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Abstract

We consider a stationary setting featuring forward-looking behavior, higher-order uncertainty, and
learning. We obtain an observational equivalence result that recasts the aggregate dynamics of
this setting as that of a representative-agent model featuring two distortions: myopia in the sense
of extra discounting of the future; and anchoring of the current outcome to the past outcome, as
in models featuring habit persistence, adjustment costs, or momentum. This builds a bridge to
both the DSGE literature and an emerging literature on bounded rationality. We further show that
the as-if distortions are larger when the general-equilibrium interaction is stronger; this property
reflects the role of higher-order uncertainty and helps reduce the gap between macroeconomic
and microeconomic estimates of adjustment frictions. We illustrate the quantitative potential of
our theory in the context of inflation by showing how it can help rationalize existing estimates of
the Hybrid NKPC while also matching survey evidence on expectations. We discuss additional
applications to consumption, investment, and asset prices.
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1 Introduction

Modern macroeconomic models emphasize forward-looking expectations. For instance, the modern
analogue of the IS curve relates current spending to expectations of future spending; the New Keyne-
sian Philips Curve (NKPC) ties current inflation to expectations of future inflation and future output
gaps; and the basic, rational-expectations, asset-pricing model gives the equilibrium price of an asset
as the present discounted value of future dividends.

Such models face (at least) two kinds of challenges. First, they often predict implausibly strong
responses to news about the distant feature, a problem emphasized in the recent literature on the
forward-guidance puzzle.! Second, they have hard time capturing the persistence of the aggregate
time series and in particular the property that actual outcomes appear to respond sluggishly to the
underlying innovations, as if there is a strong backward-looking component in their laws of motion.

To address the first problem, an emerging literature sacrifices on rational expectations.” And to
address the second problem, the DSGE literature sacrifices on the micro-foundations, augmenting
the key equations of the theory with ad hoc backward-looking elements that find little support in the
microeconomic data and in the kind of models used to understand such data.’

In this paper, we propose a simple alternative that addresses both problems, maintains rational
expectations, and eases the aforementioned disconnect between micro and macro. This is achieved
by accommodating incomplete information (or rational inattention), higher-order uncertainty, and

learning. The key insight is that these features are akin to the combination of two distortions:

* myopia, or extra discounting of the future; and

e anchoring of current outcomes to past outcomes.

Furthermore, the predicted distortions are larger the stronger the general-equilibrium (GE) feedback
in the economy is, which explains why these distortions may loom at the macro level even if they
seem small in micro data. Last but not least, the proposed resolution appears to be quantitatively
potent and is corroborated by evidence on expectations (Coibion and Gorodnichenko, 2012, 2015).

Framework. Our starting point is a game with a continuum of players and best responses that
depend positively on the expectations of the future actions of others. Denote with &; the exogenous,
payoff-relevant fundamental and with a; the equilibrium outcome (the average action). When in-

formation is complete, our setting reduces to a representative-agent model, in which a; obeys the

"Del Negro, Giannoni, and Patterson (2015), McKay, Nakamura, and Steinsson (2016), and Angeletos and Lian (2016a).

2Gabaix (2016), Farhi and Werning (2017), and Woodford (2018).

*For instance, to capture the dynamics of inflation, Gali and Gertler (1999), Christiano, Fichenbaum, and Evans (2005),
Smets and Wouters (2007), and many others replace the standard NKPC with the Hybrid NKPC, a variant that finds no
support in the microeconomic data on prices and in the related menu-cost literature. Similarly, to match the dynamics
of aggregate consumption, the macro literature has assumed a degree of habit that is much higher than that estimated in
microeconomic data (Havranek, Rusnak, and Sokolova, 2017); and to match the dynamics of investment, the literature has
assumed a form of adjustment cost that is incompatible with that found in the related micro literature.



following law of motion:

at = 9& + 0B [ag41] (1)

where ¢ > 0, 6 € (0,1], and E,[-] denotes the rational expectation of the representative agent.

Condition (1) directly nests each of the two key equations of the New Keynesian model: the NKPC
and the Dynamic IS curve. To capture the former, interpret &; as the output gap, or the real marginal
cost, and a; as inflation. To capture the latter, interpret & as the real interest rate and a; as aggregate
spending. Alternatively, condition (1) can be read as an asset-pricing equation, with &; standing for
the current expectation of the next-period dividend and a; for the price.

We depart from the representative-agent benchmark by allowing information to be incomplete.
The informational friction can be the product either of the geographic segmentation of information
(Lucas, 1972) or of bounded rationality in the form of rational inattention (Sims, 2003). One way or
another, the key is that we accommodate, not only imperfect observability of the underlying aggregate
fundamental, but also higher-order uncertainty (uncertainty about the beliefs and actions of others).
In other words, we allow the agents to face realistic doubts about what others know and how others
will respond to any news about the current state and the future prospects of the economy.

Main Result. Our main result is an observational equivalence between the incomplete-information
economy described above and a variant, complete-information, representative-agent economy in

which condition (1) is modified as follows:
ar = @& + dwEy [azp1] + wpai—1 )

for some scalars wy < 1 and wy, > 0. The first modification (wy < 1) represents myopia towards the
future. The second modification (w, > 0) represents anchoring of the current outcome to the past
outcome. Both distortions are shown to increase, not only with the level of noise, but also with the
strength of the underlying GE effects.

The exact form of this result relies on strong assumptions about the process for & and the infor-
mation structure. Nevertheless, the result encapsulates two general insights, whose robustness we
document in Section 10 under a more flexible specification of our model.

The first insight abstracts from the dynamics of learning and focuses on the question of how the
informational friction impacts the response of the economy to the underlying innovations. Two ef-
fects are at work here. First, the imperfect observation of these innovations arrests the response of
the beliefs of the fundamental. Second, the higher-order uncertainty arrests the response of the ex-
pectations of the future outcomes at an even greater degree than that characterizing the beliefs of
the fundamental. Both effects contribute towards making the economy respond to news about the
future as if the news is discounted more heavily than in the frictionless benchmark, explaining the

form of myopia accommodated in our paper. And since the second effect is more relevant when



the general-equilibrium (GE) feedback in the economy is stronger, the documented form of myopia
increases with the strength of the GE feedback.

The second insight shifts attention to learning. Learning induces persistence and momentum, not
only in the beliefs of the underlying fundamentals, but also in the expectations of the future outcomes.
Furthermore, the persistence is stronger in the latter kind of beliefs than in the former, reflecting the
interaction of learning with higher-order uncertainty. This explains why the current outcome appears
to be anchored to the past outcome at a rate that, like our form of myopia, increases with the strength
of the GE feedback.

Earlier, more special versions of these insights appear in Angeletos and Lian (2016a), for the first
insight, and Woodford (2003), for the second.* Our contribution is, not only to blend the two insights
and to study their interaction, but also and, perhaps most importantly, to operationalize them in terms
of the observational-equivalence result presented above. This builds a bridge to the DSGE literature
(Christiano, Eichenbaum, and Evans, 2005; Smets and Wouters, 2007), offers a sharp illustration of
how informational frictions help address the empirical challenges mentioned earlier, and paves the
way to our main empirical application, that on inflation.

GE and Micro vs Macro. As already explained, our theory predicts that wy falls and wj, increases
with the strength of the GE feedback. In the context of the Dynamic IS curve, the relevant GE feedback
is the Keynesian income-spending multiplier; in the context of the NKPC, it is the dynamic strategic
complementarity in the price-setting decisions of the firms; and in the context of asset pricing, it has
to do with how much current traders speculate against future traders.

The GE feedback matters because it regulates the importance of higher-order uncertainty. But this
feedback is active only when agents respond to aggregate shocks. It follows that the documented
forms of myopia and anchoring may loom large at the macro level even if they appear to be small in
micro data. This provides a simple, unified explanation to why the macroeconomic estimates of the
habit persistence in consumption are higher than their microeconomic counterparts (Havranek, Rus-
nak, and Sokolova, 2017), why the persistence of inflation is higher in the aggregate time series than
in disaggregated data (Altissimo et al., 2010), and why asset-price momentum is more pronounced
at the aggregate level (Jung and Shiller, 2005).

Application to Inflation. The main application of our theory concerns the dynamics of inflation.
We take the supply block of the New Keynesian model, which is summarized in the standard NKPC,
and introduce incomplete information. We assume a modest degree of price stickiness, that is, one
in line with the microeconomic evidence and textbook parameterizations, not the higher one often

assumed in the DSGE literature. We next show that our theory helps rationalize existing estimates of

*It is worth noting that, whereas Woodford (2003) documents the second insight with numerical simulations, we are
able to offer a sharp formalization of it. Mankiw and Reis (2002) and Sims (2003) also touch on the second insight, although
they do not explain the roles of GE effects and higher-order beliefs.



the Hybrid NKPC, such as those found in Gali and Gertler (1999) and Gali, Gertler, and Lopez-Salido
(2005). Importantly, this is achieved with an informational friction that also matches the evidence on
inflation expectations provided by Coibion and Gorodnichenko (2012, 2015).

With this application, we not only illustrate the applied value of our observational-equivalence
result, but also connect the theory to evidence on expectations. Note in particular that Coibion
and Gorodnichenko (2012, 2015) treated inflation as an exogenous variable. In so doing, this work
provided empirical moments that help gauge the level of the informational friction but did not quantify
its impact on the actual inflation dynamics. Our paper contributes towards filling this gap.”

Applications to Consumption, Investment, and Asset Prices. Our second application shifts the
focus to the demand block of the New Keynesian model: we show how incomplete information can
arrest the response of aggregate consumption to monetary policy, can offer a micro-foundation of the
form of consumption habit assumed in the DSGE literature, and can help ease the disconnect between
the micro and macro estimates of such habit. Our theory also implies that the as-if distortions are
largest when the Keynesian income-spending multiplier is stronger, a point that suggests an important
interaction between our mechanism and credit frictions.

Turning to investment, we show how a model in which it is costly to adjust the capital stock may
end up looking like a model in which it is costly to adjust the rate of investment. This helps reconcile
the DSGE literature with the literature that studies investment dynamics at the firm or plant level.

Finally, applying our results to an asset-pricing context helps, not only produce momentum along
the lines of Kasa, Walker, and Whiteman (2014), but also rationalize irresponsiveness to information
about fundamentals at long horizons. This in turn hints to a possible fragility of the predictions of the
literature that emphasizes long-term risks to the accommodation of higher-order uncertainty.

Layout. Section 2 expands on the related literature. Section 3 introduces our baseline framework.
Section 4 characterizes the equilibrium. Section 5 develops the observational-equivalence result.
Section 6 isolates the role of higher-order beliefs and elaborates on the distinct implications that
our theory has at the macro and the micro level. Section 7 contains our main application, the one
regarding the NKPC. Sections 8 and 9 consider the applications to consumption, investment, and

asset prices. Section 10 expands on the robustness of our insights. Section 11 concludes.

*Related to our approach, a number of studies (Fuhrer and Moore, 1995; Roberts, 1997; Nunes, 2010; Adam and
Padula, 2011; Fuhrer, 2012) use direct measures of expectations in survey data as proxies for the representative agent’s
inflation expectations when estimating the standard NKPC. As discussed in Mavroeidis, Plagborg-Mgaller, and Stock (2014),
this approach is inconsistent with the micro-foundations of the NKPC, which is based on the assumption of symmetric
information. Our approach avoids this problem.



2 Related Literature

Our paper builds heavily on the literature on informational frictions. Our main marginal contributions
are the sharp observational-equivalence result; the bridge to the DSGE literature; and the empirical
exercise in the context of inflation. An additional contribution is the analysis in Section 10; this
develops a flexible yet tractable specification of the information structure, which overcomes the usual
difficulties in characterizing the dynamics of higher-order beliefs.

Morris and Shin (2002) and Woodford (2003) emphasize that higher-order beliefs move less than
first-order beliefs, but abstract from forward-looking behavior and do not contain the insight that
incomplete information can rationalize myopia at the aggregate level. Conversely, Angeletos and
Lian (2016a) offer the latter insight, but abstract from learning, thus also shutting down the kind of
momentum we accommodate here. In addition, they consider a non-stationary setting, which rules
out recurring shocks and is therefore inappropriate for the applied purposes of our paper.

Nimark (2008) is the first paper to combine incomplete information with Calvo-like sticky prices,
thus anticipating the application found in Section 7 of this paper. In particular, that paper shares both
our emphasis on forward-looking beliefs and the insight that incomplete information can rationalize
a backward-looking component in the inflation dynamics. It does not, however, contain either our
analytical results or our empirical explorations.

Allen, Morris, and Shin (2006), Bacchetta and van Wincoop (2006), Kasa, Walker, and Whiteman
(2014), and Nimark (2017) study a similar asset-pricing application as the one found in Section 8
of our paper. We complement these papers by offering a sharp representation of how incomplete
information can rationalize momentum and as well as myopia.

Mackowiak and Wiederholt (2009) argue that rational inattention can reconcile price rigidity at
the macro level with price flexibility at the micro level and, relatedly, Carroll et al. (2018) argue that
informational frictions can reconcile the micro and macro estimates of consumption habit. Although
this message sounds similar to one of ours, the mechanism is distinct. In those papers, the difference
between micro and macro is attributed to the idea that agents pay less attention to, or otherwise face
greater first-order uncertainty about, aggregate shocks relative to idiosyncratic shocks. In our paper,
instead, the difference is attributed to GE effects and higher-order uncertainty; it is therefore present
even if the agents face the same level of first-order uncertainty about the two kinds of shocks.

