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ABSTRACT

We develop a representative agent general equilibrium model with return extrapolation and recur-
sive preferences. The model generates a large and countercyclical equity premium, a low and pro-
cyclical interest rate, a sizable and countercyclical Sharpe ratio, low interest rate volatility, strong
excess volatility for equity, predictability of equity returns using price-dividend ratios, negative
autocorrelations of equity returns, persistence of price-dividend ratios, as well as low correlations
between consumption growth and stock returns. In addition, the model matches in magnitude
the degree of return extrapolation and the investor memory structure derived directly from survey
evidence. Our model can serve as a quantitative benchmark for the comparison between behavioral

asset pricing models and more traditional models.
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In the past few decades, the literature on empirical asset pricing has documented a set of
stylized facts about the aggregate equity market. This includes the equity premium puzzle of Mehra
and Prescott (1985), the excess volatility puzzle of LeRoy and Porter (1981) and Shiller (1981),
the evidence on predictability of equity returns documented by Campbell and Shiller (1988) and
Fama and French (1988), low correlations between consumption growth and stock returns noted by
Hansen and Singleton (1982, 1983), as well as negative autocorrelations of equity returns presented
in Poterba and Summers (1988). Several leading asset pricing models—these include the habit
formation model of Campbell and Cochrane (1999), the long-run risk model of Bansal and Yaron
(2004), and the rare disasters model of Barro (2006) and Gabaix (2012)—have tried to account for
these empirical facts.

On the other hand, the survey data on actual investor expectations of stock market returns
have suggested a new set of empirical regularities. Vissing-Jorgensen (2004), Bacchetta, Mertens,
and van Wincoop (2009), Amromin and Sharpe (2013), Greenwood and Shleifer (2014), and Koi-
jen, Schmeling, and Vrugt (2015) document that many individual and institutional investors have
extrapolative expectations: they believe that the stock market will continue rising in value after a
sequence of high past returns, and that it will continue falling in value after a sequence of low past
returns. Furthermore, Cassella and Gulen (2015) establish a formal empirical link between survey
expectations and asset prices by showing that the degree of return extrapolation drives the degree
of return predictability. By contrast, models like Campbell and Cochrane (1999) and Bansal and
Yaron (2004) imply that investors would expect lower returns after a sequence of high past returns.
Given the discrepancy between these expectation-related empirical findings and the models men-
tioned above, there is a clear need for an asset pricing model with return extrapolation that can
be directly compared on quantitative grounds to more traditional asset pricing models.

In this paper, we take up this challenge. We develop a Lucas-type general equilibrium model
with a representative agent and with return extrapolation and Epstein-Zin preferences. In the
model, the price of the aggregate equity market and the interest rate are jointly determined in
equilibrium by investor preferences and subjective beliefs. The model generates a large and coun-
tercyclical equity premium, a low and procyclical interest rate, a sizable and countercyclical Sharpe
ratio, low interest rate volatility, strong excess volatility for equity, predictability of equity returns
using price-dividend ratios, negative autocorrelations of equity returns, persistence of price-dividend
ratios, as well as low correlations between consumption growth and stock returns. We directly com-
pare all of these model implications with empirical data, and find that the majority of them match
the data in magnitude. In addition, the model also matches quantitatively the degree of return
extrapolation and the investor memory structure derived directly from survey evidence.! Empirical
predictions related to survey expectations are the ones that more traditional models with rational
expectations do not match.

The basic mechanism behind our return extrapolation model is an endogenous two-way feedback

!Specifically, the memory structure refers to the speed at which past return realizations die out in investors’
memory when they form beliefs about future returns.



loop: investor beliefs about returns drive asset prices, and asset prices in turn affect investor beliefs.
When past returns have been high, investors become more optimistic about future returns and
push up asset prices. With higher prices, current returns become higher, and therefore investors
become even more optimistic. This two-way feedback loop leads to excess volatility and a high
equity premium. On top of this basic mechanism, an important multiplier effect arises from the
interaction between extrapolative beliefs and Epstein-Zin preferences. With return extrapolation,
the investor perceives an aggregate dividend process and an aggregate consumption process that
are more persistent than the actual processes. In conjunction with Epstein-Zin preferences, this
perceived persistence generates an even larger equity premium.

