) and De Paoli (2009), etc. The
terms of trade externality arises in an open economy when the elasticity of demand for export is
finite, and the social planner wishes to exploit a domestic monopoly power in trade. Intuitively, an
improvement in the terms of trade can increase households welfare by inducing them to consume
more imported goods, and thus reducing labor efforts without a fall in consumption. Due to the
terms of trade externality, flexible price equilibrium is no longer Pareto optimal in contrast with
the closed-economy scenario.

The two distortions have been discussed independently of each other. In our framework, these
two distortions interact with each other through the intermediate goods along the production chain.
In addition, motivated by the observed lengthening of the production process, we study the trade-
offs in welfare loss function as the objective of central bank as the number of production stages
changes. We show that, on the one hand, given the number of production stages and price stickiness
being the same across stages, coefficients before inflation in downstream stages are larger compared
with those in upstream stages in welfare loss function. It suggests that monetary policy should
react more to inflation in downstream stages. On the other hand, as the number of stages increases,
aggregate PPI occupies larger fraction in welfare loss compared with CPL.

Building on this discussion, we suggest an optimal price index, which includes a system of
price indices based on production chains. In practice, the US Bureau of Labor Statistics (BLS)
has considered a four-stage production process and accordingly constructed a stage-of-processing
price indices in the PPI Final Demand-Intermediate Demand indice.” Our theory highlights the
importance of such production-stage-specific price indices in guiding optimal monetary policy.

Quantitatively, our numerical analysis in a small-open economy with two stages of production
shows a simple monetary policy rule that targets stage-specific producer price indices outperforms
all other alternative policy rules, and the weight on the downstream producer price index is larger. If
only aggregate price indices are available, targeting PPI instead of only targeting CPI is significantly
welfare improving, and it even does not lose much in terms of welfare compared with the case of
targeting stage-specific producer price indices (in a two-stage production exercise).® Furthermore,
trade policies matter for the conduct of monetary policy in the sense that, given the central bank has
already implemented an optimal policy rule, the welfare loss in the counter-factual situation with

high import tariff is always larger compared with the low tariff situation. The loss induced by higher

6In addition, there exists an internal monopolistic distortion which is assumed to be corrected by a subsidy tax.

"Details about PPI Final Demand-Intermediate Demand indices can be found at
https://www.bls.gov/ppi/fdidsummary.htm.

8The benefit of targeting stage-specific producer price indices compared with just targeting aggregate PPI could
be larger if the production chain becomes longer.



import tariff cannot simply be corrected by an appreciation in domestic currency. Nevertheless,
this loss in welfare is not an obligation of the central bank, and the discussion about alternative
policy rules in the baseline situation still applies. In addition, we find that, as the price is less sticky
in upstream production, the relative weight on upstream producer price index versus downstream
producer price index, when an optimal simple policy rule targets both simultaneously, becomes
smaller.

Our paper expands on the growing open-economy New-Keynesian literature by introducing
global supply chains, i.e., multi-stage of production, with an emphasis on intermediate goods, and
also introduces a discussion of the consequences of trade policy. We also pay special attention
to the lengthening of the supply chains (and expansion of the set of intermediate goods), and
its implications in the objective function of the central bank. Corsetti, Dedola and Leduc (2010)
provide an exhaustive survey on early literature. More specifically, Gali and Monacelli (2005)
build a small-open economy New Keynesian model, and compare three alternative simple policy
rules: PPI-based Taylor rules, CPI-based Taylor rules, and an exchange rate peg. De Paoli (2009)
demonstrates a model with more general parameterization and focuses on terms of trade externality
on driving optimal monetary policy, and analyzes optimal stabilization policy through utility-based
welfare loss function. In both papers, there is only one stage of production, and PPI is defined as
domestic inflation (based on domestic produced final goods), while CP1 is defined as inflation index
on domestic consumption goods. In other words, their discussion about CPI and PPI captures the
difference of these two indices through the perspective of imported final goods, but fails to capture
the role of intermediate goods. In our paper, and also in practice, PPI index includes both domestic
produced intermediate goods and final goods, while CPI includes final consumption goods. A recent
paper by Matsumura (2018) studies optimal inflation targeting policy in small-open economy by
introducing multi-sector production and imported commodity goods (as production inputs), but
still only has one stage of production and misses the role of intermediate goods.

The most relevant paper is Gong, Wang, and Zou (2016) in which they study optimal simple
monetary policy rules in a two-country New Keynesian model with two stages of production, and
focus on the effects of price stickiness along the production chain in affecting optimal policy rules.
In their model, labor is only used in the first stage of production, and thus the distortion of labor
re-allocation is missed, while, in our paper, the terms of trade externality and labor re-allocation
distortion are captured simultaneously. We also differ from their paper and extend the literature on
two further aspects: how monetary policies change with the variation of production structure (i.e.,
change in the length of supply chain), and how monetary policy responds to trade policy changes
by the analysis of comparative statics on import tariffs.

Our work also contributes to the discussion in closed-economy monetary literature by focusing
on the distortion of labor-reallocation across stages caused by sticky price and terms of trade exte-

nality rised in open-economy. More importantly, we study the implications of a varying production



structure. Woodford (2010) provides a good survey for existing work. Huang and Liu (2001) sug-
gest that, going from one stage to multiple-stage production, the effect of monetary shock becomes
amplified and the responses of output and inflation become more persistent than desired. Huang
and Liu (2005) build a two-stage production model in closed-economy and discuss the distortion
of labor-reallocation in determining optimal targeting inflation index between CPI and PPI, while
Strum (2008) adopts a similar two-stage production model but focusing on optimal commitment
policies and the design of discretionary monetary policies. In addition, Huang and Liu (2007) build
a multi-stage production model with staggered price to fit with observed international correlations
in aggregate quantities, and emphasize the importance of multi-stage processing production on
explaining international business cycles.

Moreover, this paper facilitates an interaction between the trade literature and monetary liter-
ature, and provides a theoretical support for those studies exploring inflation dynamics motivated
(at least partially) from monetary literature (e.g., Monacelli and Sala, 2009; Auer, Levchenko, and
Saure, 2016; Forbes, 2019; Wei and Xie, 2019).

The rest of the paper proceeds as follows: Section 2 introduces basic settings of the small-
open economy New Keynesian model with multiple stages of production; Section 3 characterizes
the steady-state, flexible-price, and sticky-price equilibrium with two stages of production in a
small open economy, and derives the expression for welfare loss function, and further discusses the
comparative statics for the effects of changes in import tariff;? Section 4 reports all the numerical

results on optimal simple policy rules and its welfare performances; and Section 5 concludes the

paper.

2 The model setting

Consider a small-open economy New Keynesian model with an infinitely lived representative house-
hold. The households maximizes its utility through consumption and leisure. The household owns
all domestic firms and receive dividends from them.

The production of a final good requires N-stages of production, which constitutes a vertical
production chain. In each stage of production, a large number of domestic firms produce a unit
continuum of differentiated outputs, i.e., v € [0,1]. In the first stage of production, firms use
domestic labor as the only input. In each of the subsequent stages of production, intermediary
inputs purchased from the previous stage (from both domestic and foreign sources) together with
labor are used together for production. All production features constant returns to scale.

The firms and households take international prices of inputs and foreign demand of outputs as

given (the small open economy assumption). While the firms are price-takers in the factor markets,

9 Appendix E shows the welfare loss function in a closed-economy case with multiple N-stage of production, and
focuses on the implications of lengthening production chain on welfare loss function.



they are assumed to be monopolistic competitive in their outputs and set the output prices in their

own currency (the producer currency pricing assumption, or PCP).

2.1 Household

The representative household has the following utility function and budget constraint:
EXE 8 [U(C) — V(L))

s.t. PtCt -+ Et{Dt,t+1Bt+1} S WtLt + Ht + Bt

where Cy is the final consumption good, L; is the supply of labor, D, ;11 is the price of a one-period
nominal bond paying off in domestic currency, W; is the nominal wage, II; includes both firm profits
and a lump-sum transfer of any government tax revenue, and B; denotes the holding of a riskless
one-period bond.

The consumption good is a composite of both domestically produced and imported final goods,
ie.,

—_QovY vyl
Cr = @YNH,tYNF,t

where Yyp, = | fol YNH,t(u)%du]O%l is a bundle of domestically produced differentiated final
goods, and Yy, is a bundle of foreign produced differential final goods. = is the share of the
household expenditure on domestically produced final goods, 1 — « is the share of the expenditure
on imports, and 6 is the elasticity of substitution among the differentiated final goods. © =
[v7(1 —~)'=7]! is a constant for normalization.

By the household’s expenditure minimization problem, the demand function for the final goods

are: p ( ) p
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where the aggregate price index for the final consumption is P, = ]5;{, HJPJ{,}L the aggregate price
index for the domestic produced final goods is Py = (fol PNH’t(u)lfedu)ﬁ, and the aggregate
price index for the foreign produced final goods is Py re = LEPY Pt The term &; is the price
of foreign currency in units of domestic currency, Py, is the exogenous foreign price in foreign
currency, and T3 is a uniform tariff on imports. An upper star * is used to denote variables in the
foreign country (denominated in the foreign currency).

By the household’s utility maximization problem, we obtain the labor supply and Euler Equa-



tion, respectively, as
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where R; = m is the gross return on a one-period risk-free nominal bond in domestic currency.
) 1—0o 149
Assuming a CRRA utility function, i.e., U(C}) = Ctl_[;l and V(Ny) = th_w , the labor supply
(1) and Euler equation (2) can be written in log-linearized form as
Wi — pr = ¢t + Py (3)
1.
¢t = Ei(cir1) — —[ie — Ee(meg1) — p] (4)

o
where lower-case letters denote the logarithm of the respective variables, i, = R; — 1 is the nominal
interest rate in domestic currency, Ty 41 = pir1 — pr is the CPI inflation, and p = 71 — 1.10

The household is assumed to have access to a complete set of state-contingent securities (both
domestic and international) (the same assumption is used in Gali and Monacelli, 2005; De Paoli,
2009). Then, the intertemporal marginal rates of substitution must be equalized across countries,

ie.,
( tt1—o St P _ Civi\_, P
Cy &Py Cy P

which implies

Cr=0"C; Q)" (5)
ie.,

co=cf+o g (6)
where Q; = 8‘;‘* is the real exchange rate, 0" is a constant whose value depends on initial asset

position. Without loss of generality, we set 6* = 1. Furthermore, we assume that the foreign
consumption follows an AR(1) process, i.e., ¢; = pCi_1+€n ¢ with p.. € (0,1) and €.+ ~ N(0,02%.).
Note that a shock to foreign consumption also captures fluctuations in the foreign demand for
domestically produced goods.

From the risk sharing condition (6), given exogenous foreign consumption, there is an increase
in consumption if and only if the real exchange rate depreciates. Under the assumption of complete
international financial markets, it also implies uncovered interest parity, i.e., iz — if = Ei(Aest1),

where e; = In&;.

101¢’s equivalent to write 4, = —logE¢Dy 141 and p = —logp.



2.2 The production of firms

Each final good requires N-stages of production, with a large number of domestic firms producing
a unit continuum of differentiated outputs and constant returns to scale at each stage. In the first

stage, the production function for good u € [0, 1] is given by
YlH(u) + Yl)l({(u) = A1L1 (’LL)

where A; is the productivity in stage 1 and L; (u) is the quantity of labor employed in the production
of good u. The output is either sold at home Y;y(u) or exported Y i (u).