By replacing rational expectations with alternative solution concepts, Gabaix (2016) and Farhi
and Werning (2017) accommodate a similar form of myopia as the one found in the present paper
and in the earlier work of Angeletos and Lian (2016a). They do not, however, produce our second
feature, the anchoring of current outcomes to past outcomes and the momentum in beliefs. In terms
of condition (2), they let wy < 1 but restrict w, = 0. A recent paper by Woodford (2018), on the

other hand, accomplishes both objectives by combining finite planning horizons—in the form of a



truncation in the value-function iteration of the agents’ decision problems—with a form of adaptive
leaning. We view these approaches as complementary to ours, but prefer ours because it preserves
rational expectations and it offers a simple yet powerful explanation of salient features of the data.
Related is also the literature on adaptive learning (Sargent, 1993; Evans and Honkapohja, 2012;
Marcet and Nicolini, 2003). This literature, too, departs from rational expectations in order to ac-
commodate, among other effects, a form of anchoring similar to ours; see, in particular, Carvalho
et al. (2017) for an application in the context of inflation. Not only does our approach reconcile
such anchoring with rational expectations, but it also disentangles the expectations of aggregate out-
comes and the associated GE effects (which relate to higher-order beliefs) from the expectations of

fundamentals and the associated PE effects (which relate to first-order beliefs).

3 The Abstract Framework

Time is discrete, indexed by ¢t € {0, 1, ...}, and there is a continuum of players, indexed by i € [0, 1]. In
each period ¢, each agent i chooses an action a;; € R. We denote the corresponding average action

by a;. We specify the best response of player i in period ¢ as follows:

ait = Eit [p& + Bait1 + vari1] (3)

where &, is the exogenous payoff-relevant fundamental, E;[] is the expectation operator conditional
on the period—t information of player i, and ¢ > 0 and 3, € [0, 1) are fixed parameters.

Our framework is similar to the one used in Section 5 of Angeletos and Lian (2016a). But whereas
that paper focuses on the more narrow question of how ag responds to news about &7 for some T' > 1
holding & = 0 for all ¢t # T', our paper accommodates recurrent shocks and proceeds to characterize
how learning and higher-order uncertainty affect the equilibrium dynamics. Our framework also
resembles the beauty-contest games studied in Morris and Shin (2002), Angeletos and Pavan (2007),
and Woodford (2003), except that behavior is not forward looking in these papers. By contrast,
forward-looking behavior is at the core of the applications we are concerned with in this paper.

The extent to which behavior is forward-looking is parameterized by the scalars g and ~. In par-
ticular, B identifies the extent to which the optimal action of an agent depends on her expectations of
her own future action, whereas - controls the extent to which the optimal action of an agent depends
on her expectations of the future actions of others. In applications, this kind of dynamic strategic
complementarity captures GE effects such as the feedback from expectations of future inflation to
current inflation (this feedback lies behind the NKPC), or the feedback from expectations of future
aggregate spending to current aggregate spending (this is the modern version of the Keynesian cross).

To see more clearly how the current outcome depends on expectations of the entire future, iterate



condition (3) and aggregate across agents to obtain the following expression:
o o
ar =Y BBy [0&rnl + 7Y Bt [arsrsa] (4)
k=0 k=0

where E;[.] denotes the average expectation in the cross-section of the population. It is then evident
that the aggregate outcome today depends, not only on the beliefs of the future path of the exogenous
fundamental, but also on the beliefs of the future path of the endogenous outcome itself. Furthermore,
B controls the rate at which the future is discounted, and ~ controls the strength of the GE feedback
from the expectations of the future values of the aggregate outcome to its current value.
Interpretation. When all agents share the same information, we can replace E;[-] with the ex-
pectation of the representative agent, that is, the expectation conditional on the common information

set. We can then use the Law of Iterated Expectations to reduce condition (4) to the following:
ay = Et[ﬁpgt + (5at+1], (5)

where E;[-] denotes the expectation of the representative agent and § = 8 + ~. It is then immediate
to see that the complete-information version of our framework nests the two building blocks of the
NKPC is nested with a; standing for inflation and &; for the real marginal cost or the output gap; and
the Dynamic IS Cure (that is, the Euler condition of the representative consumer) is nested with a;
standing for consumption and &, for the real rate of return. Alternatively, condition (5) can represent
a risk-neutral asset-pricing equation with a; standing for the asset price and &, for the next-period
dividend. A similar point applies to the Q-theory of investment. We will study these applications,
and their incomplete-information variants, in Sections 7 and 8.

Shocks and Information. To complete the model, we need to specify the stochastic process for
the exogenous fundamental and of the information structure. For the bulk of our analysis (i.e., with
the exception of Section 10), we make the following two assumptions. First, we let the fundamental

& follow an AR(1) process:
& = p&—1+m, me~N(0,1) (6)

where p € (0, 1) parameterizes the persistence of the fundamental. (Note that the volatility is normal-

ized to 1.) Second, we assume that player i receives a new signal each period, given by
zit = & +wi,  wir ~ N(0,07) 7)

where o > 0 parameterizes the informational friction (the level of noise). The player’s information in
period ¢ is the history of signals up to that period.

These assumptions are restrictive. The main justification is that they facilitate a sharp character-



ization of the incomplete-information outcomes and lead to our observational-equivalence result.
Yet, the insights that obtain from our analysis are not unduly sensitive to these assumptions. This
will become evident in Section 10, where we study the structure and the dynamics of the underlying
higher-order beliefs under a more flexible information structure. The “beauty” of our observation-
equivalence result is then lost, but the key ideas survive.

Rational Expectations and Common Knowledge. Throughout, we use Rational Expectations Equi-
librium as our solution concept. But whereas a standard practice is to combine this solution concept
with complete, or “full,” information, which herein means setting ¢ = 0, we allow for ¢ > 0 and
study how this affects the predictions of the theory.

It is important to recognize that o = 0 imposes, not only that every agent knows &;, but also that
she is perfectly confident that every other agent knows &;, that everyone knows that everyone knows,
and so on, ad infinitum. Along with the simplifying assumption that there is no other information
about the future fundamental, common knowledge of the current value of & induces also a common
belief about the entire future path of it: everybody shares the same expectations about the future
fundamentals, and this fact itself is common knowledge. Finally, the combination of such common
knowledge with the rational-expectations solution concept implies that the agents can reach a perfect
consensus about the future path not only of & but also of a;, the endogenous outcome.

In a nutshell, setting & = 0 prevents the agents from having any doubts about the awareness
and the responsiveness of others, thus facilitating a high coordination. Conversely, letting o > 0
accommodates such doubts and inhibits coordination. That's the essence of higher-order uncertainty.®

Last but not least, letting o > 0 can be thought of as a proxy for rational inattention in the sense of
Sims (2003) and for costly contemplation in the sense of Tirole (2015). We wholeheartedly embrace
this interpretation, but do not attempt to endogenize the level of attention, or the depth of cognition:

we treat the information structure as exogenous.

4 Equilibrium and Higher-Order Beliefs

In this section we characterize the equilibrium and elaborate on the role of higher-order beliefs.
Let us start with the case in which information is complete, in the sense that that all agents share

the same information and therefore face no uncertainty about one another’s beliefs. In this case, the

®Like the bulk of the applied literature, our model confounds first- and higher-order uncertainty. Although the two are
likely to come together in practice, they play distinct roles in the inner workings of the theory and have distinct observable
implications. This will become clear as we proceed. For complementary discussions of the modeling role of higher-order
uncertainty, see Angeletos and Lian (2016b) and Morris and Shin (2003).



aggregate outcome satisfies condition (5). Iterating this condition forward gives
o0
a =Y P Eillrynl,
k=0

where, recall, 6 = +~. This stylizes how outcomes are determined in any unique-equilibrium model
in which expectations are rational and agents share the same information: outcomes are pinned down
by first-order beliefs of the underlying fundamentals.

To sharpen the characterization of the complete-information benchmark, let the information set
of the representative agent be the history of &; this is nested in (7) by letting o = 0. In this case, we
have E;[&41] = p*& for all t, 7. We thus reach the following result, which states that the aggregate

outcome follows the same AR(1) process as the fundamental, rescaled by the factor .

Proposition 1. In the frictionless benchmark (o = 0), the equilibrium outcome is given by

@ =g p& = (Lm, with  ONL) =

where L henceforth denotes the lag operator.

Consider now the case in which information is incomplete, in the sense that the agents have
differential information and cannot reach a common belief about the future path of either the ex-
ogenous fundamental, &, or the endogenous outcome, a;. As already explained, this is captured in
our setting by specifying the signals as in (7) and letting ¢ > 0. But before characterizing the equi-
librium under this particular information structure, let us explain how the equilibrium depends on
higher-order beliefs for arbitrary information structures. This helps understand the underpinnings of
our observational-equivalence and the robustness of our insights.

As noted before, by iterating condition (4) forward and aggregating across i, we get
ar =9y BB (k] +7 D B [ariri] 9)
k=0 k=0

This underscores that the equilibrium outcome in period ¢ depends, not only on the average forecast
of the fundamental, but also on the average forecast of the current and future values of the outcome
itself. To understand the equilibrium dynamics of a;, we have must therefore also understand the
equilibrium dynamics of this kind of forecasts—and this is where higher-order beliefs come into play.

To illustrate, let 5 = 0 < ~. This case is too narrow for the applications of interest, but it useful

because of its relative simplicity; it is also the case studied in Allen, Morris, and Shin (2006), Bacchetta



and van Wincoop (2006), and Nimark (2017). In this case, the equilibrium outcome satisfies
ar = @B [&] + VB¢ [ar11] - (10)

Iterating this condition once gives

ar = o [&] + 70 [Eer [e41]] + 77 Ee [Erra [ar42]]

from which it is evident that the equilibrium outcome depends on on a particular kind of second-
order beliefs, namely the future beliefs of the future fundamental and the future outcome. By iterating
condition (10) again and again, we can ultimately express the equilibrium outcome as a function of

the hierarchy of beliefs about the current and future values of the fundamental:
> h=ht1
ar =0y V'F T [Girn) (11)
h=0

where, for any random variable X, F? [X] is defined recursively by

F,[X]=E[X] and F'[X]=E {Fﬁgﬁ [X]] Vh > 2.

Condition (11) is similar to related results in Morris and Shin (2002) and Woodford (2003), except
for the following subtle difference. In these papers, the relevant higher-order beliefs are the beliefs
about the current beliefs of others. Here, they are the beliefs about the future beliefs of others. This
difference reflects the importance of forward-looking behavior in our setting.

Consider next the more general case, in which both v > 0 and 5 > 0. This case is relevant for the
applications studied in Section 7 and 8. In this case, the class of higher-order beliefs that drive the
equilibrium outcome is much richer than the one described above. To see this, let ﬁ =1 (this is

completely innocuous) and rewrite condition (10) as follows:

ar = B¢ [&] + Z BYE [agsk]
k=1

Applying this condition to period ¢ 4 k, for any k£ > 1, and taking the expectations as of period ¢, we

obtain the following representation of the period-t beliefs of the future outcomes:

Eilasri] = B [Eore [Ear]] + Z By (Bt k [ar4r45]]
j=1

10



Combining and rearranging, we reach the following characterization of the period-t outcome:

ar = By [&] + Z BBt Btk [Eran]] +7° Z gt Z B Ey [Ergk [aetk+]]

k=1 k=1 j=1

It is then evident that the relevant second-order beliefs are, not only those corresponding to the next
period, but also those corresponding to all future periods, namely E;[E; 1 [£;11]] for every k > 1.

As we iterate this argument again and again, the set of higher-order beliefs that emerge gets richer
and richer. In particular, fix a ¢ and pick any & > 2, any h € {2, ..., k}, and any {¢1, t2, ...t} such that
t =11 <ty <..<ty=1t+k. Then, the period-t outcome depends on all of the following types of

forward-looking higher-order beliefs:

Etl [Ew [ e [Eth [§t+k] o H

For any t and any k£ > 2, there are k—1 types of second-order beliefs about ;1 ¢, plus (k—1) x (k—2)/2
types of third-order beliefs, plus (k —1) x (k—2) x (k — 3) /6 types of fourth-order beliefs, and so on.

In short, there is severe curse of dimensionality if one tries to understand the joint dynamics of all
the relevant higher-order beliefs. This explains the computational challenges that one typically faces
when trying to analyze business-cycle models with incomplete information.

Note, however, that a complete characterization of the dynamics of higher-order beliefs is not
strictly needed. In a rational-expectations equilibrium, the agents only need to forecast the endoge-
nous aggregate outcome. The expectations (first-order beliefs) of the endogenous outcome may be
expressed as functions of the higher-order beliefs of the fundamentals, but higher-order beliefs do not
matter per. As in Lucas (1972), one can thus bypass the hierarchy of beliefs and instead study directly
the fixed point between the actual outcome and the first-order beliefs of it.

This is a basic but important point. To understand the deeper logic and the robustness of certain
results, the analyst may find it useful to dissect the rational-expectations equilibrium through the
lenses of higher-order beliefs. For applied purposes, however, it may be more straightforward to solve
directly for the rational-expectations fixed point.

This is where the specification of the process of fundamental and of the information structure we
have assumed here and the methods developed in Huo and Takayama (2015) come handy. These
methods imply that, insofar as the underlying fundamental and the available signals follow ARMA
processes of arbitrary but finite order, the fixed point we are interested in is also an ARMA process of
higher but finite orders. Under the particular assumptions we have made here, this turns out to be an

AR(2) process, whose exact form is characterized below.