The two-way feedback loop described above is a main reason for earlier models like Cutler,
Poterba, and Summers (1991) and Barberis, Greenwood, Jin, and Shleifer (2015) to introduce fully
rational investors in order to counteract the biased beliefs from behavioral investors. In the absence
of rational investors, the positive feedback loop in these models may lead to divergence in price,
and as a result, equilibrium may not exist. In this paper, we show that carefully modelling a rep-
resentative agent with return extrapolation and Epstein-Zin preferences can preserve equilibrium.
A stronger two-way feedback loop leads to higher contemporaneous risks and higher perceived per-
sistence of risks. These risks interacting with Epstein-Zin preferences counteract the extrapolative
beliefs, and hence preserve the existence of equilibrium.

The paper makes two contributions to the literature on asset pricing theories. First, the model
is set up in a way that is directly comparable with the habit formation models, the long-run risk
models, and the rare disasters models. As for our model, most of these models are representative
agent models developed in a Lucas economy. Compared with these models, not only can our model
quantitatively match the behavior of aggregate market asset prices, it can also match in magnitude
the survey evidence on investor beliefs. In the model, it is precisely the belief channel that gives
rise to all the asset pricing anomalies. In addition, our model performs better in generating low
correlations between consumption growth and stock returns. The intuition behind this finding
is that belief formation is asset-specific. Return extrapolation, the primary force in the model
that drives systematic time variation in stock returns, is directly applied to the risky claim of
dividend streams, but much less directly to the consumption stream due to the low correlation
between consumption growth and dividend growth. As a result, a large component of consumption
movements does not affect stock returns.

The second contribution of the paper is a methodological one. While most belief-based models
specify belief formation exogenously, the two-way feedback loop described above in return extrapo-
lation models require endogenous belief formation. This imposes a greater modelling challenge, and
our differential equations approach provides a solution to it. To better understand the quantitative
implications of the two-way feedback loop, we compare our model to a model with fundamental ex-
trapolation, the notion that some investors hold extrapolative expectations about dividend growth.
For the same parameter values, we find that the model with fundamental extrapolation generates on

average a much lower equity premium and hence a lower Sharpe ratio. With fundamental extrap-



olation, the two-way feedback loop does not arise: realized dividend growth generates optimistic
beliefs about future dividend growth and hence pushes up prices, but higher prices do not create a
feedback effect on beliefs about future dividends.

Our belief-based model allows for different time-series behavior for quantities objectively mea-
sured by outside econometricians and quantities subjectively perceived by investors. For instance,
while the true equity premium and Sharpe ratio are countercyclical, the perceived equity premium
and Sharpe ratio are both procyclical; this is consistent with the findings of Amromin and Sharpe
(2013). The difference between subjective expectations and objective expectations also allows the
model to generate a negative equity premium when investor sentiment is very high, a prediction
that is consistent with the recent findings of Baron and Xiong (2015) and Cassella and Gulen
(2015).

The paper adds to a new wave of theories that attempt to understand the role of belief forma-
tion in driving the behavior of asset prices and the macroeconomy (Fuster, Hebert, and Laibson
(2011), Choi and Mertens (2013), Alti and Tetlock (2014), Hirshleifer, Li, and Yu (2015), Barberis
et al. (2015), Jin (2015), Ehling, Graniero, and Heyerdahl-Larsen (2015), Vanasco, Malmendier,
and Pouzo (2015), Collin-Dufresne, Johannes, and Lochstoer (2016), and Greenwood, Hanson, and
Jin (2016)). The most related is the model developed by Barberis et al. (2015). Although their
model also features return extrapolation, it adopts a framework with constant absolute risk aver-
sion preferences and a constant interest rate. These simplifying assumptions make it difficult to
quantitatively calibrate their model. In contrast, our model can serve as a quantitative benchmark
for comparing behavioral asset pricing models with more traditional models.

The paper proceeds as follows. In Section I, we lay out the basic elements of the model and
characterize its solution. In Section II, we examine the model implications in detail. Section III
further analyzes some comparative statics results. Section IV compares the model with a funda-
mental extrapolation model. Section V concludes and suggests directions for future research. All

technical details are in the Appendix.

I. The Model

In this section, we lay out the model, characterize its solution, and derive equilibrium quantities
that are important for understanding the model implications.
Consider an infinite-horizon economy with a representative agent. Following Epstein and Zin

(1989, 1991), we assume that the representative agent has a recursive intertemporal utility
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where 0 is the subjective discount factor, v > 0 is the relative risk aversion, ¢ > 0 is the reciprocal
of the elasticity of intertemporal substitution. When 1 equals v, (1) reduces to a standard power

utility case. Expectations are taken under the representative agent’s subjective beliefs, which, as



we specify later, incorporate return extrapolation.

In discrete time, the subjective Euler equation is
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where MHN is the gross return on the optimal portfolio from time ¢ to time t + At, and ]?MJFN
is the gross return on any tradeable asset j in the market over the same horizon.