The stage-1 output sold at home and the corresponding price are given, respectively, by

1
sz[/ Yirr (u) 7 du)
0

1
Py = [/ Py (u) ~du] ™0
0

In each subsequent stage, the production needs to have intermediate inputs. The production in
stage n (forn = 2,..., N) can be viewed as a two-step process. In the first step, a firm purchases all
differentiated outputs produced in the previous stage n—1 from all global sources and form a bundle
of intermediate inputs. Specifically, the intermediate input bundle to be used in the production
stage n, Y,,, is a bundle of two composites of stage n — 1 outputs:

_ _ o
Yo = 93/(’7);71)HYV(717’;)F

1
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where Y,,_1 g(j) is the amount of good j that is domestically produced in stage n—1 and purchased
by the firm in stage n, and 17(71,1) r is the amounts of composite good that foreign firms produced in
stage n— 1. In factor market, domestic firms are price takers in purchasing foreign composite goods
}7(n_1) r, and because of the small-open economy setup, the supply of foreign composite goods is
perfectly elastic in price.

The aggregate price index for the inputs in stage n is then given by

_ i
Py = P(an)HP(njnF

1

1
Py = [/ P(nfl)H(U)lfedu]m
0
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where P( 1) F is the price of composite goods in foreign currerzcy produced in stage n —1 by foreign
firms. Note that the output price in stage n satisfies P,y = P,y for Vn=1,2,...  N.
In the second step, the firm combines the composite intermediate good with labor input to

produce an output. The production function for good w in stage n is given by

Yom(u) + Yn);](u) = G)*An}_’n(u)¢Ln(u)1_¢

where ©* = [(1 — ¢)1’¢¢¢]*1 is a constant for normalization. We assume the technology in each
stage following the AR(1) process ani = p,Gnt—1 + €n¢ With a, ; = InA, ; and p, € (0,1) for
n = 1,2,...,N. Note that {e,})_, are i.i.d. normal shocks with the same distribution, i.e.,
€n ~ N(0,02).

Since the production of any good in stage n needs a bundle of output from the previous stage
as inputs, it captures a feature of a typical input-output table in which the output from all sectors
might be used as inputs into the production. In the language of Baldwin and Venables (2013), the
entire manufacturing production process follows a combination of a snake and a spider patterns.
At a given stage, outputs from the previous stage from all over the world are purchased to form a
composite intermediate input, resembling a spider pattern. Going from one stage of production to
the next, the process resembles a snake pattern.

By the small-open economy set-up, the foreign demand for domestic output in stage n =

1,2,..., N is given by

v Xd(y) = (PnH(u) )= YouPout

Pou Pog
where Y*;; and P are exogenous foreign demand and price for domestic produced composite
goods in foreign currency. This foreign demand function can be derived from the cost minimization
problem of a foreign buyer who aggregates the composite of domestic produced goods.

Similarly, the domestic demand function in stage n = 1,2,..., N is given by

Pou (u) )79 YannH

YHH(u) - ( PnH PnH

It is worth noting that nominal exchange rate is not a sufficient statistics for import tariffs in a
world of multi-stage production. An increase in the nominal exchange rate (i.e., a depreciation of the
domestic currency) raises the input costs and foreign demand for domestic goods simultaneously.
But an increase in import tariffs only affects production cost through higher costs of imported

inputs.

10



2.3 The firms pricing problem

Firms in each stage of production are price-takers in factor markets, but are monopolistic competi-
tors in their outputs. We assume firms following Calvo pricing, and the probability that firms in
stage m can adjust prices freely is 1 — «,,, n = 1,..., N. Then, by the law of large numbers, in
each period, a fraction 1 — «,, of firms in stage n can adjust prices while the rest of firms have to
stay unchanged. For a firm producing good u in stage n, which can set a new price in period ¢,
it chooses price P,y (u) in domestic currency for its product sold both at home and in the foreign

market. Its maximization problem becomes
mazp, ;) By Dage (14 7) P (w) = Wk (w)] [V o (1) + Yo (w)]

where 7 is the subsidy to firms that corrects the distortion from monopolistic competition, ¥,, (u) =
PfykaIﬂz’/An?k is the nominal unit production cost for n =2,..., N and ¥y p(u) = Wi/A1 g, P,

is the price for the composite of intermediate input goods at stage n, and Y% , (u) and Y}, (u)

k

)

denote the output demand from both domestic and foreign market respectively.

The optimal pricing decision is given by

po B0l Dy U (w)[Viiy L (u) + VI (u)]

n

147 EX2 an” Dy [V (u) + V3 (0)]

;;H,t(u)
where p = % is the markup in the market for producing outputs in each stage.!' To be abstract
from the distortion generated by monopolistic competition, we set 1+ 7 = p.

Taking input prices as given, the cost minimization problem for the firms at stage n for n =

2,... N in period t yields a factor demand function as

_ U, [
Vo= 0t [ Wi + ¥ () ™
d \Ijn’t ' d Xd

L= (0= [ Wi + Vi la ®

% YPot  od
\ =_nt y 9
(n—=1)H,t P(nfl)H,t n,t ( )

Y, 1- ’7)pn t <7
Ty = =Dt 10
R L (10

11 Since we assume the elasticity of substitution among differentiated goods to be the same across stages, it implies
the same markup across different stages.

11



and
P('n—l)H,t (u)

-0y d
v 11
Pro1yi1d ) (n—1)H.,t (11)

Yinyme(u) = (

In the first stage of production, the firm problem is simpler since labor is the only input.

Specifically, the optimal pricing decision for a firm in stage 1 is

ES2,0] "DV (w)[Vid (u) + Vil (u)]

Pl (u) = =
1H,t( ) EtZ?:taI_tDt,T[YffT(u) + Yl)ﬁﬁk(u)]

where Uy . (u) = W, /A; ; is the unit production cost in stage 1.

Since labor is the only input in the first stage, the labor demand is

N} 1
| it )+ Y )l
t Jo

d _
Ly, =

As the goods are symmetric, we drop good index w in the price variable. The aggregate price

index for the outputs in stage n, n = 1,2,..., N, is thus given by

Purrs = [anPrg_ + (1= an) (P2 ) 07 (12)

n

2.4 The market clearing conditions and equilibrium definition

Equilibrium definition: given exogenous monetary policy (the rule of nominal interest rate or
nominal exchange rate {i, &:}) and tariffs {T;}, as well as exogenous foreign demand and foreign
prices {C}, Py 4, Prps Yo H’t}fy:l, the market equilibrium consists of a set of stochastic processes
~ {Cy, Ly} for domestic households, {LZ ,(u), Yom (), Y,y o (w), Pup(w) Y-, for firms u € [0, 1]
and prices index {P,p}Y _;, and wages and real exchange rate {W;, Q,}, satisfying the following

conditions:
1. Taking prices and wages as given, the representative household maximizes their utility.

2. Taking intermediate input goods prices, wages, and all outputs prices except their own’s as

given, firms in each stage maximize their profits
3. The inter-temporal trade balance condition hold.

4. The labor market clears, and the goods market clears in all production stages, i.e.,
N

Le= ) L, Yom =Yy, Y=Y}

n=1

12



It is worth noting that the inter-temporal trade balance condition is derived from no-Ponzi game

in households debt, which does not necessarily require balanced trade in each period.

3 Two-stage production in a small-open economy

For a small-open economy with two stages of production, we can obtain more analytical expressions.
We now characterize the equilibrium of this economy. (The characterization of the general case of
N-stage of production is presented in Appendix A.) We first characterize the steady-state, flexible-
price, and sticky-price equilibria, where the steady-state equilibrium is efficient, and derive the
second-order approximation of welfare loss function. Because the terms of trade externality and
the labor re-allocation distortions across production stages (due to sticky prices) interact with each
other, the real exchange rate and the relative price gaps between the production stages enter the
welfare loss function.

The model lends itself well to thought experiments on how a change in the import tariff affects
the welfare loss function. In addition, while we only consider domestic productivity shocks in this

section, the numerical analysis in Section 4 will allow for a broader set of stochastic shocks.

3.1 The steady-state equilibrium

In the steady state, it satisfies A; = Ay = 1 and foreign variables are kept constant. The price
index satisfies Piy = Pig = Pig(u) and Pog = Poy = Pog(u). By Py = PYHPEI;“’, from Section

2.2, the price index of domestic produced goods across stages are given by
Pig=W

and
Poyy = W'=°[Ply Pip7)?
= Wit (re)=ne(pr ) (1=19

In the steady state, Pig(u) = Pig and Pyy(u) = Po imply Yk, (u) = Y&, and Yk, (u) = Yk,
The goods market clearing condition requires Y1z = Y% and Yoy = Yi%,. Therefore, the factor

demand functions are given by
Y5l = oW (Py) =2 (Yaly + Y3i')

L= (1- @)W PP, *(Ysh + Ysi")
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and

L =Y + Yy
where V5§ = %, Yt = %, Y, = 70152711&177)1621;7, and Pyp = TPy»E. By backward
induction, we can get the labor demand in each stage of production.

The equilibrium in the steady state {C, L, W} are then fully characterized by the labor supply
equation (1), the risk sharing condition (5), and the labor demand function L{ + L¢ as derived
above, where all price indices are a function of W. Following Huang and Liu (2005), we set ¢ = 0
to simplify expressions, which can be justified by indivisible labor (e.g., Hansen, 1985).1> Then,
the equations (1) and (5) give

w=oc*+e+p*

c=c*+;[e—|—p*—p]

By substituting w into p = ypag + (1 — ¥)par, together with oc = oc* + e + p* — p, we get
the expression of ¢, which includes neither the domestic price index nor nominal exchange rate.
Similarly, by substituting w into price index, together with L = L¢ + L4, we obtain an expression

of state-state labor .

3.2 The flexible-price equilibrium

In the flexible price equilibrium, a,, = 0 for n = 1,2. The optimal pricing decision for firms at stage

n becomes PPy, = ¥y, and thus Popy = Pome = Py,

Note that P ; = p{’H tPfEZa we then obtain stage-specific price index as

Wi

Pigy=—
’ Ay

and
Py = W1_¢+7¢(Tt<€t)(1_v)¢(PfF)(l_WWAiz(bAzi,i

Py = (Parre) (T P3p &)

where we have plugged in the expression of P, F,¢ in the last equation.
Similar to the analysis in the steady-state equilibrium, we have Y, ,(u) = Yy%; ,, Y;ﬁqt(u) =

}72%{7,5, Yia: = Yﬁ“ and Yo = YQdH,t. Then, the factor demand functions are given by

th_(b(Plt)l_d)

th =¢ A, (Y2dH,t + 5/2);16115)

121n the numerical analysis in Section 4, we do not require 1 = 0 but take a more general calibrated value.
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Wt1_¢(p2,t)1_¢

Lg,t = (1 - ¢) Ay,

(Y3he + Y1)

D 1vd

Yd - ’YPQJJ/Q,t
Ht = T
LH,t

and
d _ +d X
LY, =Y + Yiu,

* *
Y2H,tP2H,t€t

Pop ¢

* *
YlH,tPIH,tgt

X _ d p—(1—7) pl—y > _ *
s Vi = Pio: Yohe = 'VCPQH,t Pypy, and Popy = Ty Pyp &t

Similar to the steady-state equilibrium, the flexible-price equilibrium {C;, L;, W;} are then fully

X
where Y5y , =

characterized by the labor supply equation (1), the risk sharing condition (5), and the labor demand
function L¢ 4+ L¢ as derived above. With the assumption of 1) = 0, the equations (1) and (5) gives

wy = oc; + e+ pf

* 1 *
Cp=¢p + ;[et +p; — i

By substituting w; into price index, we obtain the expressions of ¢; and [l;, which does not
include domestic price index or nominal exchange rate. Note that, by denoting ¢; = InT}, we have

the expression of CPI index p; as
pe =1 = ¢+ yd)w + (1 = y)pler + 1) + (1 — V)Pt gy — Ybar, — a2,

+( = y)(er + 1+ papy)

By substituting p; into the risk sharing condition, we obtain the natural rate of interest rate as
7 =ocE(ciy1 — ¢t)

= v[yPp1Aar s + pyAas ]

where we treat exogenous foreign variables and import tariff as constant.