Proposition 2. The equilibrium exists, is unique and is such that the aggregate outcome follow the

11



following law of motion:

. 0 1 .
a; = ®(L; p, )y, with O(L;p,0) = <1 — p> (1 — 19L> (L), (12)

where ®*(L) is the frictionless counterpart obtained in Proposition 1 and where ¥ is a scalar that

satisfies ¥ € (0, p) and that is given by the reciprocal of the largest root of the following cubic:

C(z)z—z3+<p+1+12+5>z2—(1+6<p+1>+ﬁ+27>z+5,
p po p po

To develop some intuition for the result, consider momentarily the case in which v = 0. By
shutting down the GE effect, this case also shuts down the role of higher-order uncertainty. The

aggregate outcome is then given by

a == 5 Bl (13)

which is the same as the complete-information outcome, modulo the replacement of &;, the actual
fundamental, with E;[¢;], the average first-order forecast of it.” Furthermore, using the Kalman filter,

one can show that the average first-order forecast follows an AR(2) process given by

=) (e () () (oo

where A = p(1 — G), with G being the Kalman gain. Combining (13) and (14) proves, in effect, that

Proposition 2 holds with ¥ = A when v = 0.

What happens when v > 0, that is, when we switch on the GE effect? Proposition 2 then applies
with 9 > X.% That is, the equilibrium dynamics exhibits less amplitude and more persistence, not
only relative to the complete-information counterpart, but also relative to the first-order forecast of
the fundamental.

This property reflects the presence of higher-order uncertainty and its interaction with learning.
The basic logic is that the dynamics of higher-order beliefs display less amplitude and more persistence
than the dynamics of first-order beliefs. Because the equilibrium outcome is driven in part by first-
order beliefs and in part by higher-order beliefs, we then also have that the equilibrium outcome
displays less amplitude and more persistence than the first-order beliefs.

In Section 10, we make this logic clear, and also highlight its robustness, by working out the
dynamic structure of the entire belief hierarchy under a more flexible information structure than the

one assumed here. For the time being, let us concentrate on the simpler information structure assumed

"To see this, note that, when v = 0, condition (3) reduces to a;; = pEi[€] + 6Eit[asi11], with § = 3. lterating this
forward gives ais = QE[>", 6"&1x] = 55, Eie[§]. Aggregating gives the result.
®The fact that ¥ > X is not obvious from looking at Proposition 2, but follows from the property that ¥ is increasing in

~y, which is proved in Proposition 3.
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here and let us note that, unlike the first-order beliefs, the relevant second- and higher-order beliefs do
not follow AR(2) processes. There is therefore a certain “magic” behind the result that the equilibrium
outcome follows an AR(2) even though the higher-order beliefs do not.

The closed-form characterization obtained in Proposition 2 allows us to shed light on how the
information friction interacts with the GE effect in shaping the equilibrium dynamics. In particular,

we can establish the following properties for the coefficient .

Proposition 3. (i) ¥ is continuously increasing in o, with ¥ — 0 as 0 — 0 and ¥ — p as 0 — oc.
(ii) ¥ is increasing in .

(iii) ¥ is increasing in B if v > 0, and is invariant to (3 if v = 0.

To interpret this result, note first that ¥ plays a dual role in the impulse response of a;: a higher
9 means both a smaller impact effect, captured by the factor 1 — % in condition (12), and a more
sluggish build up over time, captured by the lag term Y L. Accordingly, part (i) of the result verifies
that a larger informational friction implies both a smaller initial response and a more sluggish build
up over time. Part (ii) establishes that both of these effects are intensified when the GE feedback is
stronger, in the sense of a larger +. This follows from two key points made earlier: that a higher  raises
the relative importance of higher-order beliefs; and that the dynamic response of the latter displays
less amplitude and more persistence than that of the first-order beliefs. Part (iii) adds that, insofar the
GE effect is non-zero, ¥ is strictly increasing in 3 as well."”

In the next two sections, we use the above comparative statics to shed light on how the informa-
tional friction and its interaction with GE effects drive the forms of myopia and anchoring we capture
in our paper. We conclude this section with the following remark. By design of our baseline model,
Proposition 2 confounds the roles of first- and higher-order uncertainty. In particular, if we shut down
the role of higher-order uncertainty by setting v = 0 (no GE feedback), these result continues to hold,
subject to the restriction that the value of ¥ that obtains with v = 0 is smaller than the one that obtains
with v > 0. From this perspective, higher-order uncertainty amplifies the equilibrium effects of first-
order uncertainty. That said, the extensions considered in Sections 6 and 10 allow us to elaborate on
why higher-order uncertainty is, by itself, sufficient for the qualitative properties we have established
here. These extensions also corroborate the interpretation we put forward in the next section, in terms

of myopia and anchoring.

?Note how the sharpness of the comparative statics provided in Proposition 3 contrasts the reliance of much of the
related literature on numerical simulations.

19To understand the last finding, recall that 3 measures the extent to which the agent is forward-looking vis-a-vis her own
future action. But as long as v > 0, the agent’s own future actions are sensitive to her future expectations of the future
actions of others. It follows that a higher g indirectly increases the dependance of the current outcome to forward-looking
higher-order beliefs.
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5 Equivalence Result

Let us momentarily put aside our model and, instead, consider a variant, representative-agent econ-

omy in which the aggregate Euler condition (5) is modified as follows:

ay = @& + 0w By [az1] + wpae—1 (15)

for some wy < 1 and wy, > 0. The original representative-agent economy is nested with wy = 1 and
wp = 0. Relative to this benchmark, a lower wy represents a higher discounting of the future, or less
forward-looking behavior; a higher wy, represents a greater anchoring of the current outcome to the
past outcome, or more backward-looking behavior.

Condition (15) nests the following examples: the Euler condition of a representative consumer
who exhibits habit in consumption; a variant of the Q-theory of investment that lets the firms face a
cost to adjusting their rate of investment rather than to adjusting their capital stock; and the so-called
Hybrid NKPC, a variant of the NKPC that pegs current inflation to past inflation. With the latter
example in mind, we henceforth refer to the economy described above as the hybrid economy.

It is easy to verify that the equilibrium outcome of this economy is given by an AR(2) process,
whose coefficients ({p, (1) are functions of (wy,w;) and (¢, 6, p). In comparison, the equilibrium out-
come in our incomplete-information economy is an AR(2) process with coefficients determined as in
Proposition 2. Matching the coefficients of the two AR(2) processes, and characterizing the mapping

from the latter to the former, we reach the following result.

Proposition 4. Fix (¢, 5,v,p) and let 6 = 5+ 7.

(i) For any o > 0 in the incomplete-information economy, there exists a unique pair (wy, wy) in the
hybrid economy, with wy < 1 and w, > 0, such that the two economies are observationally equivalent
in the sense of generating the same joint dynamics for the fundamental and the aggregate outcome.

(i) A greater informational friction (higher o) and/or a stronger GE feedback (higher ~y) maps to
both greater myopia (lower w¢) and greater anchoring (higher wy) in the hybrid model.

Part (i) allows us to recast the informational friction as the combination of two behavioral distor-
tions: extra discounting of the future, or myopia, in the form of w; < 1; backward-looking behavior, or
anchoring of the current outcome to past outcome, in the form of w, > 0. Part (ii), in turn, establishes
that both of these as-if distortions get intensified as we increase either the severity of the informational
friction (measured by o) or the strength of the underlying GE effects (parameterized by =).

This result draws a link between two strands of the literature: the theoretical one on incomplete
information and higher-order uncertainty, which builds on Morris and Shin (2002, 1998, 2003) and
Woodford (2003) and is reviewed in Angeletos and Lian (2016b); and the quantitative one on DSGE
models, which follows Christiano, Eichenbaum, and Evans (2005) and Smets and Wouters (2007).
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As noted in the Introduction, the latter literature has taken the key forward-looking equations of
textbook macroeconomic models—the Euler condition of the representative consumer, the Q theory
of investment, and the NKPC—and has modified them by adding, respectively, habit persistent in
consumption, adjustment costs to changing the rate of investment, and automatic indexation of the
prices of the firms that do not have the option to reset their prices. These modifications lack supporting
microeconomic evidence, but permit the DSGE literature to match the sluggishness in the dynamic
responses of consumption, investment, and inflation to identified shocks.!" Our result illustrates how
incomplete information can offer a unified substitute to, or micro-foundation of, these modifications.

This result helps also clarify how our contribution relates to Gabaix (2016) and Farhi and Werning
(2017). These works depart from rational expectations in a manner that helps capture a similar form of
myopia as the one captured here and in the related contribution by Angeletos and Lian (2016a). They
do not, however, provide a theory of why the current outcomes may be anchored to past outcomes,
or why they may exhibit momentum. That is, they accommodate w; < 1 but restrict w, = 0. But the
facts appear to demand w, > 0 at least as much as they demand wy < 1, which is why the DSGE
literature was lead to include the aforementioned bells and whistles in the first place. It follows that,
in comparison to the forms of bounded foresight put forward in the aforecited works, the alternative
of allowing for rational inattention and higher-order uncertainty offers, not only the possibility of
reconciling bounded foresight with rational expectations, but also a more promising account of the
macroeconomic data.'?

But let us put aside these connections to the literature and let us expand on the empirical content of
our result. Although Proposition 4 guarantees that the incomplete-information economy can always
be mapped to a hybrid economy, the converse is not true: a hybrid economy is observationally
equivalent to an incomplete-information economy only when w; and w;, happen to lie together on a

particular line in the (wy,ws) space.

Proposition 5. There exists a function Q2 such that the equilibrium dynamics of a hybrid economy can
be replicated by that of an incomplete-information economy for some ¢ > 0 if and only if w, > 0 and
the following restriction is satisfied:

wr = Q(wp; 9, p) (16)

Furthermore, for any pair (ws,wy) that satisfies the above restriction, there exists a unique o > 0 such

that the two economies are observationally equivalent.

Apart from clarifying the mapping between the two models, this result offers a simple test for our

theory. Suppose, in particular, that one estimates condition (15) on the data and gets some estimates

"These add-ons also help the New Keynesian model generate positive comovement in the macroeconomic quantities.

121t might be possible to reconcile Gabaix (2016) and Farhi and Werning (2017) with w, > 0 by modifying the exogenous
default points in these works in a manner than helps mimic the effects of Bayesian learning. The approach taken in a recent
paper by Woodford (2018) has that flavor.
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from wy and wy. Suppose further that one knows ¢ and p from independent sources. One can then
test the hypothesis that condition (16) is satisfied. If it does, then and only then the data is compatible
with our theory. And provided that this is true, the estimates of w; and wy, can be used to identify o.
Additional testable predictions, or overidentifying restrictions, can be obtained by looking at the
forecasts of future outcomes. Let ef = a;;1 — E; [as, %] be the realized average k-period ahead fore-
cast error. In the hybrid model, €/ is serially uncorrelated, because the economy is populated by a
rational representative agent. In our model, instead, €/ is serially correlated, because the economy is
populated by a large number of differentially informed agents, whose forecast errors are uncorrelated
at the individual level but not at the aggregate level. Importantly, because the serial correlation of
the average forecast error in our model depends on o, this provides us with an additional restriction

that can be used to identify o and to test the model. We will put these ideas at work in Section 7.

6 GE vs PE, and Macro vs Micro Responses

In this section, we extend the analysis to a setting that features both aggregate and idiosyncratic
shocks. This serves two purposes. First, it helps isolate the role of higher-order beliefs and recast
our mechanism as one that regards exclusively GE effects. Second, it illustrates how our theory
offers a natural explanation of why significant levels of as-if myopia and anchoring can be present
at the macroeconomic level (i.e., in the response to aggregate shocks) even if they are absent at the

microeconomic level (i.e., in the response to idiosyncratic shocks).

6.1 Adding Idiosyncratic Shocks and Disentangling GE from PE

To accommodate idiosyncratic shocks, we extend the model so that the optimal behavior of agent ¢

obeys the following equation:
ait = Eit[p&it + Bait41 + yar41] (17)
where
Eir = & + Git

and where (¢ is a purely idiosyncratic shock. We let the latter follow a similar AR(1) process as the
aggregate shock: (;; = pCit—1 + €it, where € is i.i.d. across both i and ¢."?

Regardless of the information structure, the equilibrium action of agent i can be expressed as

aie = Y BBt [Givin] + 7 B Eit larykr1] = PEi + GEy
k=0 k=0

3The restriction that the two kinds of shocks have the same persistence is only for expositional simplicity.
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where - -
PEi=> B"Bullirs]  and  GEy =) BEilarisia]

k=0 k=0
The first term captures the effect of any shock on the optimal behavior of agent i holding constant
her beliefs of the actions of others. This effect represents a direct or partial-equilibrium effect and is
pinned down by the first-order beliefs of agent i about the current value and the future path of her own
fundamental. The second term captures the additional effect that obtains through the adjustment of
agent i's beliefs of the future actions of others. This effect represents an indirect or general-equilibrium
effect and is pinned down by the agent’s second- and higher-order beliefs, namely by her beliefs of
the beliefs of others about their own future fundamentals, her beliefs of the second-order beliefs of
others, and so on. By the same token, the aggregate effect of a shock can be split into a PE and a GE
component by using the identity

ar = PE; + ﬁn

where PE; and GE; are the cross-sectional averages of, respectively, PE;; and GE;;.

Clearly, the GE effect of a shock is non-zero only insofar as it affects a non-zero mass of agents and
7 is positive (there is a GE interaction to start with). Furthermore, the GE effect is tied exclusively to
higher-order beliefs: predicting the aggregate outcome is the same a predicting the actions of others,
which in turn is the same as predicting the beliefs of others. Conversely, the PE effect isolates the role
of the first-order beliefs, namely the beliefs of the agents about their own fundamentals.