In a Lucas economy, the optimal portfolio in equilibrium is the Lucas tree itself, and therefore
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where PC is the price of the Lucas tree at time ¢.
Consider the continuous-time limit of the economy described above. We assume that the ag-

gregate consumption process evolves as

dC;/Ct = godt + ocdwf (4)
and that the aggregate dividend process for the equity market evolves as

dD;/D; = gpdt + opdw? . (5)

The instantaneous correlation between dC; and dDy is p: Ei[dw{ - dwP] = pdt. And the price of
the future dividend stream at time ¢ is denoted as PP.

We now begin to make specific assumptions about the beliefs of the representative agent. Recent
survey evidence suggests that real-world investors form beliefs about future returns of the equity
market by extrapolating the market’s past returns (see Vissing-Jorgensen (2004), Bacchetta et al.
(2009), Amromin and Sharpe (2013), Greenwood and Shleifer (2014), and Koijen et al. (2015)). To

formalize this, we assume that, from the representative agent’s perspective, the evolution of PP is
dPP /PP = D (Sy)dt + oB(Sy)dws, (6)

where
ppc(Sy) = (1= 0)gp + 0S;. (7)

That is, the representative agent’s belief ug’e(St) is a linear combination of a rational component
gp and a behavioral component S;, which we call the sentiment variable.? The parameter 6 controls
the degree of extrapolation: setting 6 to zero reduces the model to a rational benchmark.

We next construct Sy through learning. Specifically, suppose the representative agent believes

that the expected growth rate on the risky asset is governed by a latent variable fig; and that

2The growth rate gp is the rational expectation of P /PP only in an economy without any biased beliefs.



fis,; follows a regime-switching process between a high-state return pgy and a low-state return py,

(ug > pr) with the following transition matrix?

[Si+dt = MH LS, t+dt = ML

fist = [H ( 1 — xdt xdt >

8
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Here x and A are the intensities for the transitions from the high-return state to the low-return
state and from the low-return state to the high-return state, respectively. Setting S; = E[fis¢|F/ ],
we then apply optimal filtering theory (see, for instance, Lipster and Shiryaev (2001)) and obtain

dSy = (Api + xpr — (A +X)S)dt + (0p,) " 0(nm — Si)(Sy — pr)dwy

= s (Sp)dt + o5 (Sp)dwf, ©)

where dw{ = [dPP /PP — (1 - 0)gpdt — HStdt]/UB’t is perceived by the representative agent to be a
standard Brownian innovation term.

The evolution of sentiment in (9) captures the notion that after a sequence of good past returns,
the investor becomes more optimistic about future returns: high past return realizations dPP /PP
push up perceived shocks dwy and therefore lead the investor to raise her expectations S;. There are
apparently many ways to specify the evolution of S to capture the notion of return extrapolation.
We choose the regime-switching learning approach based on two reasons: 1) Bayesian learning is a
natural way to discipline our belief specification; and 2) as we see later, bounding S; at pg and pr,
makes it easier to solve the model.

It is important to emphasize that although the subjective evolution of sentiment (9) is con-
structed through optimal learning, the representative agent does not hold rational expectations.
This is because in the long run, the representative agent could realize that the regime-switching
model (8) is an incorrect belief model: she could look at the historical distribution of dwf and notice
that it does not fit into a normal distribution with mean of 0 and variance of dt. In reality, while
existing investors may learn over time that (8) is an incorrect belief model, new investors who hold
extrapolative beliefs are likely to enter the financial markets over time. Setting a dogmatic and
stable belief system (8) for the representative agent is an analytically convenient way to capture
this notion.

Without loss of generality, the price-dividend ratio PP /D; can be written as a function of the

sentiment variable PP /D; = f(S;). Writing the perceived dividend process as

th/Dt == geD(St)dt + O'Dd(x)f (10)

3 A similar learning structure about Poisson risks is analyzed in Jin (2015).



and applying Ito’s lemma on both sides of PP /D; = f(S;), we obtain

{use(F'1 )t + (f') flosedwf + 5(f"/ f)ogdt}

=[(1-0)gp +0S; — gp, + o — agtap]dt + (agt — op)dwy.