3.3 The sticky-price equilibrium

We now derive the New Keynesian Phillips curves for each stage as a function of the relative price
gap and output gap, and characterize the equilibrium with sticky prices. Similar to the derivation

in Gali (2015), the Phillips curve for each stage is given by

Time = BEimim i1 + MYy,
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Tomt = BEimom 41 + AaYay

where \, = W;M for n = 1,2 and 4,, is the log-derivation of real marginal cost from

steady-state equilibrium, i.e.,
'A)’n,t = ln(\l’n,t/PnHﬂf) —n(¥,/Pum)
Since V¥,, and P,y are the marginal cost and aggregate price in stage n under steady state

equilibrium, we have
I—n

V1,6 = 0Ct + Gt — GoH,t — 01,

1—7v, R
7% +(1—¢)oc, —agy

Yo = VPG2mHt +

where Gop+ is the log-deviation of relative output price gap with respect to the input price in the
steady-state equilibrium, i.e., goprs = In(Pig.¢/Porrs) — In(Pig/Parr).'? In terms of notation, we
use the variable with hat to denote deviations from the steady-state equilibrium, and use tilde to
denote the deviation from the flexible price equilibrium.

After log-linearizing the Euler equation of the household around the steady state and subtracting

the steady-state IS curve, we obtain the IS curve with sticky price as

. . 1.
¢t = Byl — ;[Zt — Ey(me41)]

The aggregate inflation 7; (CPI index) can be written as
1- .
Ty = Mot + T’YA%

The derivation of the aggregate inflation can be found in Appendix B.

The law of motion for relative price gap between stage 1 and stage 2 is characterized by
92H,t = JoH,t—1 + T1H,;t — T2H ¢

The above equations together with the risk-sharing condition (6) fully characterize the sticky-
price equilibrium.
3.4 A utility-based welfare loss function for optimal monetary policy

To evaluate monetary policy, we follow the standard approach in the New Keynesian literature
(Rotemberg and Woodford, 1999; Benigno and Woodford, 2006; and Gali, 2015), and derive a

13 The proofs for deriving the expression of 4;and 45 are in Appendix A.3, where Appendix A.3 characterizes the
sticky-price equilibrium with N stages of production.

16



utility-based objective function of the central bank to a second-order approximation. Note that,
due to the simultaneous presence of multiple stages production and open economy, the welfare
loss function of the household is different from the typical objective function in the literature. In
particular, the objective function in our setting includes inflation for each stage of production, the
relative price gap across adjacent stages, as well as the real exchange rate and output gap. In
addition, the first order terms in the welfare loss function do not cancel out due to terms of trade
externality. For the same reason, the flexible-price equilibrium is not Pareto-optimal. Only in the
limit case of a closed economy would the first order terms cancel out and the welfare loss function
is left only with the second order terms. In such a case, both the steady-state equilibrium and the
flexible-price equilibrium are Pareto-efficient. Additional details about the closed-economy model
with multi-stage of production are discussed in Appendix E.

Intuitively, since labor is present in all stages of production, the household welfare is affected by
distortions in the labor allocation across production stages caused by sticky prices. The terms-of-
trade externality emerges naturally in an open economy with the distortions of labor allocation since
some of the domestically produced intermediate goods are exported and some imported intermediate
inputs are used in domestic production.

The household’s utility function is given by

EX2B'U(Cr) = V(L))

l—0o P
where U(Cy) = Ctl_(;l and V(L) = Llajrw .

A second-order Taylor expansion around steady state (C, L) for the period utility of consumption

gives

R .
UCy) —U=U.C(¢é + e + ti.p.
where ¢; denotes the log-deviation of consumption from steady state and t.i.p. stands for “terms
independent of policy” as in the literature (e.g., Woodford, 2003; Gali, 2015).
By the labor market clearing condition, we obtain the second order Taylor expansion around

the steady state for the period utility of employment, i.e., V(L;), as

2 N
Ln 7 1 .
V(L) =V =VLL{ E 7 [Int + 5 E l?z,t]} +t.3.p.
n=1 n=1

where L,, /L is the share of labor in stage n in total labor in the steady state, as described in Section
3.1, with the assumption of ¢ = 0.1

1 A5 specified for the steady-state variables in Section 3.1, we have % = W and % =1- %, where
d d
a; = % and az = % are the share of goods sold, respectively, to the domestic market in stages 1 and
YlHJrYlH Y2H+Y2H

2 in the steady state.
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It is useful to rewrite the employment gap in the two production stages in terms of output gap

and relative price gap:

il,t = [~G10¢ + G182 + 610|¢: + [G1dY — 1)Gom s

1+a; —ary—aiasy, _ _
+ y ’yfIt +arday +dig— a1 — Giagy

~ B N . 1—asy .
loy = (ag — ¢0)¢ + OYGom, + %Qt +doy —asy

1, P, _ . . L _
where d,,; = In(/, (Piil_;(tu)) %du) for n = 1,2 measures the price dispersion in stage n, a; =
Yd _ Yd . . .
v ox and dg = 72 are the shares of goods sold, respectively, to the domestic market in

1H+ 1H 2H+ 2H

stages 1 and 2 in the steady state. Details can be found in Appendix C.
Following Gali (2015), up to a second-order approximation around the steady state, the price

dispersion term d,, ; for n = 1,2 can be written as

0 [ . 0 .
dn,t = 5/ [PnH,t(Z) - an,t]2dZ = 57)@7’{an¢(2)}
0

By Woodford (2003), the price dispersion can be re-written as a function of inflation in each

stage of production, i.e.,
o0 o0
Z Brvar{pnm (i)} =\, Z ﬂtﬂ'iH’t + t.i.p.
t=0 t=0

We then substitute lAnyt and d,,; into the period utility of employment. Since the total labor
income of households are given by WL = Pa—cj( 1—¢) +¢Pa—?%, the steady state equilibrium implies
WL =PC(1-®), where 1 —® = L(1—¢) +¢%, and thus U.C = V; L(1 — ®).!% In addition, in

az
the steady state, the labor shares in the two stages are given, respectively, by L, /L =
_ _(=¢)as
and Lo/L = 5500 5y -
By summing up U(C) — U and V(L) — V, the household’s welfare loss as a fraction of the

VP
Yp+(1—p)ar

steady state consumption is given by

= L UC) - V(L) - (U-V
W £,y ot LGV~ (W V)

t=0

15In the small-open economy New Keynesian literature, ® is normally assumed to be zero due to the symmetry
assumption across countries in a two-country structure model, e.g., Faia and Monacelli (2008), De Paoli (2009), or
in a model of continuum of small countries, e.g., Gali and Monacelli (2005).
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fe%s) 2
R L, - 1 R Ly - _
=By e =) (1= ) Fhuy — 5{~(1=0)& + (1= )7 (e — are — Grazy)?
t=0

L 2
n=1
Lo -~ L _ Ly L _ .
+ 2 (hay — age)® + SHON iy 4 (Sray+ —2)0N; '} + tip. (13)
L L ’ L L ’
where )
_ _ _ N _ R + a1 — a1y —aiaoy .
hit = (—810¢ + @1a2 + @10)é + (G10y — 1)Gom,s + ! ;7 ! ﬂl]t
1—asy

hay = (ag — ¢o)ér + ¢YG2m,: + qt

The first-order terms can be eliminated by approximating the equilibrium conditions specified
in Section 3.3 to a second-order expansion using the approach developed by Sutherland (2002) and
Benigno and Woodford (2006). Though we do not present an explicit expression of the welfare loss
function purely in second-order terms due to the complexity arising from the multi-stage production,
the numerical analysis in Section 4 approximates the full equilibrium in second-order expansion.

It is worth noting that, in the special case of a closed economy with N = 2, v = 1, and
a1 = a2 = 1, the expression (13) reproduces the welfare loss function in Huang and Liu (2005).
In a special case of a small-open economy with one stage of production (N = 1), a; = ~, and
the additional assumption of symmetry in the foreign country, the expression (13) reproduces the
welfare loss function in De Paoli (2009).

The central bank is to choose a monetary policy to minimize welfare loss with endogenous
variables {é, T1m,¢, Tom 1, T, qt,ggH,t,%t} subject to

(1). IS curve: é& = Eiéryq — %[it — Ei(m1)]

2). Aggregate CPI inflation: m; = mopm; + %A(jt

4
liTqut — GoH,t — A1t

(5). The Phillips curve for production stage 2: mog ¢ = BEimam,11 + A2Yay, where 4o, =
YoG2m,t + 1_77@ + (1= ¢)oé, —azy

(6). Evolution of the relative price between the production stages: gomi = Gom,i—1 + T1H,L —

(2).
(3). Risk sharing: ¢ = %Qt
(4).

The Phillips curve for production stage 1: Mg+ = SE:m1H 141 "‘/\1’71@ where ’AYl,t =0é+

T2H,t

3.5 Discussion about the welfare loss function

There are two distortions in the model, i.e., the labor allocation distortion (caused by sticky prices
along the production chain) and the terms of trade externality. Those terms measuring stage-specific
unemployment gaps iLLt and fzu show up in welfare loss function because of the distortion of labor

allocation across different stages, while the stage-specific inflation shows up due to nominal rigidity
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in each stage of production. Real exchange rate ¢; appears due to a terms-of-trade externality.

In an open economy with a finite elasticity of foreign demand for export, the social planner
wishes to exploit a domestic monopoly power in trade. This gives rise to a terms of trade effect. As
the real exchange rate ¢; and the relative price gap between production stage, gapr ¢, jointly enter
}All,t and iLQ’t, we seen an interaction between the labor allocation distortion in a world of multiple
stages of production and the terms of trade distortion in an open economy. This interaction suggests
that the monetary policy discussion is not a simple sum of the results from an open-economy with
one stage of production and a closed economy with two stages of production.

The second-order terms in the welfare loss function consist of three parts: (a) a consumption
gap, and stage-specific unemployment gaps which can be written in terms of the consumption gap,
(b) separate inflation terms for each production stage, and the relative price gap between production
stages, and (c) the real exchange rate. The consumption gap is connected with the output gap and
real exchange rate via g = y¢ + 1_772(}.

The welfare loss function indicates that targeting CPI and PPI are not satisfactory. Instead, the
central bank needs to pay attention to stage-specific inflation terms along the production process
as well as the price gap across the production stages. These terms will become more important as
the number of production stages increase. This is elaborated in Appendix E.2 when we consider

the case of N-stage production.

3.6 Effects of import tariff

Motivated by a rise in international trade tensions, we study how a change in trade policy, which
alters the cost of supply chain trade, may affect the design of the monetary policy. We consider
two counter-factual cases: a high tariff and a low tariff. In each case, the import tariff affects the
welfare loss function through its impact on the steady-state shares of domestic demand in total
demand for domestically produced goods in the two stages of production, i.e., a; and as.

It can be shown that

and

where f1(x) and fa(x) are functions of exogenous foreign variables. The explicit expression of fi (x)
and fo(*) can be found in Appendix D. We then proceed with the following proposition.!®

Proposition 1: If the relative risk aversion ¢ = 1, a higher import tariff does not affect the

steady-state allocation, i.e., % = % =0 and B%IT/L = aLBZ’T/L = 0; if 0 > 1, a higher import tariff

16We assume that v < 1, i.e., the share of import is not zero.
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will lead to a higher share of domestic demand for domestically produced goods, i.e., %, % > 0,

and the labor share in the upstream production relative to the downstream decreases, i.e., 8[(:)17{L <0

OLs/L
and T > 0.