These properties are true even in our baseline specification. However, because that specification
rules out idiosyncratic shocks, it equates the fundamental of one agent with the fundamental of every
other agent. This precludes the typical agent from facing uncertainty about the beliefs of others
unless she also faces uncertainty about her own (and common) fundamental. That is, our baseline
specification confounds the first-order uncertainty of an agent about her own fundamental with her

higher-order uncertainty. We next consider a variant that helps separate the two forms of uncertainty.

6.2 Isolating Higher-Order Uncertainty
To isolate the role of higher-order uncertainty, we let the agents observe perfectly their own funda-

mental. Specifically, the information received by agent i in period t is given by the pair

zit = {&t> it },

where &;; is the agent’s own fundamental and x;; is a signal of the aggregate fundamental, specified

as in our baseline model. We also focus on the limit as X/(é":)) — oo (large idiosyncratic shocks).

In this variant, we can effectively separate the forecasts of one’s own fundamental from the fore-
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casts of the fundamentals of others: relative to the signal x;;, the own fundamental &;; contains negli-
gible information about the current and the future values of &; and symmetrically, relative to &, =i

contains negligible information about the current and future values of ¢;;. It follows that

Nk 1
PEi = kzoﬂ Eit [&it+x] = qfit,
which is the same PE effect as the one under full information. This confirms that the specification
under consideration shuts down the effects of the informational friction that operate via first-order
beliefs and PE responses; what remains active is only the mechanism that regards higher-order beliefs
and GE feedback loops. The next result completes the analysis of the variant under consideration by

characterizing the GE effect.

Proposition 6. The individual and the aggregate outcomes are given by, respectively,

ajp = &it + GEy + ugy and a; = & + GEy,

1
1—pB 1—pB

where u; is idiosyncratic noise, orthogonal to both & and (;;, and GE, follows the same law of motion

as the equilibrium outcome in the baseline model.

The response to idiosyncratic shocks is therefore the same as in the full-information benchmark.
By contrast, the response to aggregate shocks is distorted because, and only because, the agents face
uncertainty about the beliefs and the actions of others. Furthermore, this is now cleanly decomposed
into two parts: a PE effect, which is captured by ﬁ{t; and a GE effect, which is denoted by GE;.
The latter follows the same law of motion as the equilibrium outcome in the baseline model.

This result refines the main lessons of our paper: the myopia and the anchoring documented in
our earlier analysis are herein recast as mechanisms that regard exclusively the response of higher-
order beliefs and the GE effects of the aggregate shocks. In other words, although first- and higher-
order uncertainty complement each other and are likely to go hand-in-hand in practice, higher-order

uncertainty alone suffices for the kinds of myopia and anchoring we have documented.

6.3 Micro- vs Macro-level Distortions

The preceding result also offers a sharp illustration of how our approach helps resolve the disconnect
between micro and macro estimates of habit, adjustment costs, etc. As already explained, in the
case considered above the informational friction distorts the response of the aggregate outcome to
aggregate shocks without distorting at all the response of individual outcomes to idiosyncratic shocks.
It follows that, if an econometrician misinterprets the anchoring effect of the informational friction

as the product of habit, she will estimate a positive habit at the macro level (i.e., in the response
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of aggregate outcomes to aggregate shocks) along with a zero habit at the micro level (i.e., in the
response of individual outcomes to idiosyncratic shocks).

Of course, the complete absence of a distortion at the micro level hinges on the assumption that
each agent observes perfectly her own fundamentals. Relaxing this assumption allows the micro
responses to display a similar form of anchoring as the macro responses. Yet, the distortion is likely
to remain more pronounced at the macro level than at the micro one for the following reasons.

Insofar as the friction is the product of costly information acquisition or rational inattention, it is
natural to expect that the typical agent will collect relative more information about, and pay relatively
more attention to, idiosyncratic shocks, simply because such shocks are more volatile and there is
higher return in reducing uncertainty about them. This is the mechanism articulated in Mackowiak
and Wiederholt (2009) and boils down to having less first-order uncertainty about idiosyncratic than
aggregate shocks, a property that contributes towards a lower distortion at the micro level. But even if
the first-order uncertainty about the two kind of shocks were the same, the distortion at the macro level
would remain larger because of the role played by higher-order uncertainty. In short, the mechanism
identified in our paper and the one identified in the aforecited paper complement each other towards

generating more pronounced distortions at the macro level than at the micro level.'*

7 Inflation and Aggregate Supply

In this section, we consider an incomplete-information version of the aggregate-supply block of the
New Keynesian model. The question of interest is how inflation responds to innovations in the output
gap, or the real marginal cost. When information is complete, this response is governed by the
standard version of the New Keynesian Philips Curve (NKPC). In this case, the predicted response
is too large and too fast compared to what seems to be true in the data. When instead information
is incomplete, it is as if the response of inflation is governed by the Hybrid NKPC, a variant that
introduces myopia and inertia. Importantly, our theory is able to match jointly existing estimates of
the Hybrid NKPC (Gali and Gertler, 1999; Gali, Gertler, and Lopez-Salido, 2005) and independent

evidence on inflation expectations (Coibion and Gorodnichenko, 2015).

7.1 Setup and Theoretical Results

There is a continuum of firms, each producing a differentiated commodity. Firms set prices optimally,
but can adjust them only infrequently. Each period, a firm has the option to reset its price with
probability 1 — 6; otherwise, it is stuck at the previous-period price. Technology is linear, so that

the real marginal cost faced by each firm is invariant to its production level. The real marginal cost

“We verify all these intuitions in Appendix B with a variant that lets both kinds of shocks be observed with noise.
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corresponds to the aggregate fundamental in our earlier analysis; the outcome is inflation.
Consider a firm that has the option to adjust its price in period t. The optimal reset price is given

by the solution to the following problem:
P, = arg max 2(59)kEit{Qt|t+k <PitYit+kt - Pt+k\11t+kY;,t+k|t> }
" k=0

subject to the demand function

P; €
Yitrn = (Pt:k> Yiik

where Q.1 is the stochastic discount factor between t and ¢ + k, Yi1 and Py, are, respectively,
aggregate income and the aggregate price level in period t + k, Py is the firm’s price, as set in period
t, Y; 14k 1s the firm’s quantity in period ¢ + k, conditional on the firm not having changed its price
since period ¢, and W, is the real marginal cost in period ¢ + k.

Taking the first-order condition and log-linearizing around a steady state with no shocks and zero

inflation, we reach the following characterization of the optimal rest price:

o0
i = (1= 60) > (00)* Eit[tor4k + pryl, (18)
k=0

with the understanding that all the variables are henceforth expressed in terms of log-deviations from
the steady state. This condition means that the optimal reset price is a weighted average of the firm’s
belief of the current and future nominal marginal costs. The only difference from the textbook New
Keynesian model is that the expectation operator is allowed to differ across firms, reflecting the het-
erogeneity of their information and the associated higher-order uncertainty.

Since only a fraction 1 — @ of the firms adjust their prices each period, the following accounting
identify holds:

pe=(1-10) /pft + Ops—1 (19)

Combining this with condition (18) gives the nominal price level today as a function of both the past
price level and the current average beliefs of the future price levels. Because this contains both a
backward-looking and a forward-looking component, it is not directly nested in our earlier analysis.
However, such nesting becomes possible if (i) we transform the problem from one stated in terms of
the price level to one stated in terms of the inflation rate and (ii) we make the simplifying assumption

that the firms observe that current price level but preclude them from extracting information from it.">

>This assumption can be justified on the grounds that the observation of inflation contains little information about the
underlying output gap because most of the short-run variation in inflation is due to orthogonal cost-push shocks. Alterna-
tively, as in Vives and Yang (2017), the failure to extract information from the realized outcomes can be interpreted as a
form of bounded rationality. In any event, this assumption facilitates an exact nesting but does not drive our findings.
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This permits us to restate condition (18) as
o0
piy — pe—1 = (1 = 66) Z Eit[tt+r + mtnl, (20)
k=0

By (19), on the other hand, we have m; = p; —p;—1 = (1—0) [ (p}; — pt—1) . Combining and rearrang-
ing, we arrive at the following expression for inflation:

1—60 > -
— (g(z 80)FEy [thyik] + 6(1 — 6) Z VWE: [Terhi1] - 21)
k=0

=0

When information is complete, we can replace E;[-] with E,[-], the expectation operator condi-
tional the common information set. We can then use the Law of Iterated Expectations to reduce
condition (21) to the following:

e = Kby + OBy [my1], (22)

where k = % This the standard NKPC.

When, instead, information is incomplete, the above condition no more holds. Instead, inflation
must be understood as a solution to a dynamic beauty contest of the type we have studied in the rest
of the paper. In particular, the current setting is nested in our earlier analysis by mapping (¢ and m;

to, respectively, & and a;; and by letting
=K 8 =00 and vy=4(1-0).

Note that the GE feedback, as measured by +, is larger when prices are more flexible. Higher-price
flexibility therefore reinforces the role of higher-order uncertainty, a point we revisit shortly.

To apply our analytical results, we finally assume that /¢, the real marginal cost, follows an AR(1)
process and that the information structure take the form introduced in Section 3. The following is

then an immediate application of Proposition 4.
Proposition 7. (i) There exist wy < 1 and wy, > 0 such that, when information is incomplete, the
equilibrium process for inflation solves the following equation:
Ty = Ky + WOl [me1] + wpm—1 (23)
(i) For any given level of noise, increasing the degree of price flexibility (i.e., reducing 6) results
to a lower wy and a higher wy,.

Part (i) establishes that, when information is incomplete, it is as if inflation is governed by a variant

of the NKPC that introduces myopia, in the form of wy < 1, along with a backward-looking compo-
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nent, in the form of w;, > 0. This is similar to the Hybrid NKPC considered in Gali and Gertler (1999),
Christiano, Eichenbaum, and Evans (2005) and Smets and Wouters (2007).

Part (ii) adds the following interesting lesson. When information is complete, higher price flexi-
bility contributes merely to a steeper NKPC, that is, to a higher  in condition (22). This is generally
bad for the empirically fit of the New Keynesian model, which in turn explains why the literature has
tried hard to justify a degree of price stickiness at the aggregate level that is higher than the one that
seems to present at the micro-economic level, especially if one reads the evidence through the lenses
of menu-cost models. But once information is incomplete, a moderate degree of price flexibility can
be good in the sense that it contributes to more sluggishness in the inflation dynamics by reinforcing
the role of higher-order uncertainty. We corroborate this point in the sequel by showing how our
framework can reconcile salient features of the inflation dynamics with a relatively modest degree of

price stickiness.

7.2 Testing the Theory

The Hybrid NKPC estimated in Gali and Gertler (1999), Gali, Gertler, and Lopez-Salido (2005), and
elsewhere is the same as the one seen in (23). There are, however, two differences. First, our theory
restricts the pair (wy,wp) in the way described in Proposition 5, whereas unrestricted estimations of
the Hybrid NKPC allow these parameters to be free. And second, our theory ties the pair (wy, w;) to
the stochastic properties of inflation forecasts. We now use these restrictions to test our theory.

Matching Existing Estimates of the Hybrid NKPC. In a special issue of the Journal of Monetary
Economics devoted to the estimation of the NKPC, Gali, Gertler, and Lopez-Salido (2005) discuss
various estimation issues, synthesize the related literature, and offer a few baseline estimates of the
pair (wg,ws). A quick test of our theory is then provided by checking whether these estimates happen
to satisfy the restriction seen in Proposition 5.

This proposition gives the locus of the pairs (wy, wy) that are compatible with our theory for some
level of noise. To construct this locus, we only need to specify ¢, 8, and p. We set § = 0.99, § = 0.6,
and p = 0.95. The value of § corresponds to a modest degree of price stickiness, broadly in line
with textbook calibrations of the New Keynesian model and with the micro data. The value of p, on
the other hand, is obtained by estimating an AR(1) process on the labor share, which is the standard
empirical proxy for the real marginal cost. The locus implied under this parameterization of our
model is then represented by the solid red line in Figure 1.

Consider now the estimates of (wg,wy) obtained in Gali, Gertler, and Lopez-Salido (2005). That
paper provides three baseline estimates. These estimates and the associated confidence regions are
represented by the blue crosses and the surrounding disks in Figure 1. A priori, there is no reason to

expect that the estimates obtained in Gali, Gertler, and Lopez-Salido (2005) should fall on, or close
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Figure 1: Testing the Theory

to, the locus implied by our theory. And yet, as evident in the figure, that's precisely the case. In other
words, our model matches the existing estimates on the Hybrid NKPC and allows one to rationalize
those estimates as the product of informational frictions.

Matching Survey Evidence on Informational Frictions. Although our model passes the afore-
mentioned test, it is not clear at this point whether this success hinges on an empirically implausible
specification of the informational friction. We now address this question, and impose our model to an
additional test, by examining whether the level of noise required by our model in order to rationalize
the existing estimates of wy and wy, is consistent with more direct, survey-based, evidence about the
level of the informational friction.

To this goal, we draw a mapping between our model and the survey evidence on expectations
reported Coibion and Gorodnichenko (2015). That paper provides an estimate on the magnitude of
the information friction based on the inflation forecasts data from the Survey of Professional Forecast-
ers. The basic idea is that the magnitude of the informational friction should manifest itself in the
predictability of the average forecast errors. In particular, Coibion and Gorodnichenko (2015) run

the following regression:
Tk — Ee[mign) = K (Ee[mprr] — Ee1[msk]) + Veghe (24)

With complete information, K is zero, because the current forecast correction is independent of past
information. By contrast, when information is incomplete, average forecasts adjust sluggishly towards
the truth, implying that past innovations in forecasts predict future forecast corrections, that is, K > 0.
Furthermore, K is larger the larger the noise and the slower the speed of learning.