(11)

Matching terms allows for expressing g%, and afg explicitly as functions of S, f and its derivatives
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- 2 ’ (12)
95(8) =(1 = O)gp +6S + oF) — R (S)op — ps()(F'/F) = 31"/ F)(os(5))*

op(S)

The consumption process is not perfectly correlated with the dividend process. Therefore, we
need to address, both conceptually and mathematically, how the representative agent perceives
the consumption process. First, notice that, without loss of generality, (4) can be alternatively

expressed as
dCy/Cy = godt + o¢ (,odth +v1-— deth) , (13)

where wtl is a Brownian motion that is locally uncorrelated with th . To obtain the perceived

consumption process, we impose the assumption that the representative agent has correct beliefs
about wi-. In other words, we assume that the biases in beliefs about consumption only come
from the biases in beliefs about dividends.? As a result, the consumption process perceived by the

representative agent is

dC,/Cy = g&(Sy)dt + o <pdwf V1 p2dwti) : (14)

By comparing (5), (10), (13), and (14), we know

96(St) = go + pocop' (95(S) — gp). (15)

Empirically, p is a small and positive number, and o¢ is much smaller than op. As a result, g&(S;)
only has a very small loading on ¢%,(S;).

From (2) it is apparent that when pricing the dividend stream, the gross return of the optimal
portfolio is required in the Euler equation under Epstein-Zin preferences. Given this, the price-
consumption ratio PC/Cy also becomes a function of the sentiment variable PC/Cy = 1(S};), and f
and [ are interrelated through Euler equations. Writing the perceived price process for consumption
stream PC as

dPE |PE = pGe(S)dt + 05, (St)dwf + 055 (Sy)dwit (16)

4For any alternative assumption, one needs to explain why the investor has incorrect beliefs about consumption
that are uncorrelated with her incorrect beliefs about dividends.



and applying Ito’s lemma on both sides of PC/Cy = 1(S;) gives

{ps(U'/V)dt + (I' /1) ogdws + 51" /1)o% dt}

C:
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(17)

Matching terms allows for expressing Mg’e, O'gl, and agQ explicitly as functions of S;, I and its

derivatives
U}q,Q =V 1- pzo-Ca
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where o5 (5) and g (S) are derived in (12) and (15) respectively, and pg(S) and og(S) are from (9).

Based on the subjective Euler equation of (2), the evolutions of f and [ are governed by
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Substituting ps and og from (9), o8 and g%, from (12), and g¢¢ from (15) into equations (19)
and (20), we obtain a system of two ordinary differential equations that jointly determines f and
[.° The detailed derivation of (19) and (20) is in the Appendix.

In both (19) and (20), the second derivative terms are all multiplied with og, and og goes to
zero as S approaches either pg or ur. As a result, ug and uy are both singular points, and no
boundary condition is required when jointly solving these differential equations. Equations (19)
and (20) cannot be solved analytically. We apply a projection method with Chebyshev polynomials
to solve them numerically. We discuss the details of the numerical procedure in the Appendix.

Below we derive some key variables that are important for understanding the model implications.

A. Interest Rate Dynamics

®When 6 = 0, our model reduces to a fully rational benchmark and equations (19) and (20) give rise to

—1 —1
l=0+(—1)gc - @J%] , f= [5 +gc — gp — 7(w'H)UQ + 'ypacch] .



Given the price-consumption ratio [ for the consumption stream and the price-dividend ratio f
for the dividend stream, we can determine the equilibrium shadow interest rate. From (2) we know
that for a riskless bond ]:3]-,” At = Biyar/By = 1+ ryAt. Substituting this and the optimal return
from (3) into (2) and letting At go to zero, we obtain

0=Ef d(OCW=/(=y=7/0=¥) gy 4 %@Cw—w/u—wl(w—w/(l—wBl—ldt} ’ (21)
where ©(C,t) = e 0=/ (1=¥)=¥(1=7)/(0=¥) " Applying Ito’s lemma,

- — 1= 8dt —7(dC/C) + 2RO/ ) + Y= (dl/1) + 2= (d ) 1)? )
= t .
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By (9) and (14), (22) can be simplified as
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re = 105 4 g — 2002 v ? . (23)
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When 0 =0, r =0 + Ygo — 77(#};1) a%.
B. Objective versus Subjective Ezxpectations and Sharpe Ratios

At each point in time for a given sentiment level S;, we can compute the subjective and objective
expected log excess returns on the equity market as well as the subjective and objective Sharpe
ratios.