4 Numerical analysis of monetary policy rules

We consider a family of simple monetary policy rules in the style of Taylor rules. As discussed in
Section 3, the first order approximation for the equilibrium conditions is not enough for welfare
analysis, and thus we estimate the general nonlinear model specified in Section 2 with N = 2 and
approximate the equilibrium to the second order expansion. We will relax the assumption of ¢ = 0
and include a broader set of stochastic shocks, i.e., stage-specific productivity shocks and shocks on
foreign consumption (which are the two types of shocks most commonly studied in the literature).

We consider the following set of policy rules: (a) a classic Taylor rule that is based on CPI
inflation (and output gap), (b) a Gali-Monacelli rule (2005) that replaces CPI inflation with PPI
inflation, (c) a rule that targets separate inflation terms for each production stage (i.e., stage-
specific producer price indices), (d) combinations of the above with the real exchange rate, and
(e) an exchange rate peg. For each rule, we examine both the case with imposed coefficients as
specified in the literature (such as 1.5 and 0.5 on CPI inflation and output gap in the classic Taylor
rule) and optimally estimated coefficients.

With regard to the effects of trade frictions on monetary policy, we conduct two counter-factual
analyses: (1) an increase in the import tariff (in a world with identical degrees of price stickiness
in all production stages); (2) an increase in the import tariff (in a world with a higher degree of
price stickiness in the downstream stage than the upstream stage). As discussed in Section 3, the
import tariff affects the welfare loss function by altering steady-state allocation.

Asymmetric price stickiness along the production chain appears to be empirically relevant.
Cornille and Dossche (2008) and Nakamura and Steinsson (2008) both suggest that the price con-
tracts in more upstream production stages tend to have a shorter duration than those in the finished
product sectors. Gong, Wang, and Zou (2016) argue that different degrees of price stickiness in
different stages would affect which price index (i.e., CPI, final-goods-based PPI, or intermediate-

goods-based PPI) should be included in a simple monetary policy rule.!”

4.1 Model Parameters

We begin with the calibration of baseline model parameters. Each period in the model corresponds

to a quarter. Following Gali and Monacelli (2005) and De Paoli (2009), the model economy is

1TInstead of including all stage-specific price indices in a simple monetary rule, Gong, Wang, and Zou (2016)
consider CPI-based Taylor rule, final-goods PPI-based Taylor rule, and intermediate-goods PPI-based Taylor rule,
where the Taylor-type rule (only) includes one specific inflation index and output gap.
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meant to resemble Canada in some key dimensions. The calibrated parameters are summarized in
Table 1.

The subjective discount factor is set to be 8 = 0.99, which implies a 4% annual real interest rate
in the steady state. Following Arellano (2008) and De Paoli (2009), the inverse of intertemporal
elasticity of substitution is set to be o = 2. The parameter in Calvo pricing in both production
stages is set to be a1 = ag = 0.66, implying an average contract duration of 3 quarters. Following
Benigno and Woodford (2005), the elasticity of substitution in the consumption bundle is set to be
6 = 10. Consistent with Huang and Liu (2005), we set the share of intermediate goods in production
to be ¢ = 0.6.

We set the shares of goods sold to the domestic markets in both stages to be a; = as =
0.7, implying a 30% export share of GDP (approximately the level observed for Canada). The
parameters aj,ay are the sufficient statistics for the (exogenous) foreign demand for output in the
two production stages. Following Gali and Monacelli (2005), the process of productivity shock is
set to follow an AR(1) process with persistence parameter p, = 0.66 and standard deviation o, =
0.0071, which is calibrated from Canada data. Following De Paoli (2009), the foreign consumption
shock is set to an AR(1) process with persistence po. = 0.66 and standard deviation o¢- = 0.0129.
We normalize the import tariff in the baseline numerical exercise to be 7' = 1 (implying a zero
tariff).

Table 1: Parameter calibration

Parameter Name Value Notes

B Subjective discount factor 0.99 4% annual interest rate with a quarterly model

o Inverse of intertemporal elasticity of substitution 2 Standard value in literature, e.g., Arellano (2008)
ag,02 Parameter in Calvo pricing 0.66 An average length of price contract of 3 quarters

¥ Share of goods purchased in domestic market 0.6 Implying 40% import share of GDP

0 Elasticity of substitution in consumption bundle 10 Following Benigno and Woodford (2005)

) Share of intermediate goods in production 0.6 Following Huang and Liu (2005)

ai,as Share of goods selling to domestic market 0.7 Implying 30% export share of GDP

Pa Persistency of productivity shock 0.66 Following Gali and Maonacelli (2005), De Paoli (2009)
Oa Standard deviation of productivity shock 0.0071  Following Gali and Monacelli (2005), De Paoli (2009)
P+ Persistency of foreign consumption shock 0.66 Following De Paoli (2009)

oc* Standard deviation of foreign consumption shock 0.0129  Following De Paoli (2009)

4.2 Comparing policy rules and welfare losses

Since the numerical estimation is conducted based on the general nonlinear model specified in
Section 2 with N = 2 and the equilibrium is estimated up to second order approximation, we need

to define explicitly the welfare loss. We define the welfare loss x in percentage term relative to the
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steady-state consumption , i.e.,

[CA-—]'7—1 L™
-0 149

EXA] J=ve
where C' and L are steady-state consumption and employment, and V® is the welfare estimated
from a given policy rule.

We define the aggregate PPI index as a sales-weighted average of producer prices index, '8

wppr = (1 —w)mig + wray

Pip (Yin+Y7))
Pin(Yin+Y75)+Pen(Yon+Ys5),)
The estimated optimal coefficients in simple rules are shown in Table 2. “Peg” in the table

where w = is the relative sale-weight in the upstream production stage.
indicates a nominal exchange rate peg. By comparing the alternative policy rules P1-P9 and the
policy of exchange rate peg, a simple interest rate rule that targets all stage-specific producer price
indices outperforms any other policy rules. Adding output gap or real exchange rate does not
visibly contribute to better performance (e.g., P1, P6, and P9).

When targeting stage-specific inflation indices, the estimated optimal coefficients in downstream
producer price index are larger (e.g., P1, P5, and P9). Since targeting stage-specific price indices
yields lower welfare loss than just targeting the aggregate PPI index (e.g., P3 and P6), in general,
the optimal weights on different stages of production would not be proportional to the sales of
production stages.'” It is worth noting that, cost shocks (caused by productivity shocks in upstream
stages) travel from upstream to downstream stages, potentially reversing the order of the optimal
relative weights. In our calibration, since the labor weight is larger in downsteam stages (as a
fraction of total employment), demand shocks (caused by final demand shocks or productivity
shocks in downstream stages) dominate cost shocks.

If only aggregate price indices are available, then a simple interest rule that targets PPI (e.g.,
P3, P4, and P5) is significantly better than those rules that target just CPI. On the other hand,
from P3 and P6, a simple interest rule that targets aggregate PPI captures much of the welfare
gains from targeting all stage-specific inflation indices. A pure exchange rate peg performs the
worst.

For each type of policy rule, besides optimally estimated coefficients, we also evaluate a version
where the coefficients are imposed using the values suggested in the literature. Table 3 reports the
welfare performance proposed by the original Taylor calibration (i.e., Taylor, 1993), alternative rules
adopted in Gali and Monacelli (2005), and in Huang and Liu (2005). Evidently, simple monetary

policy rules that target aggregate PPI, or stage-specific producer indices, outperform those targeting

18 An alternative definition is a value-added-weighted average of producer prices. Most PPI measures in practice
are sales weighted, e.g., US Bureau of Labor Statistics, or OECD.
19The same statement is true when we define the aggregate PPI index to be weighted by value-added.
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Table 2: Optimal alternative simple rules of monetary policy

T1iH Ton TppPI  TOPI c q it—1  Welfare loss (0.01%)
P1 6.3861 9.8675 0.7570 -1.5549 0.2048 0.319
P2 5.1882  0.0006 0.0215 0.577
P3 9.9999 0.1000 1.0441 0.329
P4 9.9888 0.0009 0.0004 0.8085 0.326
P5 9.1138 0.0747 0.1697 -0.6933 0.1432 0.320
P6  5.2870 9.9965 0.0001 0.6948 0.322
P7  4.2548 0.0000 0.8757 0.572
P8 2.6975 0.0003 0.8327 0.401
P9 52741 9.9825 0.7004 0.322
Peg 0.871

<
Pip(Yip+Y7))
Py, (Yip+Y(5 ) +Pan (Yo +Y5Y)

Notes: PPI index (sales-weighted): mpp; = (1 — w)m1g + wrey with w =

CPI index: mopr,t = m¢.

Table 3: Alternative simple rules of monetary policy in literature

TiH ToH TCPI ¢ ir—1  Welfare loss (0.01%) Notes

P1 1.5 0.5 1.870 Taylor (1993)

P2 1.42 1.68 0.04 1.12 0.372 Huang and Liu (2005)

P3 1.5 0.849 Gali and Monacelli (2005) — CPI based
P4 1.5 1.226 Gali and Monacelli (2005) — PPI based

just the CPI index.

4.3 Effects of higher import tariff

Now, we consider the case of a higher import tariff in the steady state. With all exogenous foreign
variables unchanged as in the baseline case as in Section 4.2, the import tariff is doubled (to 7" = 2).
In such a scenario, the shares of demand for domestic goods in the two production stages become
a; = 0.73 and ay = 0.74, which is consistent with Proposition 1 and larger than the original
calibration. While the central bank cannot undo directly the increase in tariff, it wishes to stabilize
the economy given the (new) steady-state under a higher import tariff. We re-evaluate all alternative
monetary policy rules in the new steady state.

The estimated results are showed in Table 4. Compared with the case of lower import tariff as
reported in Table 2, in general, even though the central bank has already chosen their best response
policy rule, a higher import tariff induces a greater welfare loss. Intuitively, a higher import tariff
increases firm production cost and the prices of output. Given price-elastic foreign demand, a higher
selling price will reduce the income of households. Not surprisingly, the simple monetary rule that

targets stage-specific producer price index still outperforms other policy rules, and it is significantly
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welfare-improving by not just targeting CPI index.

Table 4: Optimal alternative simple rules of monetary policy with higher imported tariff

TiH ToH Tppr  TCPI ¢ Q ir—1  Welfare loss (0.01%)
P1  5.0113 8.8786 0.2298 -0.7860 0.1629 0.377
P2 5.2378 0.0000 0.0007 0.684
P3 9.9988 0.1000 1.0509 0.390
P4 9.3569 0.0487 0.0766 -0.5579 0.1445 0.379
Peg 1.056

Py (Yip+Yiy)
Pip (Yin+Y75)+Pan (Yan+Y5y)

PPI index (sales-weighted): nppr = (1 — w)m1g + wray with w =

CPI index: mgpyr,+ = Tt.

It is worth noting that the central bank cannot offset the effects of a higher import tariff by
simply re-valuating the domestic currency. Appreciation in the domestic currency reduces the cost
of imported intermediate inputs or imported final consumption goods, but also increases the price
of domestically produced outputs of both intermediate goods and final goods. Since the foreign
demand is price-elastic, firms obtain a smaller revenue from exporting.

It may be interesting to note that the relative importance of the downstream stage over the
upstream stage has increased from the no-tariff baseline to the high-tariff scenario. The ratio of the
weight on the downstream producer price inflation and that on the upstream inflation has changed
from 1.55 (under Policy Rule P1 in Table 2) to 1.77 (under Policy Rule P1 in Table 4). As shown
in Proposition 1, a higher import tariff reduces the relative labor weight in the upstream stage as
a fraction of total employment, and thus reduces the relative importance of the upstream inflation

index in the objective function of the central bank (i.e., welfare loss function).