Coibion and Gorodnichenko (2015) verify the aforementioned logic in a model in which inflation

is assumed to follow an exogenous AR(1) process, and proceed to show how K is negatively related
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to the Kalman gain (and thereby positively related to the level of noise). Their exact characterization
does not apply in our setting because inflation is endogenous and follows a different process that the
one assumed in that paper. Yet, the logic is robust.

Specifically, although the regression coefficient K implied by our theory is more complicated than
that in the aforecited paper, we can characterize it as a function of o and of (4,6, p). Having fixed
the latter in the way described earlier, this gives a mapping from the 90% confidence interval of K
provided in Coibion and Gorodnichenko (2015) to an interval for o in our model. For any ¢ in this
interval, we can then compute the pair (w¢,ws) predicted by our theory.

We can thus map the evidence reported in Coibion and Gorodnichenko (2015) to a segment of
the (wf,wsp) locus we obtained earlier on. This segment is identified by the red crosses in Figure 1 and
gives the pairs of (wy,wy) that are consistent with the confidence interval for K provided in Coibion
and Gorodnichenko (2015). It is then evident from the figure that our model can pass jointly both the
test of matching that evidence and the test of matching the existing estimates of the Hybrid NKPC.'°
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Figure 2: Impulse Response Function of Inflation

The quantitative implications of our theory for the dynamics of inflation are further illustrated
in Figure 2. This figure compares the impulse response function of inflation under two scenarios.
The solid black solid line corresponds to frictionless benchmark, with perfect information. The red
solid line corresponds to the frictional case, with an informational friction that matches the baseline
estimation of Coibion and Gorodnichenko (2015). As evident in the figure, the latter case displays

both dampened amplitude and significant sluggishness: the impact effect on inflation is about 60%

'®To be precise, the above statement is true for two of the three baseline estimates provided in Gali, Gertler, and Lopez-
Salido (2005). But these happen to be the estimates associated with the smallest w; and the largest ws. This is good news for
the quantitative significance of our theory: once our theory is disciplined by the survey evidence, it rationalizes significant
levels of both myopia and anchoring.
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lower than its complete-information counterpart, and the peak of the inflation response is attained 5
quarters after impact rather than on impact. This indicates how realistic informational frictions can
help reconcile quantitative macroeconomic models, which can account for the business cycle only by
assuming significant sluggishness in the inflation dynamics, with realistic menu-cost models, which
appear to be unable to produce such sluggishness.!”

Recall from equation (21), the inflation dynamics 7, in the incomplete information model can be
decomposed into two components: beliefs about the present value of real marginal costs, ¢ > vy B¥E¢[th11],
and the present value of future inflation, v Y"32 y BXE; [ +1]. Note that the same decomposition can

also be applied when agents have perfect information

T = Z BYEr [Wrklve] + Z BB [mf g ¥t (25)
k=0 k=0

A natural question is when information is incomplete, which component contributes more to the

anchoring of inflation. We proceed by defining the following auxiliary inflation 7

o0 o0
To=0 > B [Yir] +7 D BBy [mfppalr] - (26)
k=0 k=0
The difference between 7} and 7; measures the importance of beliefs about real marginal costs, and
the difference between 7, and m; measures the importance of beliefs about inflation. The red dashed
line in Figure 2 corresponds to 7;. Clearly, the inflation dynamics in the incomplete information differ
from its complete-information counterpart is mainly because of the anchoring of beliefs about future
inflation. These beliefs are tied with higher-order beliefs about real marginal costs, which display

more inertia and more dampening effects compared with the first-order beliefs.

8 Consumption and Aggregate Demand

We now shift the focus from the supply block of the New Keynesian model to its demand block. In
particular, we show how incomplete information and higher-order uncertainty can arrest the response
of aggregate consumption to news about monetary policy, can offer a micro-foundation of the form
of consumption habit assumed in the DSGE literature, and can help reconcile the micro and macro

estimates of such habit.

'7See, for example, Golosov and Lucas Jr (2007), Midrigan (2011), Alvarez and Lippi (2014), and Nakamura and Steinsson
(2013). Different “details” such as the number of products sold by a firm and the so-called selection effect can rationalize
a degree of price rigidity either much smaller than or almost as large as the one predicted by the standard NKPC. Yet, the
menu-cost literature has not offered an explanation of the pronounced hump-shaped inflation dynamics that the DSGE
literature has captured with ad hoc past-price indexation and the hybrid NKPC. Although our framework does not nest
menu-cost models, it contributes towards filling that gap.
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Consider an economy populated by a large number of infinitely-lived households, indexed by

i € [0, 1]. For any household i, let her preferences be

Z et Zt7 )

where Cj; denotes consumption, N;; denotes labor supply, U(C, N) = log C — 1%6]\76, e > 0is the
inverse of the Frisch elasticity of labor supply, and 6§ € (0,1) is the subjective discount factor. We
assume that the consumers trade a one-period riskless bond and let R, denote one plus the real interest
rate between periods t and t + 1. We treat R; as an exogenous random variable'® and henceforth
work with the log-linearized solution around a steady state in which there are no shocks, yR; = 1,
and C; =Y; = Y*, where Y™ represents the natural rate of output. We finally use lower-case variables
to represent Iog deviations from the steady state (e.g., ; = log R; — log x).

Following similar steps as in Angeletos and Lian (2016a), we can express aggregate consumption

in period t as follows:

c=(1-0)> "Eulyerr] — 0 O Ealrersl,
k=0 k=0

where E; is the average expectation. This is essentially the Permanent Income Hypothesis (see the
first term), adapted to allow for variation in the real interest rate (see the second term). Using the
fact that y.4, = i1 for all ¢ and k; adding the simplifying assumption that the consumers observe

t.19

the current income but do not extract information from it;'” and finally solving for ¢;, we obtain the

following equilibrium restriction on aggregate consumption:
o) o
— Z Hk]Et [Tt+k ]. — 9 Z Ct+k (2 7)
= k=

This is a modern, forward-looking version of the Keynesian cross: current aggregate consumption

depends on expectations of future aggregate consumption, because the latter pins down income.
When information is complete, the average expectation, E;, can be replaced by E;, the expecta-

tion conditional on the common information set. Using the Law of Iterated Expectations, it is then

straightforward to show that condition (27) can be restated in recursive form as follows:

ct = =1t + Et [ergq] - (28)

"®One can think of this as studying the aggregate-demand effects of a monetary policy that targets a specific process
for the real interest rate. Alternatively, one can assume that prices are infinitely rigid, in which case r; coincides with the
nominal rate (the policy instrument), and directly interpret the randomness in 7, as exogenous shocks to monetary policy.

"This assumption simplifies the exposition but is not essential. For instance, it can be replaced by adding transitory
idiosyncratic income shocks and letting the consumers observe their own income but not the aggregate own.

26



Note that this condition is invariant to the discount factor 6, which means that the response of aggre-
gate demand to news about the future real rate is, perhaps surprisingly, the same regardless of how
impatient or short-sighted the households are. This is because, in the frictionless, representative-agent
benchmark, discounting has perfectly offsetting PE and GE effects.?”

When instead information is incomplete, the Law of Iterated Expectations does not hold at the
aggregate level and, as a result, condition (27) cannot be reduced to condition (28). Instead, it is best
to read condition (27) as a dynamic beauty contest among the consumers. This game is nested in our

framework by interpreting (&, a;) as (r¢, ¢;) and by letting
p=-1 g =0, and y=1-86.

The property that the sum 6 = 8+« is invariant to 0 verifies the aforementioned claim that a lower 6
has offsetting PE and GE effects in the frictionless benchmark. On the other hand, the property that -y
decreases with 9 reveals that a lower § unambiguously increases the relevant GE effect, which is the
Keynesian income-spending multiplier. The following result is then an immediate implication of our

analysis, provided, of course, that the information structure is specified as in our abstract analysis.

Proposition 8. When information is incomplete, there exist scalars wy < 1 and wy, > 0 such that the

equilibrium process for consumption solves the following equation:
et = =1t + wrkeleip1] + wper—1 (29)

Furthermore, a lower 6, which means a stronger income-spending multiplier, maps to a lower w¢ and

a higher wy,.

It is therefore as if the economy is populated by a representative consumer who is myopic vis-a-vis
the future movements in the real interest rate and her consumption exhibits habit persistence, as in the
works of Christiano, Eichenbaum, and Evans (2005) and Smets and Wouters (2007).2" Furthermore,
the parameter 6, which was irrelevant under complete information, now emerges a key determinant
of the as-if myopia and habit.

One does not have to interpret ¢ literally. For instance, we can readily extend the analysis to a
perpetual-youth, overlapping-generations model along the lines Del Negro, Giannoni, and Patterson
(2015) and, under appropriate assumptions, replicate the results reported above with 6 replaced by
x0, where x is the survival probability. The latter can be thought of as a measure of how long the

planning horizons of the individuals are. Alternatively, as noted in Farhi and Werning (2017), 1 — x

20The property that discounting has offsetting PE and GE effects in the frictionless, representative-agent benchmark has
been emphasized in McKay, Nakamura, and Steinsson (2016).

ZThere is a subtle difference. The form of habit assumed in those papers imposes wy + wy, = 1. In our setting, instead,
wr+wp, < p<l.
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can be thought of as a proxy for the probability of binding liquidity constraints. For our purposes, the
key observation is that such parameters may be irrelevant under complete information because they
tend to have offsetting PE and GE effects, but have important interactions with incomplete information
because they determine the strength of the relevant GE effect, which in turn regulates the importance
of higher-order uncertainty.

The reason that Christiano, Eichenbaum, and Evans (2005) and Smets and Wouters (2007) replaced
condition (28) with condition (29) is quite simple. In the data, aggregate consumption responds little
to monetary and other shocks on impact, but builds up force over time. Such a pattern is inconsistent
with condition (28). Replacing the latter with condition (29) fixes the problem and improves the
empirical performance of the model. The existing micro-foundation of condition (29), however, runs
at a problem. If this condition is the product of habit persistence in preferences, one would expect
estimates of the habit parameter w;, to be the comparable at aggregate and individual data. Yet, as
the meta-analysis by Havranek, Rusnak, and Sokolova (2017) shows, the available microeconomic
estimates of habit persistence tend to be much lower than their macroeconomic counterparts.

As anticipated in Section 6, our theory offers a simple resolution to this puzzle. When a consumer
decides how to respond to a change in monetary policy or other aggregate shocks, she has to forecast
the impact of that shock on her future income. In general equilibrium, her income is determined by the
spending decisions of all the other consumers. It follows that the response of aggregate consumption
can be understood as the solution to a dynamic beauty contest. Because higher-order beliefs adjust
less and more slowly than first-order beliefs, expectations of income may adjust with less amplitude
and more sluggishness than what predicted by the standard, complete-information, New Keynesian
model, explaining in turn the sluggish dynamics of aggregate consumption. Finally, because this
mechanism is not active in the context of the response of individual choices to idiosyncratic shocks (in
such a context, higher-order uncertainty is irrelevant), our theory can help explain the aforementioned
gap between the microeconomic and macroeconomic estimates of habit. The quantitative evaluation

of this insight is left for future work.

9 Investment and Asset Prices

Although in the previous application we focused on consumption as the sole determinant of aggregate
demand, similar points apply to investment as well: Appendix C develops an example in which
informational frictions help reconcile the more exotic kind of adjustment costs to investment assumed
in the DSGE literature with those that were featured in the original formulation of the Q theory of
investment and that are more consistent with the microeconomic evidence on investment dynamics.

As yet another possible application, consider a log-linearized version of the standard asset-pricing
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condition in an infinite horizon, representative-agent model:

pt = Ei[diy1] + OB [pr41],

where p; is the price of the asset in period ¢, di+1 is its dividend in the next period, E; is the expec-
tation of the representative agent, and § is his discount factor. Iterating the above condition gives the
equilibrium price as the expected present discounted value of the future dividends.

By assuming a representative agent, the above condition conceals the importance of higher-order
beliefs. A number of works have sought to unearth that role by considering variants with heteroge-
neously informed, short-term traders, in the tradition of Singleton (1987).”> We can capture such a

variant in our setting by modifying the equilibrium pricing condition as follows:

pr = Ey[di1] + 0E¢[peya] + e,

where E; is the average expectation of the traders in period t and ¢; is an i.i.d shock interpreted as
the price effect of noisy traders. The key idea embedded in the above condition is that, as long as the
traders have different information and there are limits to arbitrage, asset markets are likely to behave
like (dynamic) beauty contests.

Let us now assume that the dividend is given by d;+1 = & +us+1, where & follows an AR(1) process
and w1 is i.i.d. over time, and that the information of the typical trader can be represented by a series
of private signals as in condition (7).2* Applying our results, and using the fact that & = Eq[d;41], we
then have that the component of the equilibrium asset price that is driven by &; obeys the following

law of motion, for some wy < 1 and wy, > 0:

Pt = E¢[di1] + wpdEe[pi1] + wppi—1,

where E,[-] is the fully-information, rational expectations. We thus have that asset prices can display
both myopia, in the form of w; < 1, and momentum (predictability), in the form of w, > 0.

Kasa, Walker, and Whiteman (2014) have already emphasized how incomplete information and
higher-order uncertainty can help explain momentum; related points are contained in Allen, Morris,
and Shin (2006) and Bacchetta and van Wincoop (2006). Our result offers a sharp illustration of
this insight and blends it with the insight regarding myopia. In the present context, the latter insight

22 See, inter alia, Allen, Morris, and Shin (2006), Bacchetta and van Wincoop (2006), Kasa, Walker, and Whiteman (2014),
and Nimark (2017).