Equations (6) and (7) imply that the log excess return from time ¢ to ¢ + dt is

m(PE 4 + Diyardt) — tn(PP) — rydt

(24)
=r;dt = [(1—0)gp +0S; + f1 — L(oB)? — r]dt + oBdws.
Therefore
E[ry] = (1—0)gp + 0S: + f 1 — 3(0B)? —rv. (25)
The subjective Sharpe ratio is therefore [(1 — 0)gp + 05, + f~1 — 3(cB)* — ] /0.
By comparing (5) and (10)
dwf = (9%(S;) — gp)dt/op + dus. (26)
Therefore
TtD’edt =[(1—0)gp +0Si + f ' —op'0B(95 — gp) — 3(0B)? — r]dt + opdwp. (27)



The objective expectation of log excess returns is
Eifry] = (1= 0)gp +0Si + [ — o' 0B (9h — gp) — 3(0P)” —71. (28)

where ¢%(S) is derived in (12). The objective Sharpe ratio for PP is [(1 — 0)gp + 0S; + f~1 —

op'oB (g% — gp) — $(0B)? — 1] /oB.

C. Steady-State Distribution for Sentiment

In order to evaluate the conditional and unconditional moments of the model, we need to
compute the steady-state distribution for the sentiment variable S; objectively measured by an
outside econometrician. To do so, we substitute the change of measure from (26) into the subjective

evolution of sentiment in (9) and obtain the objective evolution of sentiment as
dSy = [ns(Si) + o' 05(S:) (g — 9p(Se))]dt + o5(Si)dwf. (29)

Compared to the subjective evolution of sentiment, the objective evolution is subject to a larger
degree of mean reversion: the term o5 0g(St)(gp — g5 (S;)) in (29) is negative when sentiment S;
is high and positive when S; is low.® Denote the objective steady-state distribution for sentiment

as £(5). Its evolution follows the Kolmogorov forward equation (Fokker-Planck equation)

2 — €

0 =345 (02(9)E(9)) — 45 (lus(St) + o5 05(S) (gp — 9H(S1))IES))

=(0%)%€ + 0506€ + 2050%6¢ + Log” (30)

~[us +op'os(gp — 9p) — o5 as(9h)' 1€ = [us + o as(gp — gh)IE'-
The expressions for g§, and og are from (12) and (9), respectively, and the expressions for o, o,
Ws and (¢%)" are included in the Appendix. The steady-state distribution must satisfy

s
£(S)ds =1. (31)
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D. Correlation between Subjective Return Expectations and Model-implied Return FExpectations

Based on the descriptions of the survey questions, we interpret the survey-based expected
returns as the subjective expectation of RP = (dPP + D,dt) /(PP dt), the percentage returns on the
equity market. For model-implied return expectations, we follow Greenwood and Shleifer (2014)
and use E[RP*].

Under the objective probability measure, the correlation between subjective expectations of
returns and model-implied expectations of returns, averaged over the entire steady-state distribu-

tion of S, the lowest quartile of S (bad times), and the highest quartile of S (good times) are

SWith a lower degree of mean reversion for the subjective sentiment evolution, the steady-state distribution of S,
perceived by the representative agent sometimes become degenerate.



Corre (E¢[RP), E[RP]), Corre(E¢[RP],E[RP*]|S < Spas5), and Corre(E¢[RP],E[RP€]|S > Sy715),
respectively, where Syo5 and Sp.75 are set such that fio‘% £(S)dS = 0.25 and fi;” £(S)dS = 0.75.

L

II. Model Implications

In this section, we examine the model implications. Overall, for parameters that have dispersed
estimate of values in the literature, we rely on comparative statics in Section III to show how
sensitive the model implications are with respect to changes in these parameter values.

First, we set the benchmark values for the model parameters. For the asset-specific parameters,
we set go = 1.91%, gp = 2.45%, oc = 3.8%, op = 11%, p = 0.2. These values are consistent with
the values used in Campbell and Cochrane (1999), Barberis, Huang, and Santos (2001), Bansal
and Yaron (2004), and Beeler and Campbell (2012). The parameter values for gc and gp are set
such that both log consumption and log dividend grow at an annual rate of 1.84%; this rate is used
in Barberis et al. (2001).

Next, we assign default values for our preference-specific parameters, v, ¥, and . We set -,
the relative risk aversion parameter, to 10. As pointed out in Bansal, Kiku, and Yaron (2012)
and Bansal and Yaron (2004), the long-run risk literature—a literature that depends significantly
on the parameter values of Epstein-Zin preferences for its model implications—typically assigns
a value of 10 or below for 7. Bansal and Yaron (2004), for instance, set v to either 10 or 7.5.
An estimate of 10 for 7 is also the maximum magnitude that Mehra and Prescott (1985) find
reasonable. For 1, the reciprocal of the elasticity of intertemporal substitution, there exists a wide
range of estimates in the asset pricing literature. The majority of previous work suggests that
should be lower than one, but several other papers argue the opposite.” Given these results, we set
our benchmark value for ¥ at 0.9, a value that is slightly below one. For ¢, the subjective discount
factor, we assign a value of 2%.