4.4 Asymmetric price stickiness

We now consider the implications of uneven price stickiness in different stages of production.
Cornille and Dossche (2008) and Nakamura and Steinsson (2008) argue that the duration of price
contract in upstream production stages is shorter than downstream stages. For instance, Nakamura
and Steinsson (2008) document that the median duration of price contract for finished producer
goods in 1998-2005 is about 8.7 months, while the median duration of price contract for intermedi-
ate goods producer goods is about 7.0 months. We reduce the Calvo pricing parameter in the first
stage of production to be a; = 0.5, indicating an average of length of price contract of 2 quarters.

The estimated results are showed in Table 5. The welfare loss in general becomes smaller
compared with the baseline case as in Table 2 since the price stickiness in aggregate becomes
smaller. Furthermore, by comparing the coefficients of stage-specific producer price indices in

Policy Rule P1 of both two tables, as the price is less sticky in upstream, the relative weight on

25



Table 5: Optimal alternative simple rules of monetary policy with lower price stickiness in
upstream production

T1H ToH TPPI TCcPI c Q Z't,1 Welfare loss (001%)
P1 3.1846 9.8760 0.0100 -0.5776 0.0328 0.288
P2 5.0515 0.0001 0.0038 0.544
P3 9.9981 0.1001 1.0715 0.312
P4 9.8058 0.0240 0.0110 -0.6126 0.0174 0.299
Peg 0.893

X
Pip(Yip+Y7))
Py, (Yip+Y75 ) +Pan (Yo +Y55)

PPI index (sales-weighted): mppyr = (1 — w)m1g + wray with w =

CPI index: mcpr,t = ¢

upstream producer price index versus downstream producer price index becomes smaller.?"

5 Concluding remarks

This paper studies the implications of global supply chains on the design of optimal monetary policy
through a small-open economy New Keynesian model with multiple stages of production. We show
that it is optimal for a simple monetary policy rule to target production-stage-specific producer
price indices; if only aggregate price indices are available, targeting aggregate PPI price index
compared with just targeting CPI price index is welfare improving. As the length of production
chain increases, aggregate producer price index occupies a larger proportion in the objective function
of central bank (i.e., welfare loss function) in contrast to consumer price index, which suggests that
the central bank needs to pay more attention to the producer price indices.

Our framework allows us to study the implications of trade frictions such as an increase in
the import tariffs on the design of monetary policy. Even in the case of central bank already
implementing optimal monetary policy (in form of simple response rules), the welfare loss is higher
compared with the situation of lower import tariff due to higher input prices along the production
chain. In addition, we show that, as the price is less sticky in upstream production, the relative
weight on upstream producer price index versus downstream producer price index in an optimal
simple policy rule becomes smaller.

In practice, official statistics agencies in some countries such as the United States and Australia
actually collect producer price information, and have a system of producer price indices in a manner
of vertical production. For instance, US Bureau of Labor Statistics have a system of producer price

indices featuring four-stage of vertical production chain, which is named under the PPI Final

20This is consistent with the findings in Gong, Wang, and Zou (2016). They argue that, when the degree of price
stickiness for intermediate-goods production is high, the central bank should follow intermediate-goods PPI-based
Taylor rule. To be noted, in their paper, there is no distortion from labor re-allocation along the production chain
since labor is only used in the production of intermediate goods in their model.
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Demand-Intermediate Demand indice (used to be called “stage-of-processing” system of producer
price indices). It is basically a counterpart in reality for the stage-specific producer price indices as
defined in our model. Nevertheless, to the best of our knowledge, the central banks have not really
exploited these information in implementing monetary policies.

There are several other directions to further the discussion in this paper. The model adopted
in our analysis assumes producer currency pricing, and as mentioned in the literature (e.g., Smets
and Wouters, 2002; Corsetti, Dedola, and Leduc, 2011; Engel, 2011), local currency pricing may
have a different implications on the trade-offs for monetary policy. Another direction could be to
consider a more broad set of exogenous shocks, especially shocks on foreign input prices or foreign
demand shocks along the production chain. One challenge in line with this extension would be how

to appropriately calibrate the shocks to empirical data.

27



References

Antras, Pol, 2016, Global Production: Firms, Contracts, and Trade Structure. Princeton University
Press, Princeton, NJ.

Antras, Pol, and Davin Chor, 2013, “Organizing the global value chain.” Econometrica, 81 (6):
2127-2204.

Auer, Raphael A, Claudio Borio and Andrew Filardo, 2017, “The globalisation of inflation: the
growing importance of global value chains.” BIS Working Papers No. 602.

Auer, Raphael A., Andrei A. Levchenko, and Philip Saure, 2017, “International inflation spillovers
through input linkages.” No. w23246. National Bureau of Economic Research.

Bernanke, Ben S., Thomas Laubach, Frederic S. Mishkin, and Adam S. Posen, 1999, Inflation
targeting. Princenton University Press.

Baldwin, Richard, and Anthony Venables, 2013, “Spiders and Snakes: Offshoring Agglomeration
in the Global Economy.” Journal of International Economics, 90 (2): 245-254.

Benigno, Gianluca, and Pierpaolo Benigno, 2003, “Price stability in open economies."” The
Review of Economic Studies, 70 (4): 743-764.

Benigno, Gianluca, and Pierpaolo Benigno, 2006, “Designing targeting rules for international
monetary policy cooperation.” Journal of Monetary Economics, 53 (3): 473-506.

Benigno, Pierpaolo, and Michael Woodford, 2005, “Inflation stabilization and welfare: The case
of a distorted steady state.” Journal of the European Economic Association, 3 (6): 1185-1236.

Benigno, Pierpaolo, and Michael Woodford, 2006, “Linear-quadratic approximation of optimal
policy problems.” No. w12672. National Bureau of Economic Research.

Boivin, Jean, and Marc Giannoni, 2008, “Global forces and monetary policy effectiveness.” No.
w13736. National Bureau of Economic Research.

Calvo, Guillermo A, 1983, “Staggered prices in a utility-maximizing framework."” Journal of
Monetary Economics, 12 (3): 383-398.

Cornille, David, and Maarten Dossche, 2008, “Some evidence on the adjustment of producer
prices.” Scandinavian Journal of Economics, 110 (3): 489-518.

Corsetti, Giancarlo, Luca Dedola, and Sylvain Leduc, 2010, “Optimal monetary policy in open
economies.” In Handbook of Monetary Economics, vol. 3, pp. 861-933. Elsevier.

Corsetti, Giancarlo, and Paolo Pesenti, 2001, “Welfare and macroeconomic interdependence.”
The Quarterly Journal of Economics, 116 (2): 421-445.

Costinot, Arnaud, Jonathan Vogel, and Su Wang, 2013, “An elementary theory of global supply
chains.” The Review of Economic Studies, 80 (1): 109-144.

De Gregorio, Jose, 2012, “Commodity prices, monetary policy, and inflation.” IMF Economic
Review, 60 (4): 600-633.

De Paoli, Bianca, 2009, “Monetary policy and welfare in a small open economy.” Journal of

28



International Economics, 77 (1): 11-22.

Edwards, Sebastian, 2006, “The relationship between exchange rates and inflation targeting
revisited.” w12163. National Bureau of Economic Research.

Engel, Charles, 2011, “Currency misalignments and optimal monetary policy: a reexamination.”
American Economic Review, 101 (6): 2796-2822.

Faia, Ester, and Tommaso Monacelli, 2008, “Optimal monetary policy in a small open economy
with home bias.” Journal of Money, Credit and Banking, 40 (4): 721-750.

Feenstra, Robert, 1999, “Integration of trade and disintegration of production in the global
economy." Journal of Economic Perspectives, 12 (4): 31-50.

Forbes, Kristin, 2018, “Has Globalization Changed the Inflation Process?” In 17th Bank for
International Settlements Annual Research Conference, Zurich, June, vol. 22.

Fort, Teresa C, 2017, “Technology and production fragmentation: Domestic versus foreign sourc-
ing.” The Review of Economic Studies, 84 (2): 650-687.

Gali, Jordi, 2015, Monetary policy, inflation, and the business cycle: an introduction to the new
Keynesian framework and its applications. Princeton University Press.

Gali, Jordi, and Tommaso Monacelli, 2005, “Monetary policy and exchange rate volatility in a
small open economy.” The Review of Economic Studies, 72 (3): 707-734.

Gong, Liutang, Chan Wang, and Heng-fu Zou, 2016, “Optimal monetary policy with interna-
tional trade in intermediate inputs.” Journal of International Money and Finance, 65: 140-165.

Hansen, Gary D, 1985, “Indivisible labor and the business cycle.” Journal of Monetary Eco-
nomics, 16 (3): 309-327.

Huang, Kevin XD, and Zheng Liu, 2001, “Production chains and general equilibrium aggregate
dynamics.” Journal of Monetary Economics, 48 (2): 437-462.

Huang, Kevin XD, and Zheng Liu, 2005, “Inflation targeting: What inflation rate to target?”
Journal of Monetary Economics, 52 (8): 1435-1462.

Huang, Kevin XD, and Zheng Liu, 2007, “Business cycles with staggered prices and international
trade in intermediate inputs.” Journal of Monetary Economics, 54 (4): 1271-1289.

Hummels, David, Jun Ishii, and Kei-Mu Yi, 2001, “The nature and growth of vertical special-
ization in world trade.” Journal of International Economics, 54 (1): 75-96.

Jin, Keyu, and Nan Li, 2012, “International Transmission Through Relative Prices.” CEPR
Discussion Paper 1090.

Matsumura, Misaki, 2019, “What Price Index Should Central Banks Target? An Open Economy
Analysis.” Working paper, Columbia University.

Monacelli, Tommaso, and Luca Sala, 2009, “The international dimension of inflation: evidence
from disaggregated consumer price data.” Journal of Money, Credit and Banking, 41 (1): 101-120.

Mumtaz, Haroon, and Paolo Surico, 2012, “Evolving international inflation dynamics: world

and country-specific factors.” Journal of the European Economic Association, 10 (4): 716-734.

29



Nakamura, Emi, and Jén Steinsson, 2008, “Five facts about prices: A re-evaluation of menu
cost models.” The Quarterly Journal of Economics, 123 (4): 1415-1464.

Rotemberg, Julio J., and Michael Woodford, 1999, “Interest rate rules in an estimated sticky
price model.” In Monetary policy rules, pp. 57-126. University of Chicago Press.

Strum, Brad E, 2009, “Monetary Policy in a Forward-Looking Input-Output Economy.” Journal
of Money, Credit and Banking, 41 (4): 619-650.

Smets, Frank, and Raf Wouters, 2002, “Openness, imperfect exchange rate pass-through and
monetary policy.” Journal of Monetary Economics, 49 (5): 947-981.

Sutherland, Alan, 2002, “A simple second-order solution method for dynamic general equilibrium
models.” Working paper, University of St. Andrews.

Taylor, John B, 1993, “Discretion versus policy rules in practice.” In Carnegie-Rochester con-
ference series on public policy, vol. 39, pp. 195-214. North-Holland.

Wang, Zhi, Shang-Jin Wei, Xinding Yu, and Kunfu Zhu, 2017, “Characterizing Global Value
Chains: Production Length and Upstreamness.” No. w23261. National Bureau of Economic Re-
search.

Wei, Shang-Jin, and Yinxi Xie, 2019, “The Wedge of the Century: Understanding a Divergence
between CPI and PPI Inflation Measures.” No. w24319. National Bureau of Economic Research.

Weinhagen, Jonathan C, 2011, “A new, experimental system of indexes from the PPI program.”
Monthly Labor Review, 134 (2).

Woodford, Michael, 2003, Interest and Prices: Foundations of a Theory of Monetary Policy.
Princeton University Press.