ZHere, we are abstracting from the complications of the endogenous revelation of information and we think of the signals
in (7) as convenient proxies for all the information of the typical trader. One can also interpret this as a setting in which
the dividend is observable (and hence so is the price, which is measurable in the dividend) and the assumed signals are
the representation of a form of rational inattention. Last but not least, we have verified that the solution with endogenous
information can be approximated very well by the solution obtained with exogenous information.
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seems to challenge the asset-price literature that emphasizes long-run risks: news about the long-run
fundamentals may be heavily discounted when there is higher-order uncertainty. Finally, our result
suggests that both kinds of distortions are likely to be greater at the level of the entire stock market
than at the level of the stock of a particular firm insofar as financial frictions and GE effects cause
the trades to be strategic complements at the macro level even if they are strategic substitutes at the
micro level, which in turn may help rationalize Samuelson’s dictum (Jung and Shiller, 2005).

We leave the exploration of these—admittedly speculative—ideas open for future research. We
conclude the present section by illustrating how our observational-equivalence result, which relies
on assuming away the endogenous revelation of information through the equilibrium price, can be
seen as an approximation of the dynamics that obtain when this assumption is relaxed.

Allowing learning from prices adds more realism, but typically rules out an analytic characteriza-
tion of the equilibrium.?* Suppose, in particular, that the traders in our setting can perfectly observe
the current price as well as the last-period dividend. In this case, the equilibrium pricing dynamics
does not admit a finite state-space representation. To illustrate, set 6 = 0.98,p = 0.95,0,, = 2, and
oe = 0, = 5, and approximate the equilibrium dynamics with an MA(100) process. The solid blue in
Figure 3 gives the resulting IRF of the equilibrium price to an innovation in &. The dashed red line
is obtained by taking our hybrid economy, which assumes away the learning from either the price or
the past dividend, and recalibrating the level of the idiosyncratic noise so that the implied IRF is close
as possible to the one obtained in the economy in which such learning is allowed. As evident in the

figure, the hybrid economy does a very good job in replicating the dynamics of the latter economy.
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Figure 3: Impulse Response Function of Asset Price

We have verified that this similarity extends to a wide range of values for the parameters of the

**See Nimark (2017) and Huo and Takayama (2015) for a more detailed discussion.

30



assumed setting. This similarity may, of course, be broken by assuming a more complex stochastic
process for the fundamental and a more convoluted learning dynamics. However, the analysis of the
next section together with the example presented here illustrate why our analysis can be thought of

as a convenient proxy of settings with endogenous information aggregation.

10 Incomplete Information as Myopia and Anchoring: Robustness

Although the observational-equivalence result presented in Section 5 depends on strong assumptions
about the process of the fundamental and the available signals, it encapsulates two broader insights.
The first is that, even if we account for the role of the informational friction on the beliefs of the
fundamental, the absence of common knowledge arrests the response of the beliefs of the future
beliefs and the future actions of others to any news about the future fundamentals, thus also arresting
the equilibrium expectations of the future outcome (e.g., future inflation, future income, or future
asset price). This explains why agents behave as if they discount the future more heavily than what
it is rational. The second insight is that learning introduces extra persistence, or momentum, in the
equilibrium beliefs and the equilibrium outcome relative to that in the underlying fundamental.

In this section, we elaborate on the robustness of these insights and on the interaction of two key
elements of our theory, namely higher-order uncertainty and learning. To this goal, we modify the
fundamental process and the information structure as follows. First, we assume that the fundamental

& follows infinite MA process

&= Pk, (30)
k=0

The AR(1) process we have assumed earlier is included as a special case where p, = p*. Second,
for every ¢ and ¢, the incremental information received by agent i in period ¢ is given by the series
{ffi,t,t—k}zo:m where

Titt—k = M-k + €tk Yk

and where € ¢, ~ N (0, (7%)~2) is i.i.d. across i and t, uncorrelated across k, and orthogonal to the
past, current, and future innovations in the fundamental. That is, whereas our baseline specification
has the agents observe a signal about & in each period, the new specification lets them observe a
series of signals about the entire history of the underlying innovations.

This specification is similar to our baseline in that it allows for more information to be accumulated
as time passes. It differs, however, in two respects. First, it “orthogonalizes” the information structure
in the sense that, for every t, every k, and every k’ # k, the signals received at or prior to date ¢ about
the shock 7;_j, are independent of the signals received about the shock 7;_;. Second, it allows for

more flexible learning dynamics in the sense that the precision 75, does not have to be flat in k: the
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quality of the incremental information received in any given period about a past shock may either
increases or decrease with the lag since the shock has occurred.

The first property is essential for tractability. The pertinent literature has struggled to solve the com-
plex fixed point between the equilibrium dynamics and the Kalman filtering that obtains in dynamic
models with incomplete information. By adapting the aforementioned orthogonalization, we cut the
Gordian knot and facilitate a closed-form solution of the entire dynamic structure of the higher-order
beliefs and of the equilibrium outcome. The second property then permits us, not only to accommo-
date a more flexible learning dynamics, but also to disentangle the speed of learning from level of
noise—a disentangling that is not possible in our baseline because ¢ controls both objects at once.

By the familiar argument, the information regarding 7, that an agent has accumulated up to,

and including, period ¢ can be represented by a sufficient statistic, given by

k

~k Ty
Lit = E —Tit—jt—k
T

J=0

where 7, = Z?:o 7;. That is, the sufficient statistic is constructed by taking a weighted average of

all the available signals, with the weight of each signal being proportional to its precision; and the

precision of the statistic is the sum of the precisions of the signals. Letting A\, = U,giﬂ , we have that
n k

Eit[ni—x] = /\k%ﬁt, which in turn implies E¢[n;_1] = A\ and therefore

Et [ft] = Et

> pmt_k] = APk k- (31)
k=0 k=0

We conclude that the IRF of the (average) first-order belief to any given innovation is given by the

sequence F; = { f11}72,, where

OF [E¢ [&]] mi—]
Oni—k

fir = = \kPk

By comparison, the IRF of the fundamental itself is given by the sequence {py}7-, . It follows that
the IRF of the first-order belief relative to that of the fundamental is pinned down by the sequence
{ Ak}, which describes the dynamics of learning. In particular, the smaller \q is (i.e., the less
precise the initial information is), the larger the initial initial gap between the two IRFs (i.e., a larger
the initial forecast error). And the slower \j, increases with k (i.e., the slower the learning over time),
the longer it takes for that gap (and the average forecast) to disappear.

These properties are intuitive and are shared by the specification studied in the rest of the paper.
Indeed, that specification can be captured here by restricting {\,}32, so that A\, = 1 — G* for all

k > 1, where G € (0,1) is a scalar that corresponds to the Kalman gain and is inversely related to
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o. This makes clear that our baseline specification ties the initial precision of the information about
any given innovation with the subsequent speed of learning. By contrast, the present specification
disentangles the two. As shown next, it also allows for a simple characterization of the IRFs of the
higher-order beliefs, which is what we are after.

Consider first the forward-looking higher-order beliefs. Applying condition (31) to period ¢ + 1

and taking the period-t average expectation, we get

F? [§t+1] = Eﬁ [EH [§t+1H = Et

oo o0
> /\kpk77t+1—k] =3 MMk 1ok k
k=0 k=0

By induction, for all h > 2, the h-th order, forward-looking belief is given by
7h °
Fy [€an] =D MMkt 1o Mot ho1 Pk h—1 Tk
k=0
It follows that the corresponding IRF is given by the sequence F;, = {f}, 1 }72,, where

OE [F? €41 ‘ Ut—k}
On—,

Tk = = A Akt1-+-Akt+h—1Pk+h—1 (32)

OE[Seinlmk] It follows that the ratio —"*— measures the effect of an

Ok Pk+h—1
innovation on the h-th order forward-looking belief relative to its effect on the fundamental. When

Note next that pgip—1 =

information is complete, we have that the aforementioned ration is identically 1 for all k and h. When,

instead, information is incomplete, we have that

—h
o B [Ft [§t+h]‘77t—k}  fuk

877?—19 E [&4-n] ne—#] Pk+h—1

= A Akt1e-Abth—1-

The following result is thus immediate.

Proposition 9. Consider the ratio "
Pk+h—1

which measures the effect at lag k of an innovation on the
h-th order forward-looking belief relative to its effect on the fundamental.

(i) For all k and all h, this ratio is strictly between 0 and 1.

(i) For any k, this is decreasing in h.

(iii) For any h, this ratio is increasing in k.

(iv) As k — oo, this ratio converges to 1 for any h > 2 if and only if it converges for h = 1, and

this in turn is true if and only if \j; — 1.

Part (i) states that, for any belief order h and any lag k, the impact of a shock on the h-th order

belief is lower than that on the fundamental itself. Part (ii) states that higher-order beliefs move less

33



than lower-order beliefs both on impact and at any lag. Part (iii) states that that the gap between the
belief of any order and the fundamental decreases as the lag increases; this captures the effect of
learning. Part (iv) states that, regardless of h, the gap vanishes in the limit as ¥ — oo if and only if
A — 1, that is, if and only if the learning is bounded away from zero.

These properties shed light on the dynamic structure of higher-order beliefs. To see how these
properties in turn drive the equilibrium behavior, we henceforth restrict 5 = 0 and normalize ¢ = 1.
As noted earlier, the law of motion for the equilibrium outcome is then given by a; = Eq[&;]+~vE¢[az+1],
which in turn implies that a; = > ;2 7’“@? [€44n—1] - From the preceding characterization of the

higher-order beliefs, we have Fil (&t+n—1] = Do fokMi—k, With fp, ; defined as in (32). It follows that

oo
at = ngﬁt—k
k=0

where, for all k&,

OE [ay| mi— > S e
gk = W - Z’Yh g = {Z o 1>\k/\k+1~--)\k+hlpk+h1} : (33)
- h=1 h=1

This makes clear how the IRF of the equilibrium outcome is connected to the IRFs of the first- and
higher-order beliefs. Importantly, the higher  is, the more the dynamics of the equilibrium outcome
tracks the dynamics higher-order beliefs relative to the dynamics of lower-order beliefs.

We are now ready to explain our result regarding myopia. For this purpose, it is best to abstract
from learning and focus on how the mere presence of higher-order uncertainty affects the beliefs about
the future. In the absence of learning, A\, = A for all £ and for some X\ € (0,1). The aforementioned

formula for the IRF coefficients then reduces to the following:
(o.9]
gk = {Z(’W\)h_lpmh—l} A
h=1
Clearly, this the same IRF as that of a complete-information, representative-economy economy in
which the equilibrium dynamics satisfy

ar = & + vV Eilag ], (34)

where & = A& and 7/ = 4. It is therefore as if the fundamental is less volatile and, in addition, the
agents are less forward-looking. The first effect stems from first-order uncertainty: it is present simply
because the forecast of the fundamental move less than one-to-one with the true fundamental. The

second effect originates in higher-order uncertainty: it is present because the forecasts of the actions
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of others move even less than the forecast of the fundamental.

This is the crux of the forward-looking component of our observational-equivalence result (that is,
the one regarding myopia). Note in particular that the extra discounting of the future remains present
even if when if control for the impact of the informational friction on first-order beliefs. Indeed,
replacing & with & in the above shuts down the effect of first-order uncertainty. And yet, the extra
discounting survives, reflecting the role of higher-order uncertainty. This complements the related
points we make in Section 6.

So far, we shed light on the forward-looking component (myopia) of our observational-equivalence
result while shutting down the role of learning. We next elaborate on the robustness of the above
insights to the presence of learning and, most importantly, on how the presence of learning and its in-
teraction with higher-order uncertainty drive the backward-looking component of our observational-
equivalence result.

To this goal, and as a benchmark for comparison, we consider a variant economy in which all
agents share the same subjective belief about &, this belief happens to coincide with the average
first-order belief in the original economy, and these facts are common knowledge. The equilibrium

outcome in this economy is proportional to the subjective belief of & and is given by
oo oo
a = Gk With  Ge=> " Neprin
k=0 h=0

This resembles the complete-information benchmark in that the outcome is pined down by the first-
order belief of &, but allows this belief to adjust sluggishly to the underlying innovations in &;.

By construction, the variant economy preserves the effects of learning on first-order beliefs but
shuts down the interaction of learning with higher-order uncertainty. It follows that the comparison

of this economy with the original economy reveals the role of this interaction.

Proposition 10. Let {gx} and {gi.} denote the Impulse Response Function of the equilibrium outcome
in the two economies described above.
(i) 0 < gr < g forall k>0
i) If Lk > Pt Gkt1 S, Tkt
(ii) If P > =2 and py, > 0 for all k > 0, then == > =& forall k>0

Consider property (i), in particular the property that gi < gi. This property means that our econ-
omy exhibits a uniformly smaller dynamic response for the equilibrium outcome than the aforemen-
tioned economy, in which higher-order uncertainty is shut down. But note that the two economies

share the following law of motion:

ar = P[] + YEi[at1]. (35)
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Furthermore, the two economies share the same dynamic response for E[&]. It follows that the
response for a; in our economy is smaller than that of the variant economy because, and only because,
the response of E;[a;11] is also smaller in our economy. This verifies that the precise role of higher-
order uncertainty is to arrest the response of the expectations of the future outcome (the future actions
of others) beyond and above how much the first-order uncertainty (the unobservability of &) arrests
the response of the expectations of the future fundamental.