For the belief-specific parameters, we set § = 0.5, x = 0.18, A = 0.18, ug = 15%, and pu =
—15%. These parameters are not directly observable from the price and consumption data, but they
can be disciplined, to some extent, by survey data. Greenwood and Shleifer (2014) suggest that:
1) a significant portion of real-world investors extrapolates past returns when forecasting future
returns; and 2) these investors only use the past 1-2 years of returns when forming expectations
of returns over the next year. Given these observations, we assign a value of 0.5 for . We then
discipline our choices of y and A such that our representative investor only uses the past couple of
years of returns when forecasting future returns (see Table 3 for a detailed analysis). Lastly, we
choose pg and pp that are approximately symmetric in magnitude.

We summarize our default parameter values in Table 1.
[Place Table 1 about here]

In the remaining part of this section, we first examine two building blocks for the model impli-

"See Bansal et al. (2012) for a discussion of this point.
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cations: the steady-state distribution of the sentiment and a set of empirical quantities each as a
function of sentiment. We then compute some key unconditional and conditional moments of the
model and compare them with their corresponding empirical values. Next, we study the investor’s
belief structure by looking at the relationship between her subjective expectations about future
returns and the current or past realized returns. Finally, we examine the asset pricing implica-
tions of the model by analyzing return predictability, autocorrelations of log excess returns and log
price-dividend ratios, as well as the correlations between consumption growth and stock returns.
We begin our analysis of model implications by plotting the steady-state distribution of the
sentiment variable in Figure 1. The steady-state distribution is slightly negatively skewed because
at times when past returns are low, the concavity of the investor’s utility function allows for a
strong interaction between pessimistic beliefs and risk aversion. This interaction pushes the risky

asset price further down and gives rise to a lower level of sentiment.
[Place Figure 1 about here]

Next we plot the price-dividend ratio f, the return volatility afg , the objective expectation of

log excess return (equity premium) E[rP*¢], and the interest rate r, with each as a function of the

sentiment variable S.
[Place Figure 2 about here]

Figure 2 shows that the model generates a strong procyclical pattern for the price-dividend
ratio, the valuation measure for the aggregate equity market. With a sequence of high past returns
on the risky asset, investors become more optimistic about future returns and hence push up the
risky asset price. With a higher price, the current return gets higher, and therefore investors become
even more optimistic about future returns, pushing up the risky asset price further. This two-way
feedback loop not only serves as the main driver for the procyclicality of the price-dividend ratio,
it is also the main source for excess volatility.

In addition, the model generates a strong countercyclical pattern for equity premium. With a
sequence of low past returns on the risky asset, investors become pessimistic about future returns
and hence push down the risky asset price, causing future returns to rise on average. This effect
is further amplified by the two-way feedback loop described above. At the same time, a higher
demand on the riskless bond reduces the interest rate. Both the higher (true) expected log return
on the risky asset and the lower interest rate help to generate a higher equity premium during
bad times, and the first effect is the dominant one: moving S; from its mean to the bottom 25%
percentile level causes a total increase of 8.2% for the equity premium, out of which 8.0% comes
from the increase in the expected log return of the risky asset.

Conversely, with a sequence of good past returns, investors become very optimistic about future
returns; they push up the risky asset price and cause future returns to drop on average. At the
same time, a lower demand on the riskless bond causes interest rate to rise. In this case, both the

low (true) expected log return on the risky asset and the high interest rate help to generate a low

11



equity premium during good times, and again the first effect is the dominant one. Moving S; from
its mean to the top 25% percentile level causes a total decrease of 9.7% for the equity premium,
out of which 9.5% comes from the decrease of the expected log return of the risky asset.

Given the steady-state distribution (Figure 1) and the asset prices conditional on a given senti-
ment level (Figure 2), we provide some basic unconditional and conditional moments of the model
in Table 2.

[Place Table 2 about here]

Table 2 suggests that with the default parameter values, the model can generate a sizable equity
premium, a significant amount of excess volatility, and a relatively low and stable interest rate, all
consistent with the data.® As discussed earlier, return extrapolation generates a two-way feedback
effect that serves as the main source of excess volatility. For the equity premium, three channels
contribute to its large magnitude. First and most intuitively, excess volatility together with risk
aversion causes the equity premium to rise. Second, with return extrapolation, the representative
agent perceives that both the aggregate dividend process and the aggregate consumption process are
persistent, even though the true processes are not persistent. This perceived persistence interacts

9 Lastly, the separation of

with Epstein-Zin preferences and induces a larger equity premium.
elasticity of intertemporal substitution and relative risk aversion keeps the interest rate low for the
majority of sentiment levels and hence helps to keep the equity premium high.