Woodford, Michael, 2010, “Optimal monetary stabilization policy.” In Handbook of Monetary
FEconomics, vol. 3, pp. 723-828. Elsevier.

Yi, Kei-Mu, 2003, “Can vertical specialization explain the growth of world trade?” Journal of
Political Economy, 111 (1): 52-102.

30



A Equilibrium characterization with N-stage of production

in a small-open economy

A.1 The steady state equilibrium

We first characterize the steady state with perfect foresight. The steady state is defined as the
equilibrium under non-stochastic and constant exogenous variables. Since the whole economy does
not change with timing, we can ignore the timing index ¢ in all variables, and A,, = 1 for n =

1,2,...,N. The optimal pricing decision for firms at stage n, n =1,2,..., N, becomes

o

and for n = 2,..., N, we have

_ _ L
Py = P&—1)HP(”—71)F

where P(n,l)p = TSP(’;%DF.
Now, we solve for the price indices in terms of wages and derive the labor demand function.
Note that ¥,, = PW1=¢ for n = 2,3,..., N with U; = W. By substituting P,, the relationship

of output price index across adjacent stages is given by
Pog = W'9(P,)?

_ wl- @ (1-v)¢
=W ¢P(’1171)Hp(nf¥)F

form=2,...,Nand Py =W.
By writing all price index in terms of wage and exogenous variables through forward induction,
we get
P = W(1—¢)%+(7¢)”’1(T5)¢(1*v)%11?;11(p;F)W(l—v)]"’i (14)
forn=2,...,N with Py =W.
Since P, (u) = P,y for u € [0,1] in steady state, by Equation (11), for n =1,..., N, we have

YdH,t (u) = Y’r;iH,t

n

Together with goods market clear condition Y,z = Y,%;, and factor market demand function
(8) and (7), forn =2,..., N, we get
- v
Vi=¢="
¢P

n —_
n

Yy + Y, ]
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vy

L = (1 )2 ¥y + Y,
> 'YPn}_/v;i
Yoon =5 -

(n—1)H

where f’ﬁ, g ="7CP, 1(1177)151{[}77 and LY = %Yﬁq. By substituting the price index and unit cost
function in each stage, for n = 1,..., N, and through backward induction, the factor demand

functions for labor can be written in an implicit form as
d * * * * * *
Ln:f(vvacvgvT’PIFv""PNF’ nHa"'vPNHv nHa"'aYNH) (15)

Therefore, by summing up labor demand across all stages, the total labor demand function

becomes
N

Lt=>"rs (16)

Therefore, the three equations (1), (5), and (16) fully characterize the steady-state wage, con-

sumption and employment.

A.2 The flexible price equilibrium

In this subsection, we solve the flexible price equilibrium similarly as in the steady state equilibrium.
In flexible price equilibrium, «,, = 0 for ¥n, and then the optimal pricing decision for firms at stage
n,n=1,2,..., N, becomes

PsI—Lt - \Iln,t - PnH,t - PnH,t

and for n =2,..., N, we have

_ -
Pny = P&71)H7tp(n:/1)F7t

Similar to the steady state case, we solve for the price indices in terms of wages and productivity.
Note that ¥, ; = Py W, ?/A,, for n =2,3,..., N with ¥y = W;/A; ;. By substituting P, ;, the
relationship of price index across adjacent stages is given by

— l- é (1-v)¢
Poge=W ¢P(A'Yn71)H,tP(n7F1Y)F,t

forn=2,...,N and Py, = Wy/A1,.

By writing all price index in terms of wage through forward induction, we similarly get

Py = W92 g,y o1 Rl
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S (Pp) PO I (4,,) 00"

forn = 2, ‘e ,N with PlH,t = Wt/Al,t~
Due to flexible price, the expressions for factor market in each stage of production are exactly
the same as in the steady state case. Therefore, we can derive labor demand function in each stage,

ie,n=1,...,N, as
fd * * * * * *
Ln,t = f(Wthagtaﬂ»PlF,t?' o ?PNF,anH,t? T 7PNH,tﬂYnH,t?' e aYNH,taALtv e ’AN,t)

where we denote the labor demand under flexible price with an upper symbol f.

The total labor demand function becomes
N
d d
Lf = Z sz,t (17)
n=1

The three equations (1), (5), and (17) fully characterize the wage, consumption and employment

in flexible price equilibrium, where the consumption can be written in
f _ * * * * * *
Ct - f(Tt7 1Ft) """ 7PNF,t7 PnH,t? T 7PNH,t7YnH,t’ T 7YNH,t7A1,ta U 7AN,t)
which can be re-written in log-linearized form, i.e.,

f_ * * * * * *
G = f(tt,plF,tv"' yPNF ) Pnm s " s PNHt» YnHt> """ YYNH, QL85 """ ;ANt)

By the Euler equation (4), the IS curve is characterized by

1.
ol = Ei(c],y) - ;[lt — By(mq1) — p

which implies the natural rate of interest as
7y = aEt{chrl — ctf} (18)

A.3 The sticky-price equilibrium

We now derive New Keynesian Phillips curves for each stage as a function of relative price gap and
output gap, and characterize the equilibrium with sticky prices. Similar to the derivation in Gali

(2015), in each stage of production n = 1,2,..., N, firms’ optimal pricing decision gives

Tn,t = BEtﬂ'n,t-‘rl + )‘n:yn,t
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(A=Ban)(1=an)

where A\,, = =
n

and 4,, is the log-derivation of real marginal cost from steady-state
equilibrium, i.e.,

’S’n,t = ln(mn,t/PnH,t) —n(Vy,/Pomr)

where ¥,, and P,y is the marginal cost and aggregate price in stage n under steady state equilib-
rium.

Given P,y = Ppp forn=1,2,..., N and the expression of production cost function, we have

for stagesn =2,..., N

Yot = VPGnmt + (1 —=7)PGnre + (1 — @) (W1 — Prmt) — Gnye

where gnp+ and gnr, are the log-deviation of relative output price gap with respect to input price
fron_l steady state equilibrium, i.e., gnp+ = ln(P‘}";i:tH') — ln(P(;{%:H), and g pt = ln(P(;’_iszf) —
ln(%). Since P(n_l)H)t = Pin—1)H,t> Inm,t also indicates the log-deviation of relative output
price gap between adjacent stages n and n — 1 from steady state equilibrium. By the definition of
gnm,t and gnr+, we also have P+ = Dnme + Efinﬂgm,t forn=1,...,N — 1.

Following Huang and Liu (2005), without losing generality, we assume ¢ = 0. Then, from 3,
we have w; — p; = oc;. By substituting @ and p,p,; into the real marginal cost function, for
n=2,...,N—1, we get

;Yn,t = 7¢gnH,t + (1 - 7)¢gnF,t
+(1 = @)[oe — (1= Mpvme + (L= V)PNrs — Sl 1 8im e — an

and
Ine =79qnme + (1= 7)¢dnre + (1 = @)[o¢, — (1 = ¥)Dnme + (L= ¥)PNEe — ane

p=0¢— (1 =Vpnme+ (1 —7)DNre — Siobime — a1y

Note that pnp: = é and Gnpi = € — P forn=1,..., N, and ¢ = v(é: — pNm1)-
After log-linearizing the Euler equation of households around steady state and subtracting the

natural rate IS curve, we get the IS curve with stick price as
. . 1. _
¢t = EiCryr — ;['Lt - Et(71't+1) - 7"7“t]

where 77; is the natural rate of interest.
The law of motion for relative price gap between stage n and stage n — 1, forn =2,3,..., N, is

characterized by

dnH,t = (jnH,t—l + T(n—1)H,t — TnH,t
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Give the policy rule {is, & }, risk-sharing condition 6, IS curve, the stage-specific Phillips curves,
and the law of motion for relative price gap fully pin down the dynamic equilibrium under sticky

prices.

A.4 Stage-specific employment in small open-economy with N-stage pro-

duction

We derive the stage-specific employment gap in terms of output gap and relative price gap. By the
factor demand function (7), (8), and (11) in each stage, and substituting with the unit cost, for

n=2,3,...,N, we have
InLyp i =In(1— @)+ @[inP,; — InW,] — InAn . + ln[YfH,t + Yﬁ”] +dp (19)

where d,, ; = In( 01(13”13%@)_‘9du) and InLy; = —InAy e+ In[Y  + Yy ] +dig.

By the factor demand function for intermediate goods and labor in each stage, i.e., Expression
(7) and (8), forn =2,3,..., N, we get

1-— _ _
InLyt = In( 5 (b) +InP,_1,—InW, + lnY,ﬁt
Also, not that o
Yd _ YrﬁtPn,t’V
(TL—l)H,t P(n_l)H7t

Then, by substituting lanH,t using InL,; and lnY(‘fL +1),¢ into (19), we get backward induction
relationship for the stage-specific employment, i.e., for n =2,3,..., N,
ln,t - ln+l,t+dn7t+gn(éta €t, tt7 Al tye -y a/N,tapIFJm e ,p*]cVF’Up:LH’n o 7p7\]H,ta y:;mu L 7y7\/'H,t7 qA17t7 e 7dN7t)

where l,, s = InLy ;.

B Aggregate price expression with two-stage production

Given exogenous foreign variables and import tariff constant, the aggregate inflation index (CPI
index) can be written as
Tir1 = YTame01 + (1 —7)Aes 1
Since ¢4 = v(é; — P2m,¢), we have

A
Aeipq = 7(1 + Tomt
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Then, the aggregate inflation index can be re-written as
Ter1 = Y241 + (1 — ) Aert

1- .
=ToHt T+ T’YA%

C Stage-specific employment with two-stage production

In this section, we derive explicit expression of the employment gap with two-stage of production,
ie, N = 2. As specified in Section A.4, and also note that w; = vpoms + (1 — v)Pays + 0é,

D1t = G2t + D2rt, and Pipy = Paps = é.,2! we have for the second stage
Iog = @[yPras + (L — V)Prre — i) + o [ypams + (L — V)P2re — Pame + &)

+(1 = a2)(é: — Pamr) — azt + day

= ¢[vg2,t — 0] + az[(1 —v)(ér — Pamye)] + (1 — a2)(ér — Pame) — Azt + day

_ R . 1—asy,
= (ag — ¢0)¢ + PYG2,t + Gr —ans +day
where, in the first equality, we have used Y&, , = WPVis oy Xd _ YigPlufe yd _ 1CuP and
) q Y 1H,t — le,t s “1H,t — Pt s S2Ht T F_’QH,t’

YQdHJ = Y;%jf&; in the last equality uses the condition that ¢ = v(é; — pam ).

For the first stage, the employment is given by
It = a1 (Poe + 95, — i) + (1 — @) (6 — Prase) +diye — asy

= a1 (P2t + Wy + Z2,t —pot — Do) + (L —a1)(é — Prue) +die —are
= (_11Z2,t + a1 [yper: + (L —)ér + ¢ — Goy — Pome] + (1 — @1)[ér — Pare — G2t
= [~G10¢ + @182 + G10)é; + [a1¢y — l]gQH,t

14+ay —ayy —ajasy . _ _
77 ’th +aidey +dig —ar — Gras,

where the second equality uses the condition that lA27t = g?it — W + ;327,5.

21'We have used the assumption of ¢ = 0.
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D Steady-state share of domestic demand in total demand

with respect to import tariff

In this section, we characterize how the import tariff affects the steady-state share of domestic
demand in total demand in both of two production stages, i.e., a; and as, as specified in Section 3.