A complementary way of seeing this point is to note that g, satisfies the following recursion:

9k = fie+ MNeYGrt1- (36)

The first term in the right-hand side of this recursion corresponds to the average expectation of the
future fundamental. The second term corresponds the average expectation of the future outcome (the
actions of others). The role of first-order uncertainty is captured by the fact that f; s, is lower than
pk- The role of higher-order uncertainty is captured by the presence of \; in the second term: it is
as if the discount factor v has been replaced by a discount factor equal to Ay, which is strictly less
than . This represents a generalization of the form of myopia seen in condition (34). There, learning
was shut down, so that that A\, and the extra discounting of the future were invariant in the horizon k.
Here, the additional discounting varies with the horizon because of the anticipation of future learning
(namely, the knowledge that A will increase with k).

Consider next property (ii), namely the property that

9k 9k
This property helps explain the backward-looking component of our observational-equivalence result
(that is, the one regarding anchoring).
To start with, consider the variant economy, in which higher-order uncertainty is shut down. In
this economy, the impact of a shock & + 1 periods from now relative to its impact k periods from now
is given by

~ h h
Jk+1 Akt1 ZZ‘;M Pk+h+1 > 22107 Pk+h+1

Ok M DoV Prsn Soreo Y orn

The inequality captures the effect of learning on first-order beliefs. Had information being perfect,
_ Theo Y Prrnir k1 ~, S0 Pt

> hzo Y Prtn 9k > ho Y Pkan
that, in the variant economy, the impact of the shock on the equilibrium outcome can build force

. This means

we would have had 9%‘:1 now, we instead have

over time because, and only because, learning allows for a gradual build up in first-order beliefs.?

%5 This is easiest to see when p;, = 1 (i.e., the fundamental follows a random walk), for then Gy41 is necessarily higher
than g, for all k. In the AR(1) case where pi, = p" with p < 1, i1 can be either higher or lower than gi, depending on
the balance between two opposing forces: the build-up effect of learning and the mean-reversion in the fundamental.
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Consider now our economy, in which higher-order uncertainty is present. We now have

~

Jk+1 > Jk+1

~

9k 9k

This means that higher-order uncertainty amplifies the build-up effect of learning: as time passes, the
impact of the shock on the equilibrium outcome builds force more rapidly in our economy than in
the variant economy. But since the impact is always lower in our economy,?® this means that the IRF
of the equilibrium outcome is likely to display a more pronounced hump shape in our economy than
in the variant economy. Indeed, the following is a directly corollary of the above property.

Should we state the following corollary in terms of gy, or discuss the special case where &; follows

an AR(1) process?

Corollary 1. Suppose that the first-order belief displays a hump-shaped response, namely { f1 .} is
single peaked at k = k® for some k® > 1. Then, the equilibrium outcome also displays a hump-shaped
response, namely {g} is also single peaked at k = k9. Furthermore, the peak of the equilibrium
response is after the peak of the first-order belief: k9 > k® necessarily, and k9 > kb for an open set of

{\x} sequences.

To interpret this result, think momentarily of k as a continuous variable and, similarly, think of A,
gk, and f; ;, as differentiable functions of k. If f; j is hump-shaped with a peak at & = k;, > 0, it must
be that by is weakly increasing prior to k; and locally flat at k. But since we have proved that the
growth rate of g, is strictly higher than that of by, this means that g, attains its maximum at a point &,
that is strictly above k°. In the result stated above, the logic is the same. The only twist is that, because
k is discrete, we must either relax k, > ky, to k4 > kj, or put restrictions on {\;} so as to guarantee
that kg > Ky + 1.

Summing up, learning by itself contributes towards a gradual build up of the impact of any given
shock on the equilibrium outcome; but its interaction with higher-order uncertainty makes this build
up even more pronounced. It is precisely these properties that are encapsulated in the backward-
looking component of our observational equivalence result: the coefficient wy,, which captures the
endogenous build up in the equilibrium dynamics, is positive because of learning and it is higher the

higher the importance of higher-order uncertainty.

11 Conclusion

In this paper we showed how the accommodation of incomplete information, higher-order uncer-

tainty and learning in forward-looking models is akin to the introduction of two kinds of behavioral

26Recall, this is by property (i) of Proposition 10.
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frictions: myopia vis-a-vis the future; and anchoring of current outcomes to past outcomes.

We offered a stark illustration of this point, in terms of an observational-equivalence result, under
appropriate assumptions about the information structure. These assumptions are restrictive, but the
insights apply more broadly.

The observation-equivalence result was useful, not only for illustrating the above point, but also
for three additional reasons. First, it let us build a sharp connection between incomplete information
and a set of more ad hoc adjustment frictions assumed in the DSGE literature. Second, it helped
as explain how incomplete information can help resolve the gap between the macroeconomic and
microeconomic estimates of such frictions. Last but not least, it facilitated the application and the
quantitative evaluation of our theory in the context of inflation dynamics.

This application brought together the theory with two kinds of evidence: one regarding the actual
inflation dynamics; and another regarding inflation expectations. We thus show how our approach
can, not only rationalize evidence that have traditionally been associated with the hybrid version of
the NKPC, but also achieve this while also matching independent evidence on inflation expectations.

Another application shifted the focus to the demand block of the New Keynesian model, namely
to the dynamic relation between aggregate consumption and the real interest rate. This permitted us
to illustrate how information frictions can help, not only arrest the response of aggregate consumption
to monetary policy, but also reconcile the relatively high degree of consumption habit assumed in the
DSGE literature with one estimated in microeconomic evidence.

When exploring these two applications of our theory to the New Keynesian model, we studied
each block of the model (namely the NKPC and the Euler condition for consumption) is isolation of the
other. We thus emphasized the GE effects and the higher-order beliefs that operate within each block
of the model (respectively, the dynamic complementary in the price-setting behavior of the firms and
the dynamic income-spending multiplier), but abstracted from their interaction. The extension of our
analysis in this direction and the quantitative evaluation of a fully-fledged DSGE setting augmented
with informational frictions are important open questions for future research.

Two other interesting venues for future research regard asset pricing. One is to explore whether
our approach can help explain the fact that asset-pricing pathologies appear to more pronounced at
the aggregate data than in disaggregated data. Another is to explore the implications of higher-order

uncertainty for the pricing of long-run risks.
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Appendix A: Proofs
Proof of Proposition 1

Follows directly from the analysis in the main text.

Proof of Proposition 2
Suppose that the agent’s equilibrium policy function is given by
Q¢ = h(L)ﬂ?Zt

for some lag polynomial h(L). The aggregate outcome can then be expressed as follows:

h(L)
1—pL

at = h(L)ft = M-

In the sequel, we verify that the above guess is correct and characterize h(L).
First, we look for the fundamental representation of the signals. Define 7, = 0% and 7, = 072
as the reciprocals of the variances of, respectively, the innovation in the fundamental and the noise

in the signal. (In the main text, we have normalized o, = 1.) The signal process can be rewritten as

m

. _1 _1
zit = M(L) L ] ; with M(L) = |7, 2 1_1pL 2|
it

Let B(L) denote the fundamental representation of the signal process. By definition, B(L) needs to

be an invertible process and it needs to satisfy the following requirement

7+ (L= pL)(L - p)
(L=pL)(L—p)

-1 /pl—=AL
B(L)=r 2, /22222
(L) = \/:1—pL

where X is the inside root of the numerator in equation (37)

A= = p+<1+7>—\/(p+<1+7—>> —4
2 1) T P T

Next, we characterize the beliefs of &, a;++1, and a;11, that is, the beliefs that show up in the

B(L)B(L™") = M(L)M'(L™") =

which leads to
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best-response condition of the agent. The forecast of a random variable
T
fe=A@) |

Uit

can be obtained by using the Wiener-Hopf prediction formula:

Eulfe] = [AL)M (L HBL7, B(L) 2.

_l’_

Consider the forecast of the fundamental. Note that

— -2 1
& [Tn =

(@)
|
1
£
= ~
_ 1

from which it follows that

Eulé) = Gi(L)zy,  Gi(L)= S ——

Consider the forecast of the future own and average actions. Using the guess that a1 =
h(L)z; 441 and azy1 = h(L)&41, we have

1 m 1 a
a = |r iy o) latj oo e = [0 7 () lai]
and the forecasts are

= . _ATu h(L) B h(\)(1 — pL)
e e ((1 AL N 0NN - m) |

_ . _ A (MI)L=p) RANA—=p) ph(0)\1-pL
Bl = o] = GoL)ea,— Galb) =5 ( L=  AML-AN AL ) [=AL

Now, turn to the fixed point problem that characterizes the equilibrium:

ait = Eup& + Bair1 + yar+1]

Using our guess, we can replace the left-hand side with h(L)z;;. Using the results derived above,
on the other hand, we can replace the right-hand side with [G1(L) + (8 + v)G2(L) + SGs(L)] 4. It

follows that our guess is correct if and only if

h(L) = G1(L) + (B +7)G2(L) + BG3(L)
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Equivalently, we need to find an analytic function h(z) that solves

A1y, 1 1
h(z)zc‘o;?ﬂl—p)\l—)\z—i_
ATy h(z) h(/\)(l - /’2)
A (hGE)(E=p)  BNA=p) _ ph(0) o
+Bp< 2(z = A) a Az = A) )‘ < 1—A2

which can be transformed as
C(z)h(z) = d(z; h(\), h(0))

where
€)= 51 A2)(: = A) = 5 {8 = )1 = ) + (5 +7)::Z}
e hO) ) = 5 (= ) = (Afﬁ_*p}) # 8= )) (1= p2)h)

Note that C(z) is a cubic equation and therefore contains with three roots. We will verify later that
there are two inside roots and one outside root. To make sure that h(z) is an analytic function, we
choose 1(0) and h(\) to make sure that the two roots of d(z; h(\), h(0)) are the same as the two inside
roots of C'(z). This pins down the constants {h(0), h(\)}, and therefore the policy function h(L)

) % 1
ML) = <1_p> 1—pdl—09L

where 971 is the root of C(z) outside the unit circle.

Finally, we show that C(z) has two inside roots and one outside root. Note that C(z) can be

rewritten as

C(z):)\{—z3+<p+ +17—u+ﬁ> <1+ﬁ(p )+/8+77—u)z+5}.
P Py P P Ty

With the assumption that 8 > 0, v > 0, and 5+~ < 1, it is straightforward to verify that the following
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properties hold:

Cc0)=8>0
C) =M= <0
P Ty
0(1):”‘(1_5_7)+(1—5)<1+p—2> >0
TP p

Therefore, the three roots are all real, two of them are between 0 and 1, and the third one ¥~ ! is larger

than 1.

Proof of Proposition 3

Note that

1 w(1— pB — 1 w
C’<>:T( pﬂg p’Y)>O and C<>:—T762<0
0 TnpP A Ty PA

By the continuity of C(z), it must therefore be that C'(z) admits a root between % and 1. But since
this root has to be higher than 1 and since the only such root is given by the reciprocal of 9, this
proves that A < ¥ < p. It also implies that C(z) is decreasing in z in the neighborhood of z = 971, a
property that we use in the sequel to characterize comparative statics of .
Next, using the definition of C'(z), namely
C(z) = -2+ (p+;+;m+ﬁ> 22— <1+B<p+;> +BZW“> z+ B,

Tn n

taking its derivative with respect to 7, and evaluating that derivative at z = 971, we get

acwYy 1 ., . 1oy
. anﬁ (1—a)y™t—-p 7)>an19 (l—a=B-7)>0

Combining this with the earlier observation that %ﬁ;l) < 0, and using the Implicit Function Theo-

rem, we infer that 9 is a decreasing function of 7,.
Similarly, we have
aC(v 1) -1 1 -1 aC(v 1) Tu
—L =W =)W =-A)<0 and ———=—-—<0
s = (07 = ) o =
which proves that ¥ increases with both 5 and ~.
When v = 0, the three roots of C(z) become 5, X and A~!. For this case, the outside root is

independent of 5 and +.
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Proof of Proposition 4

The equilibrium outcome in the hybrid economy is given by the following AR(2) process:

Qo
=7 ClLft
where
_ 1 AT o $a
=505 (1 V1 45wfwb) and G = e (38)

and § = 8 + 7. The solution to the incomplete-information economy is

(2 () ()

To match the hybrid model, we need

=19 and (= (1—i> 1_90[)5. (39)

Combining (38) and (39), and solving for the coefficients of w; and w;, we infer that the two economies

generate the same dynamics if and only if the following two conditions hold:

5p? —
T S =) 4o
9(1 — 69)p?
o= )

Since 6 =  + « and since 9 is a function of the primitive parameters (o, p, 5,7), the above two
conditions give the coefficients wy and wy, as as functions of the primitive parameters, too.

It is immediate to check that wy < 1 and wy, > 0 if ¥ € (0, p), which in turn is necessarily true for
any o > 0; and that wy = 1 and wy, = 0 if ¥ = p, which in turn is the case if and only if ¢ = 0. This
completes the proof of part (i). Part (ii) follows from Proposition 3 together with the fact that a higher

¥ maps to a lower wy and a higher wy,.

Proof of Proposition 5

As already noted, the hybrid and the incomplete-information economies generate the same dynamics

if and only if conditions (40) and (41) hold. Using (41), we can rewrite (40) as follows:

1
wr = (wp;d,p) =1— Wu}b. (42)
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Furthermore, any (53,7, p), the equilibrium of the incomplete-information economy gives an invertible
mapping from ¢ € (0,00) to ¥ € (0, p), whereas condition (41) gives an invertible mapping from
¥ € (0,p) towy € (0,00). It follows that there exists a o € (0, 00) such that the equilibrium dynamics
of the incomplete-information economy replicates that of the hybrid economy if and only if the pair
(wp,wy) satisfies condition (42) along with w;, € (0, 00). Finally, the level of the informational friction
that achieves this replication is obtained by inverting condition (41) to obtain ¥, and thereby also o,

as an implicit function of wy.