The model can generate a large and negative equity premium during high-sentiment periods,
consistent with the recent empirical findings of Baron and Xiong (2015) and Cassella and Gulen
(2015). A rational expectations model—for instance, long-run risk models and habit formation
models—does not generate a negative equity premium.!’ In our model, the subjective expecta-
tions and objective expectations differ significantly during high-sentiment or low-sentiment periods:
When the sentiment level is very high, investors expect high equity returns moving forward, but
precisely because of their incorrect beliefs, future equity returns will be low on average and the
interest rate rises. Both contribute to the negative equity premium.

Variation of sentiment levels leads to variation in log price-dividend ratios, as observed in the
data. The majority of the variation in log price-dividend ratios occurs with intermediate levels
of sentiment; during high-sentiment or low-sentiment periods, the regime-switching structure of
learning reduces excess volatility and thereby reduces the standard deviation of log price-dividend
ratios.

Table 2 also suggests that the subjective return expectations are negatively correlated with
model-implied expected returns. This result is consistent with the empirical findings of Greenwood

and Shleifer (2014) and cannot be obtained from rational expectations models. Furthermore, it

8Excess volatility is defined as the ratio of the average volatility of return over fundamental volatility. From
Table 2, this ratio is 2.74.

9More precisely, the investor is averse to persistent shocks when v > 2.

108¢trictly speaking, it is still possible for a rational expectations model to generate a negative equity premium if the
stock market negatively correlates with some other factors and can therefore serve as a strong diversification device.
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is important to recognize that the largest contribution to this negative correlation comes during
high- and low-sentiment periods. After a sequence of high (low) past returns, the sentiment level
becomes very high (low), pushing down (up) the log dividend-price ratio. Precisely because of
the high (low) sentiment level, subsequent returns are low (high). So one testable prediction of
the model is that the correlation between the model-implied expected returns and the difference
between subjective and objective expectations should be negative and significant; in the model,
Corre (E¢[RP] — E[RP], fn(D/P)) is —0.986.

To examine investor beliefs more closely, we regress the representative agent’s subjective expec-
tation about future returns on either the past twelve-month cumulative raw return or on the current
log price-dividend ratio, over a sample of 15 years or 50 years. We report in Table 3 the regression
coefficient and its t-statistic, the intercept, as well as the adjusted R-squared. Specifically, we exam-
ine two return expectations measures: the subjective expectation of RY = (dPP + Ddt)/(PPdt),
the percentage returns on the equity market, and the subjective expectation of dPP /(PPdt), the
capital gain on the equity market. The latter measure is included based on the observation that
investors may not actively think about dividend yields when answering survey questions.!! Each
reported value—for instance, the regression coefficient—is averaged over 100 trials, with each trial
being a regression based on simulated data of the model with a monthly frequency.

Table 3 suggests that in the model, the degree of investors’ extrapolative expectations about fu-
ture returns matches the empirical magnitude suggested by Greenwood and Shleifer (2014). Specif-
ically, regressing E¢[RP] (E¢[dPP /(PPdt)]) on past twelve-month cumulative raw returns for a 15-
year long sample, the regression coefficient is 2.2% (4.0%) with a Newey-West adjusted t-statistic of
8.2 (8.4). Running the same regression for a 50-year long sample, the regression coefficient is 2.3%
(4.0%) with a Newey-West adjusted t-statistic of 11.7 (12.1). For comparison, with a 5-year long
sample of sparse data from the Michigan survey, the regression coefficient is 3.9% with a t-statistic
of 1.68; and with a 15-year long sample of data from the Gallup survey, the regression coefficient,
after some conversion, is about 8% with a ¢-statistic of 8.81. Also consistent with the data, survey
expectations are positively correlated with log price-dividend ratios. Since log price-dividend ra-
tios negatively predict subsequent returns, survey expectations are also negatively correlated with

realized returns.
[Place Table 3 about here]

To further understand the lag structure of investors when they form expectations, we run non-

linear least squares regressions of the form
n
. D
Expectation; = a + b E i1 ij(t—jAt)a(t—(j—l)At) + &, (32)

where w; = e ¢UDAL /S e=¢(—DAL We also call (32) the investors’ memory structure.