By the definition of as, we have

az ~C'P
l—ay  YyuPiu€

*( p* 1/o 1

= © *( t*) Ptl ‘1753/0
You Pon

* *\1/0
= W{[W17¢+v¢(5T)(17”/)¢(p1*F)(17w)¢]v[ng;F]lf"/}lfl/agl/ff
You Pon
where the second equality uses C' = C’*(%Pf)l/ 7 and the third equality uses the condition specified
in Section 3.1. Since W = EP*(C*)? under the assumption of ¢ = 0, by plugging W into the
expression of as/(1 — a@3), domestic price index all cancel out (including nominal exchange rate)

and thus we have

az

_ L= A+en(1-2)
1= 2(%)
where fa(*) are functions of exogenous foreign variables.
For the first stage, we have o
a _ ’yPQYQd
l—a  EPLYy
_ 10Pon (Vi + Ys")
EPI Yy
_ 19 PuYiy
PiyYry  Eao
_ 79 CP
PiyYry Eag
_ ¢ YouPy
PiyYiy 1—as

where we have used 15% = 292 _in the last equality. Therefore, for a;, we have
—as Yy Pig€

where f1(x) are functions of exogenous foreign variables.
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E N-stage production in a closed economy

In this section, we consider the case of N-stage production in a closed-economy, and focus on the
effects of lengthening of production chain on welfare loss function. We can similarly characterize
equilibrium as the case of the open-economy model with two stages of production, which is shown
in Appendix F. In the closed-economy model, since the distortion from monopolistic competition
is assumed to be corrected by a subsidy tax, the only distortion in the economy comes from sticky
price. Thus, the flexible price equilibrium is Pareto optimal and we can write each variable in the
deviation from flexible price equilibrium. The shocks considered in this section are stage-specific

productivity shock.

E.1 A utility-based objective welfare loss function for optimal monetary

policy

Similarly to the derivation in Section 3.4, the households utility function is given by

ESZ B U(Cr) = V(L))

cl-o_q i+
where U(Cy) = =4—— and V(L) = T
A second-order Taylor expansion around steady state (C, L) for the period utility of consumption
gives

1—
U(Cy) — U = U.C(é + —262) + tip.

where ¢; denotes the log-deviation of consumption from steady state. To write the output gap in
terms of the gap between the output with sticky-price and natural output (flexible-price equilib-
rium), the period utility of consumption can be re-written as

1—

U(C) = U = UC(f + ——& + (1= 0)c] &) + Lip.

where ¢; = ¢; — c{ and c{ is the log-deviation of consumption in flexible-price equilibrium from

steady state equilibrium.
By labor market clearing condition, we obtain the second order Taylor expansion around steady

state for the period utility of employment, i.e., V(L;), as

N, 1L
V(L) =V =VLL{Y i+ 5 ) I} +tip.
n=1 n=1

where L, /L is the share of labor demand in stage n in total labor demand under steady state,

given by equations (17) and (23) in Appendix F, and we have used the assumption of 1) = 0. More
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specifically, the stage-specific labor share under steady state is given by

Ly,

L :(1_¢)¢N_nan:2737"'7N

1 N-1
T =9

The period utility of employment can then be re-written as the gap between labor demand with

sticky-price and natural rate of labor demand in each stage, i.e.,

V(L) =V = VLL{Z [l + l2 1 Ta]} + tip (20)

n=1

where an,t =l — lfm.
As showed in Appendix I, the stage-specific employment gap in terms of output gap and relative

price gap for n =2,3,..., N — 1 are given by
N . N
=) Gin— 0@ +lnt1e— [ D Gir — 0] +dny
i=n i=n-+1

with
Int = 0lgne — 0G| + & +dny

Mz

lgt* tfact +d1t
where d,, ; = In( 1(P’1‘3:L(:‘ )~%du) measures the price dispersion in stage n. Details can be found in
Appendix I.

For simplicity, we denote

l,t:fn(gn,tv"'agNt +g Ct+zdgt

g=n

where g(n) = (N —n)(l—¢)o+1—¢o forn=2,3,...,N, and g(1) = (N —1)(1 — ¢)o + 1.
Then, by summing up U(C;) — U and V(L) — V and also noting that efficiency of steady state

implies U.C' = VL in closed-economy, the first order terms all cancel out, and only the second

order terms are left. The welfare loss function as a fraction of steady state consumption is thus

given by

= L UC) -VI(L) - (U-V
W=5Y s (Cy) (UC)* ( )

t=0
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) N N
LB B = )8 Y g+ fa(un G D06V I ) (21)
t=0 n=1 n=1
where L—L" =(1—¢)¢p" " forn=2,3,...,N and % =L

Appendix (J) shows the welfare loss function for the case of N = 2 and N = 3 without
abbreviation (i.e., expanding LT", g(n), and f,(-) for n).

In general, monetary policy cannot attain Pareto optimal allocation except in special cases with
restrictions on productivity shocks. We proceed with the following proposition.

Proposition 2: in the closed-economy model with N-stage of production and labor being used
in each production stage (i.e., 0 < ¢ < 1), there is no monetary policy that can replicate flexible
price equilibrium (Pareto-optimal allocation) unless the stage-specific productivity shocks satisfy
E?:_ll (b"ﬂ;l(qb —1DAa; s+ Aayy =0forn=2,...,N and for all ¢.

E.2 Discussion about the terms and coeflicients in welfare loss function

There are three main parts in the welfare loss function: (a) output gap, and terms measuring
stage-specific unemployment gap written in output gap, (b) the relative price gap, and (c) terms
measuring stage-specific inflation. More specifically, as showed in the expression of welfare loss

function (21), the coefficients before output gap ¢ and the stage-specific inflation, i.e., 72, for

n,t
Vn, are all positive.?? Therefore, similar to the standard welfare loss function (e.g., Rotemberg
and Woodford, 1999; Woodford, 2003), the objective for a benevolent central bank still includes
stabilizing output gap and inflation (i.e., the final stage inflation corresponding to typical “inflation”
in literature).

Besides the output gap and final-stage inflation, there are many more terms included in the
welfare loss function, classified by those measuring stage-specific unemployment gaps and stage-
specific inflation. It suggests that the central bank should not only care about the output gap and
CPI, but also need to pay attention to the variations in PPI inflation and the gaps of the real
marginal cost in the production of intermediate goods.

Importantly, as showed in the expression of welfare loss function (21), by aggregating the terms
of output gap ¢2, the coefficient before output gap is Zf:;l LL—"g(n)2 — (1 — o), which is a function
of the production structure, and changes with the number of total production stage N. In contrast,
the coefficient before CPI (i.e., the final stage inflation W?V’t) is a constant 9)\17\,1. That is to say,
even the central bank follows the Taylor Rule, or the monetary rule suggested by Huang and Liu
(2005), i.e., targeting both CPI and PPI, the optimal weights before output gap and CPI (or PPI)
are changing with the production structure of the economy.

The welfare loss function with multi-stage production indicates that targeting both CPI and

PPI are not satisfactory. Instead, the central bank needs to pay attention to all stage-specific

22Details about the proof can be found in Appendix K.
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inflation during production process, especially in the case of lengthening production chain. Those

2

2 ., in welfare loss function have two

terms measuring stage-specific inflation, i.e., 22;1 0¢N_”)\,_Ll7r
important implications. On the one hand, given the total number of production stages N and the
price stickiness being the same across different stages, the coefficients before inflation in downstream
stages are larger compared with those in upstream stages. On the other hand, as the number of
total stages N increases, there are more terms of upstream inflation included in the welfare loss
function, while the terms for downstream inflation do not change. In the latter case, the relative
importance of final stage inflation (i.e., CPI) in welfare loss function becomes smaller; however, the
inflation in upstream stages becomes more relatively important. That is to say, as the production
length becomes longer, the central bank needs to care more about inflation in intermediate stages
but less on final stage inflation (i.e, CPI).

From the perspective of practice, if the stage-specific inflation cannot be attained, PPI, as a
sales-weighted price index for intermediate goods across all stages, can be a approximation. But, in
general, if PPI index is available, the information used to construct PPI index is enough to construct
the stage-specific inflation. For instance, in the PPI program of US Bureau of Labor Statistics,
it not only constructs the aggregate PPI index, but also constructs the stage-specific inflation
indices in a four-stage vertical production framework with the same original data.?? Their idea in
constructing this system of indices is to choose the total number of stages and assign industries to
stages of production in such a manner that maximizes forward goods flow along vertical chain while

minimizes backward flow and internal goods flow within the system.

F Equilibrium characterization with N-stage of production

in closed economy

F.1 The steady state equilibrium

We first characterize the steady state with perfect foresight. Since the whole economy does not

change with timing, we can ignore the timing index ¢ in all variables, and A,, = 1 forn =1,2,...  N.
The optimal pricing decision for firms at stage n, n =1,2,..., N, becomes
Py =pv,

By the aggregate price expression (12), in steady state,

P, =P =u7,

23Details for the stage-specific inflation indices constructed by US Bureau of Labor Statistics can be found at
https://www.bls.gov/ppi/fdidsummary.htm, or Weinhagen (2011).
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Now, we solve for the price indices in terms of wages and derive the labor demand function.
Note that P, = P,,; forn=1,2,...,N—1,and I',, = PPW1=¢ forn =2,3,..., N with I, = W.

By substituting P, the relationship of price index across adjacent stages is given by
P, = MW1_¢(Pn—1)¢
form=2,...,N and P = uWW.

By writing all price index in terms of wage, it comes

n—1

ee n—2 —_ n—1
P, = (u)1+¢+ RN 7 7 (p1)¢

1—¢™

:’ulfdaW

forn=2,...,N with P, = uW.
Since P, (u) = P, for u € [0,1] in steady state, we have

Yd—1,t(u) =Yy

n n,t

Together with goods market clear condition Y,, ; = Y,f_mt, and factor market demand function
(8) and (7), forn=2,...,N — 1, we get

r, —
V=05 Vi
Fn ¥
Li =(1- (b)W 7?+1
where Yy = C, Yy = ¢%§c, LY = (1—¢)HxC, and LY = 2V5. By substituting the price index
and unit cost function in each stage, for n = 2,..., N, the factor demand functions for both labor

and composite intermediate goods are given by

_ n—1_4N
Yf _ ¢N+1—n(’u)7(N+1fn)+%c

1-¢N

L= (1 - )" " (u) Nt =a ¢ (22)

with Ld = Y 24

Therefore, by summing up labor demand across all stages, the total labor demand function

24 A simple way of thinking labor demand in each stage can be viewed as backward deduction (which is helpful
when taking log-linearization), i.e.,
L'LriL:Lg+1 c¢pptn=2..N

o = (o
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becomes
N N

d — Z[(l _ ¢)¢N7n,ul—(N+l—n)+1f_¢¢

n=2

=9

O] 4 6N 1 (VDS (23)

By the labor supply function (1) together with the price index, the labor supply in steady state

becomes
1—¢N

LYCo° = (p)~ =9 (24)

Given L? = L, the two equations (23) and (24) fully characterize the steady state total con-

sumption and total employment.

F.2 The flexible price equilibrium

In order to get the efficient allocation of the model, i.e., natural rate of the output, we solve the
flexible price equilibrium similarly as in the steady state equilibrium. In flexible price equilibrium,

an, = 0 for Vn, and then the optimal pricing decision for firms at stage n, n =1,2,..., N, becomes
P ;,t = plp,
By the aggregate price expression (12), we have

P, ::})*¢ ::ﬁd?nﬁ

) n

Similar to the steady state case, we solve for the price indices in terms of wages and productivity.
Note that P, ; = P14 forn=1,2,...,N—1,and I, ; = Pf)tth_d)/An)t forn=2,3,..., N with
I'y = W;/A1,. By substituting Pn,t, the relationship of price index across adjacent stages is given
by

P, = Mth_d)(Pn—l,t)(ﬁ/An,t
forn=2,...,N and P, = uW/Aq,.