Proof of Proposition 6

Suppose that the individual’s policy function is
ait = g(L)zit + h(L).

.. V(¢ . . .
In the limit as V((&t)) — 00, agents effectively interpret z;; as a perfect signal of (;; and as a completely

uninformative about &. As a result, the forecasts of both &, and a;+; only depend on z;;. Furthermore,

the forecast of the individual’s own future action can be decomposed as follows:
Eit [ait+1] = Eit[g(L) zit41] + Eie[n(L)zit41].
The first component only depends on z;; and is given by
Eitlg(L)zitt1] = g(L)zie — (1 = p)g(0)zit,
which yields a simple solution to g(L) :

9L =1

On the other hand, using similar logic as in the proof of Proposition 2, we get:

A (0(0) + M) g = (9O) + WO (1 - L)

Bit lar] = P Ty L A (1- )\L)
Ei [ag] Am( h(L (h(A) + g(N)(1 = pL) )x
e 1— AL ) I—pN(L-Na-AL)) "
h(A\)(1 — pL
Ei[h(L)zit+1] = — = N p)\()(l( )\)p(l)_ )\L)> Tit
A<h(L (L p) h(A)(A—p) _ph(0)> L-pL
p \ L(L—\ ML=X XL J1-xL""



The fixed point for h(L) is

B ATy h(z) h(A) (1 — pz)
ile) =8+ B+ ((1 VS F Y R (V[ ey g Az))
N Bé <h(2)(z —p) hNA-p) ph(O)) 1—pz
p\ z(z—A) Az =) Az J1=X\z
This leads to
C(z)h(z) = d(2)
where

C) =51 -2z -3 = {mz S p2) 4 (8 +7)::Z}
d(z) = A(2)z(z = A)(1 — Az2)

_ ; (”W”) LB~ p)> 2(1— p2)h(N)

T, 1 —pA
— B(z = A)(1 = p2)h(0)

_ 1 A
20 = 5 (1-5)

By eliminating the inside roots of C(z), the solution to h(z) follows.

Proof of Proposition 10

First, let us prove gi < gi. Recall that {gx} is given by

o0
gk = Z’Yh)\k)\k—&-l-u)\k—&-hplﬁ—h
h=0

Clearly,

o0
0< gk <> V" Meprsn = G
h—0

which proves the first property. If limg_oo Ay = 1 and -7, 7 presn, exists for all k, then it follows

that R _ o
li 9k limg o0 Eh:o YV Pk+h
mm — = - ) n frg

k—oo g liMpoo Y 0o YPk4R

1.
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Next, let us prove that %=L > %L By definition,
9 7

~ o0 h
Gkl Metl Dopeo Y Phthtl

3k M 2oneo Y orrn
Jr+1 _ Nit1 2oneo Y N2 Mot h1 Pk ht 1
Ik Mo 2 r o Y Akt Nkt h Pt

Since {\4} is strictly increasing and pi, > 0, we have

gk+1/§k+1 S > o 0V Nkt Mot hPhht1 [ Doneo Y Phthl
gk Tk om0 VA1 Nk h Pt > heo Y Pktn

It remains to show that the term on the right-hand side is greater than 1. To proceed, we start with

H H Y2 x2
the following observation. If 6; > 62 > 0, and Tt 2 e then

x101 + 2202 S Y101 + y202

r1+x2 T 1ty
Note that
Phk+2 2 Pk+3
S o Y Nt 1 Akt h PR R _ Pi+1 1+ w"““pkﬂ T A1 A2 pr1 T
D0 Y Nkt 1o Akt h Pk P 1+ fy)\kﬂ% + V2 A1 Akro P’;:Z 4
and

Pk+2 2 Pk+3
Zﬁ“;o ’thk+h+1 _ PE+1 1 +7pk+1 +7 Pr+1 +.-

> he0 V" Ph+h Pk 1+~yp';7:1 +,Y2p1;7:2 T

Based on the observation, we will show that

L a2+ A a4 Ty gt
L o1 255+ 2N i A2 P02 L T Ly P g2 B

by induction. We first establish the following

L yAppr B2 1y ome2

Pk+1 Pk+1
1+ )\ Pk+1 Z 1+ Pk+1
YA+ Ry

This inequality is obtained by labeling 61 = 1,09 = 2282 2y = ¢ = 1, 19 = Y\ 12, and

Pr41 Pk
yo = y2EEL By assumption, 252542 < 1. Meanwhile,
Pk Plt1
PEk+1 Pk+1
x9 . ’7)\k+1 Dk < ’Y>\k+1 0k . Y2
w1t 3 Ly T A F e 25
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Now suppose that

Lir-2 n—l Phtn Ph+2 n—1Pktn
14 ’Y)\lc+1pk+l + ...+ )\k+1 e )\k+n_1 Pt - 1+ 'ypk_H +...4+y T

14+ 91 pl;? +...+ ’y"_l)\k+1 .. .)\k+n,1pk+"*1 — 14+ 7[”;7:1 + ...+ fyn—lplﬁrinl

Pk Pk

We want to show

LA 22y T Nt Ak 1 5 Nt A P

Pk+1 Pk+1 Pk+1
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By assumption, #3 < 1 and 6y < % when ¢ < n, which leads to §; > 0. Also note that
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This completes the proof that 9’”1 > 9';21.

Appendix B: Additional Variant with Idiosyncratic Shocks

In the case studied in Subsection 6.2, the presence of higher-order uncertainty distorts the response
of the aggregate outcome to aggregate shocks, while the assumption that each agent knew perfectly
her own fundamental guarantees that the informational friction does not affect at all the response of
individual outcomes to idiosyncratic shocks. This offered a sharp illustration of how our approach
helps resolve the disconnect between micro and macro estimates of habit, adjustment costs, etc. We
now expand on the robustness of this point to situations in which the agents lack perfect knowledge
their own fundamentals.

We continue to assume that &;; is given by the sum of an aggregate and an idiosyncratic compo-
nent, but prevent agent i from observing either &;; or its components. In particular, we specify the
information structure as follows. First, we let each agent observe the same noisy signal z;; about the
aggregate shock & as in our baseline model. Second, we let each agent observe the following noisy

signal about the idiosyncratic shock ¢ :
Zit = Git + Vit,

where v;; is independent of (;;, of &, and of x;;.
Because the signals are independent, the updating of the beliefs about the idiosyncratic and the
aggregate shocks are also independent. Let 1 — A be the Kalman gain in the forecasts of the aggregate

fundamental, so that
Eit (6] = pAEs—1[&—1] + (1 = A) 244
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Next, let 1 — X be the Kalman gain in the forecasts of the idiosyncratic fundamental, so that
Eit[Git] = pXEit—l[Ci,t—l] +(1- X)zzt

It is straightforward to extend the results of Section 5 to the current information structure. It can thus

be shown that the equilibrium action is given by the following:

P\ % 1 ) % 1
a=[1-2 ——— G+ (1-= &t
i ( p)l—p51—ALCt+< p)l—pél—w:&*“t

where 9 is determined in the same manner as in our baseline model and where w;; is a residual that

is orthogonal to both ¢;; and & and that captures the combined effect of all the idiosyncratic noises
in the information of agent .

In comparison, the full-information equilibrium action is given by

14
1—po

at, = %
it 1_p/8

Git + &t

It follows that, relative to the full-information benchmark, the distortions of the micro- and the macro-

level IRFs are given by, respectively,

h) 1 ) 1
1—= — and 1—-= .
( P)l—/\L ( p>1—19L

The macro-level distortions is therefore higher than its micro-level counterpart if and only if ¢ > .

From the proof of Proposition 3, it is straightforward to verify that 9 > X, with ¥ — X as~y — 0.
Furthermore, following Mackowiak and Wiederholt (2009), it is natural to assume that X is lower
than A, because the typical agent is likely to allocate more attention to idiosyncratic shocks than
to aggregate shocks. This guarantees a lower distortion at the micro level than at the macro level
even if we abstract from GE interactions (which amounts to letting v — 0, or abstracting from role
higher-order uncertainty).

But once such interactions are taken into account, we have that ¢ can be higher than X even if
the latter exceeds A. This reflects the role of higher-order uncertainty. Because GE effects are active
only with aggregate shocks, because GE effects cause the equilibrium outcomes to track higher-order
beliefs, and because higher-order beliefs are more inertial than first-order beliefs, the response to
aggregate shocks can be more attenuated and more sluggish than the response to idiosyncratic shocks

even if the agents know more about aggregate shocks than about idiosyncratic shocks.
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Appendix C: Investment

A long tradition in macroeconomics that goes back to Hayashi (1982) and Abel and Blanchard (1983)
has studied representative-agent models in which the firms face a cost in adjusting their capital stock.

In this literature, the adjustment cost is specified as follows:

Cost; = ® (Kt—1> (43)

where I; denotes the rate of investment, K;_; denotes the capital stock inherited from the previous
period, and @ is a convex function. This specification gives the level of investment as a decreas-
ing function of Tobin’s Q. It also generates aggregate investment responses that are broadly in line
with those predicted by more realistic, heterogeneous-agent models that account for the dynamics of
investment at the firm or plant level (Caballero and Engel, 1999; Bachmann, Caballero, and Engel,
2013; Khan and Thomas, 2008).2”

By contrast, the DSGE literature that follows Christiano, Eichenbaum, and Evans (2005) and Smets
and Wouters (2007) assumes that the firms face a cost in adjusting, not their capital stock, but rather

their rate of investment. That is, this literature specifies the adjustment cost as follows:

I
Cost; = U (t> (44)
Iy 4

As with the Hybrid NKPC, this specification was adopted because it allows the theory to generate
sluggish aggregate investment responses to monetary and other shocks. But it has no obvious analogue
in the literature that accounts for the dynamics of investment at the firm or plant level.

In the sequel, we set up a model of aggregate investment with two key features: first, the adjust-
ment cost takes the form seen in condition (43); and second, the investments of different firms are
strategic complements because of an aggregate demand externality. We then augment this model with
incomplete information and show that it becomes observationally equivalent to a model in which the
adjustment cost takes the form seen in condition (44). This illustrates how incomplete information
can merge the gap between the different strands of the literature and help reconcile the dominant
DSGE practice with the relevant microeconomic evidence on investment.

Let us fill in the details. We consider an AK model with costs to adjusting the capital stock. There
is a continuum of monopolistic competitive firms, indexed by i and producing different varieties
of intermediate investment goods. The final investment good is a CES aggregator of intermediate

investment goods. Letting X;; denote the investment good produced by firm i, we have that the

#’These works differ on the importance they attribute to heterogeneity, lumpiness, and non-linearities, but appear to share
the prediction that the impulse response of aggregate investment is peaked on impact. They therefore do not provide a
micro-foundation of the kind of sluggish investment dynamics featured in the DSGE literature.
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aggregate investment is given by

o-17 521
e [

And letting Q;: denote the price faced by firm i, we have that the investment price index is given by

Qt = [/Q}t_a] ﬁ-

A representative final goods producer has perfect information and purchases investment goods to

maximize its discounted profit

subject to
K = Ky + Iy

Here, the fundamental shock, &, is an exogenous productivity shock to the final goods production,

and @ (1t ) K; represents the quadratic capital-adjustment cost. The following functional form is
K

L\ 1 (L)
v(%) =2 (%)

Let Z;, = 1% denote the investment-to-capital ratio. On a balanced growth path, this ratio and the

price for the investment goods remain constant, i.e., Z; = Z and Q; = Q. The log-linearized version

assumed:

of the final goods producer’s optimal condition around the balanced growth path can be written as

Qqi + v Zz = xEy [Aftﬂ + Qqi+1 + Y Z(1 + Z)Zt+1:| . (45)

When the producers of the intermediate investment goods choose their production scale, they may
not observe the underlying fundamental &, perfectly. As a result, they have to make their decision

based on their expectations about fundamentals and others” decisions. Letting
max g [QieXit — e Xt ,
it

subject to

a-(1) e

Define Z;; = fg’: as the firm-specific investment-to-capital ratio, and the log-linearized version of the
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optimal choice of Xj; is

zit = Eit [z + 0qy] .

In steady state, the price @ simply equals the markup over marginal cost ¢,

and the investment-to-capital ratio Z solves the quadratic equation

Q+vZ =x <A+Q+¢Z+w22—;wz2> .
Frictionless Benchmark. If all intermediate firms observe &, perfectly, then we have
Zit = 2t +0qt
Aggregation implies that z;; = z; and ¢; = 0. It follows that z; obeys the following Euler condition:

2t = & + 0Ky [2¢.41]

where
_ XA

Incomplete Information. Suppose now that firms receive a noisy signal about the fundamental

and d=x(1+2).

& as in Section 3. Here, we make the same simplifying assumption as in the NKPC application. We
assume that firms observe current z;, but preclude them from extracting information from it. Together

with the pricing equation (45), the aggregate investment dynamics follow

) 9]
PXA w i
zt = Wz kzo X Eiléerr] + x2 kZ_O X'Edlzt4k1]

The investment dynamics can be understood as the solution to the dynamic beauty contest studied in

Section 3 by letting
oo XA
vz’

The following is then immediate.

B=x, and y=xZ
Proposition 11. When information is incomplete, there exist wy < 1 and wy > 0 such that the equi-
librium process for investment solves the following equation:

2t = P& + wpoBy[ze11] + wpzi—1

56



Finally straightforward to show that the above equation is of the same type as the one that governs
investment in a complete-information model where the adjustment cost is in terms of the investment

rate, namely a model in which the final good producer’s problem is modified as follows:

> I
max Z X'Eo |exp(&)AK; — QeI — ¥ (I~t> It]

{Kt7lt} =0 t—1
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