By writing all price index in terms of wage, we get

. n—2 _an—1 n—1 o n—g
Py = () oo et (o)t e, ALY

= p e W A (25)

forn=2,...,N.

Similar to the derivation for labor demand function in steady state, the labor demand function
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in each stage in flexible price equilibrium is given by

Ld _ (1 _ ¢)¢N7’I’LM7(N+17’I’L)+ 11_:75;\{

n,t —

N-—g
Y A G (26)

[ gt
forn=2,3,..., N with L’{l’t = (%)u‘ng)t. Details can be found in Appendix G.
Therefore, total labor demand is given by

n

_N—
L=l ALY G (27)

where 7 is a constant, and it is given by

N e L
=S 1(1 = g)gN T NHW R 0] 4 N1y m (VoD

n=2

By the labor supply function (1) together with the price index, we know
® 1N N pN-"
LYC? = I Hn:lAn,t (28)

After taking log-deviation from steady state for both the total labor demand (27) and labor
supply (28), we get

N
H=c =) ¢" "an] (29)
n=1
and
N
il +ocf = Z N a4 (30)
n=1

Therefore, the log-deviation of output from steady state under flexible price c{ is given by

1 N
) DA

n=1

By the Euler equation (4), the IS curve is characterized by

1.
ol = Ey(clyy) - ;[lt — Ey(n,e41) — P
which implies the natural rate of interest as
7T =iy — Ey(TN 1+1)

=p+ UEt{C{Jrl - C{}
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Given the expression of output and the process of productivity shocks, we have

o(l+)

v +o —F Z¢N "Nt t41] (31)

where Aay, ¢+ = an,t — apn—1 is the growth rate of productivity in stage n.

F.3 The sticky-price equilibrium

We now derive New Keynesian Phillips curves for each stage as a function of relative price gap and
output gap, and characterize the equilibrium with sticky price. Similar to the derivation in Gali

(2015), in each stage of production n = 1,2,..., N, firms’ optimal pricing decision gives

Tn,t = 5Et7rn,t+1 + )\n’?n,t

where )\, = (=8an)(d=an)

and 7,, is the log-derivation of real marginal cost from flexible price
equilibrium, i.e.,
:Yn,t = ln(rn,t/Pn,t) ln(F’fL t/ 4y, t)

where I'}, ; and P, , is the marginal cost and aggregate price in stage n under flexible price equilib-
rium.

Following Huang and Liu (2005), without losing generality, we assume ¢ = 0. Then, together
with labor supply function (28), for n = 2,3,..., N — 1, the log-derivation of real marginal cost can

be written as a function of relative price gap and output gap, i.e.,

Vot = Gns + (L= O)od — > Gidl (32)

N
Y1, =0C — Zgi,t
i=2

Ini = ¢gne + (1 — p)ocy

f

P
where g, ¢ is the relative price gap between stage n and stage n—1, i.e., gn+ = ln( o it) In( ;fl L.

n,t

Details for Expression (32) can be found in Appendix H.
After log-linearizing the Euler equation around steady state and subtracting the natural rate IS

curve, we get the IS curve with stick price as

5 1.. _
¢t = EiCipq — ;[Zt — Ey(mN 1) — 774
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where 77; is the natural rate of interest.
The law of motion for relative price gap between stage n and stage n — 1, forn =2,3,..., N, is

characterized by
gn,t = gn,tfl + Tn—1,t — Tnt — Agi,t

where Ag{lt = gfi_’t — gg’tfl. By Equation (25), we have
n—1 ‘
Ag’r{,t = Z gbnilil((ﬁ — 1)Aai7t —+ Aaln,t

i=1

Give the monetary policy rule, the Phillips curve, IS curve, and the law of motion for relative

price gap fully pin down the dynamic equilibrium under sticky prices.

G Labor demand function in flexible price equilibrium in

closed economy

Similar to the derivation in steady state equilibrium, we derive the labor demand function in flexible

price equilibrium. Note that, in flexible price, P, (u) = P, for u € [0,1]. We then get
Ygﬂ,t(u) = Yg_,t

Together with goods market clear condition Y,, ; = Yf+17t, and factor market demand function
(8) and (7), forn=2,...,N — 1, we get

Fn,t
erl,f = d)ﬁ,t 7fl+1,f
r,,_
d n,tyrd
Ln t (1 - ¢) Wt Yn+1,t
where Yy, = Cy, Yy = ¢T3 Cy, L, = (1 — )32 Cy, and L, = TV,

Note that Py = Py for n=1,2,...,N — 1, and Ty = Py W, ?/A,, for n =2,3,...,N
with I'y = W;/A; ;. By substituting the unit cost function in each stage, for n = 2,..., N, we get

labor demand in each stage follows

_ 925 W,
Yr;i,t = : Z,t
1- ¢ Pn—l,t
and thus P -
n—1,t t — —
bne=07p S o) ik
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1 ¢ W
4 =_— 7 trd
L P T

A simple way of thinking labor demand in each stage can be viewed as backward deduction

(which is helpful when taking log-linearization), i.e.,
Lz,t :L(ril—s—l,t‘(ﬁ'lu’ila n:2,"'aN

¢ | _
Lii,t = (m)ﬂ ng,t

Note that L% , = (1 — qﬁ)%Ct, which indicates
o—¢N _oN-9
L(]iV,t =(1—-¢)p 7 Hf;V:1Ag,f Ci

Therefore, for n =2,3,..., N, we get labor demand function in each stage as

(pN

1— N—
= N —¢7 Y
0 VY o

LE, = (1 - g)p" T VH

with L{, = (12514,

H The log-derivation of real marginal cost from flexible price

equilibrium in closed economy

Note that, forn =2,3,...,N, ', = Pf;tth_qb/Amt and PnJ = P,_1,+. The log-derivation of real

marginal cost is then given by
’?n,t = ln(rn,t/Pn,t) - ln(TZ,t/PZ,t)

= GNP,/ Pat) = In(Pr_y o/ P )] + (1= §)[In(Wi/ o) — (W /P] )]

Denote gn¢ = In(Py_1,t/Pny) and oy = In(Py_1,4/Pay) — ¢}, Forn=1,2,...,N —1

have

, we

N

InP, ;= Z Git +InPny
i=n—+1

N
= DPnit = Z git + DNt
1=n+1
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Also, by the labor supply equation (28), by assuming 1 = 0, we have
Wt — PNt = 0Ct

Therefore, for n = 2,3,... N — 1, the log-derivation of real marginal cost can be written as
’771,t = ¢§7l,t + (1 - ¢)[U~}t - f)n,t]

= @Gt + (1 — @)[0Ct + PNt — Pr.t]
N
= OGns + (1= O)oé — Y Gidl
i=n+1
with ¥y, = ¢gn¢ + (1 — ¢)oé.
Similarly, for the first stage n = 1, since I'y = W, /A; 4, we have

Y14 =Wt — D1t

I Stage-specific employment gap in closed-economy with N-

stage production

We derive the stage-specific employment gap in terms of output gap and relative price gap. By the
factor demand function (7), (8), and (11) in each stage, and substituting with the unit cost, for

n=2,3,...,N, we have
InLyy = n(1 — @) + ¢[InPy_1, — InWy] — InAyy + InY,e |+ dny

— ln,t = ln(l - ¢) + ¢[pn—1,t - wt] — Gnt + lnffyf_}l’t + dn,t

where d,,; = In( Ol(m%(tw)_adu) and Iy = —ay ¢ + InYs', + due.

s

By the factor demand function for intermediate goods and labor in each stage, i.e., Expression
(7) and (8), for n =2,3,..., N, we get

1-¢
¢

)+ -1, — wy + InY,,

Note that Yﬁ,)t = C}. Then, by substituting InY,% 't1,t, we can get backward induction relationship
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for the stage-specific employment, i.e., for the stage of n = N,
Ine=1n(1—¢) +PpN-14 —w] —ant+ e +dnye
forn=2,3,...,N —1,
bt =1n(@) + Olpn—1t — W] — @t + o1t — [Prg — wie] +dny

forn =1,
lie=—a1s+loe— [P — we] +diy

As showed in Appendix H, for n = 1,2,..., N, we have p,; = Zi\;n_ﬂ 9it + PN, and, by
assuming ¢ = 0, w; —pn,+ = oc;. The stage specific employment can be written in terms of relative

price and output as, for n = NV,

Ing=1n(1 —¢) + Plgn,t — 0ct] —anys + ¢t +dny

forn=2,3,...,N -1,

N N
lnt = In(o) + ¢>[Z Git — 0Ct] — anyg + g1, — [ Z git — 0] +dny
i=n 1=n—+1
for n =1,
N
ha=—are+lae— ) gir—oc]+du
i=2

By subtracting the corresponding equations for flexible price equilibrium, the stage-specific

employment gap in terms of output gap and relative price gap is given by, forn =2,3,... ;N — 1,
} N 3 N
lnt = ¢[Z Git — 0C + lng1e — [ Z Git —0C| +dnt
i=n i=n+1
with

INt = Blgn: — oG] + & +dny

N

Zl,t = l~2,t - [Z Git — 0C) +diy
i=2

Therefore, by solving forward induction, the stage-specific employment gap is given by, for
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N N
lnt = ¢[Z Git — ¢+ lny1 — [ Z Git — 0G|+ dny
i=n i=n+1

with
INt = OGNt — 0C] + G + dny

N
Lt =lps— [Z Git — 0G| +dyy
i=2

J The closed-form welfare loss function for the case of N = 2

and N = 3 in closed-economy

To illustrate the welfare loss function, we show the analytical welfare loss function for the case of
N =2 and N = 3 without abbreviation. For the case of N = 2, by Appendix I, the stage-specific

employment gap in terms of output gap and relative price gap is given by
l~1,t =(1+0—09)e+(¢— 1)t +di¢+doy

oy = (1— @) + ¢ + doy

Since % = ¢ and % = 1 — ¢, by plugging into Equation (21), the welfare loss function with

N =2 is given by
| N L N i
W=—sB0 ) A{o6 + 61— 9)lot — Gosl® + 003 75 + 06N 't 4}
t=0

which is exactly the same with the results in Huang and Liu (2005).
Similarly, for the case of N = 3, the stage-specific employment gap in terms of output gap and

relative price gap is given by
he = (1420 —200)& +2(¢ — 1)ise + (6 = 1)g2. + due + day +daye

lap = (1+0—200)¢ + (26 — 1)gss + ¢gas + dos + dss
lie=(1—0¢)é + ¢pgss + ds

Since L+ = ¢?, L2 = ¢(1 — ¢) and &2 = 1 — ¢, by plugging into Equation (21), the welfare loss
L L L
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function with V = 3 is given by
1 (o)
W==2E ) B{~(1-0)& +¢[(1+20 —200)c +2(6 — Vs + (& — 1))
t=0

+(1 = @)B[(1 + 0 — 200)¢ + (26 — 1)da,e + Fa,¢]?
+(1=¢)[(1 —o9)e + ¢§3,t]2

+OX3 TS, 4 0oy TS, + 00PN w3 )

K The proof for positive coefficient of output gap in welfare

loss function

The coefficient of output gap ¢ in the welfare loss function (21) is given by
N
~(-0)+ 3 g =/

n=1

Note that the stage-specific labor share under efficient steady state yields

L, .
f:(1—¢)¢N ,n=23,...,N

and g(n) = (N —n)(1—¢)o+1—¢o forn=2,3,...,N, and g(1) = (N — 1)(1 — ¢)o + 1. Also,
since ¢ < 1 and o < 1, it is obvious that g(n) > 1 —o¢ > 0 for Vn.

Therefore,

=(1-0¢)—(1-0)
=o(l—¢)>0

In other words, the coefficient of output gap in the welfare loss function is positive.
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