In Table 4 we report the regression coefficient a, the intercept b, the adjusted R-squared, and

"'When calibrating model parameters to survey expectations, Barberis et al. (2015) take this interpretation.
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most importantly, the estimated ¢. As before, we examine two expectations measures, E¢[RP] and
E¢[dPP /(PPdt)]. Each reported value is averaged over 100 trials, with each trial being a regression
based on simulated data of the model with a monthly frequency over either 15 years or 50 years.
Also we set At = 1/12 and n = 600.

[Place Table 4 about here]

Table 4 shows that with our default parameters, ¢ is about 0.43; this means that a monthly
return three years ago is weighted about 25% as much as the most recent return. For compari-
son, Barberis et al. (2015) also obtain an estimate of about 0.44 for ¢, an estimate that is very close
to the model-implied value. This is not a coincidence. We assign a value of 0.18 to both A and x
so that our representative investor has a short memory span when using past returns to forecast
future returns. As we will see later from our comparative statics analysis, a lower value for A and
x—that is, a more “sticky” belief structure—implies a lower degree of informativeness of recent
returns, and hence a longer memory span for investors.

The current behavioral literature lacks consensus on investors’ memory span. While Greenwood
and Shleifer (2014) find that investor expectations only depend strongly on most recent returns
in the past year or two, Malmendier and Nagel (2011, 2013) and Vanasco et al. (2015) suggest
that distant past events may also play an important role when investors form beliefs. Although
reconciling this discrepancy is beyond the scope of the paper, one possible explanation is that when
forming beliefs, investors adopt two separate belief formation processes: one with a short memory
span for frequent but less salient events such as moderate stock market fluctuations on a daily
basis, and the other with a long memory span for infrequent but salient events such as a market
crash.

We next look at the model implications for return predictability. As documented by Campbell
and Shiller (1988) and Fama and French (1988), regressing subsequent log excess returns over
certain time horizon on the current log price-dividend ratio leads to a negative regression coefficient.
Moreover, the predictive power becomes greater at longer time horizons.

Table 5 reports the regression coefficient 5; and the corresponding adjusted R-squared when
regressing the log excess return from time ¢ to time ¢ + j on the current log price-dividend ratio
n(P,/Dy)

r g = o+ Bitn(Pr/ D) + e (33)

over various horizons j. Regressions are based on simulated data of the model with a total length
of 10,000 years and with a monthly frequency. Consistent with the data, both 3; and the adjusted
R-squared generally increase as the time horizon j increases. However, over longer horizons (beyond
three years), the adjusted R-squared tends to decrease slightly as j increases further. To understand
this, notice that in the model, the predictability of price-dividend ratios is driven by the mean
reversion of sentiment, which, in turn, is driven by the fact that, from the representative investor’s

perspective, recent returns carry more information than distant returns when forecasting future
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returns. With a short memory span, mean reversion of sentiment occurs over a relatively short time

horizon. Over longer horizons, no extra mean reversion in beliefs contributes to return predictability.
[Place Table 5 about here]

Empirically, log excess returns exhibit negative autocorrelations at longer lags (Poterba and
Summers (1988)), and price-dividend ratios are highly persistent at short lags. Table 6 below
suggests that the model captures both facts. The negative autocorrelations of log excess returns
are generated by mean reversion of the sentiment level. The persistence of price-dividend ratios, on
the other hand, is driven by the persistence of sentiment levels. Following our discussion of return
predictability, a short memory span for investors implies a time series of log price-dividend ratios
that is less persistent than what the data suggests. A reconciliation between investors’ memory

span and the persistent levels of asset prices is left for future research.
[Place Table 6 about here]

Hansen and Singleton (1982, 1983) document a low correlation of stock returns and consumption
growth. Most consumption-based asset pricing models, however, generate a very high, if not perfect,
correlation between realized stock returns and consumption growth. In Table 7 we examine our

model’s implications for correlations of this type.
[Place Table 7 about here]

Table 7 suggests that the contemporaneous correlations between changes in log consumption and
log excess returns are around 0.2. These correlations are fairly close to the empirical value of 0.09;
for comparison, the correlations in Campbell and Cochrane (1999) are 0.79, and 0.40 at a monthly
and an annual frequency, respectively. To understand why our model generates low correlations,
we note that return extrapolation, the primary force that drives systematic time variation in stock
returns, is directly applied to the risky asset of dividend streams, but much less directly to the
consumption stream. Empirically, consumption growth and dividend growth have a low correlation
(p = 0.2). As aresult, a large component of consumption movements does not affect the risky asset
price.' For many rational expectations models in which asset pricing implications rely heavily
on adjusting the consumption-based pricing kernels, the correlations between consumption growth
and stock returns tend to become very high.

Consistent with the data, the model also generates a small and negative correlation between the
current change in log consumption and the subsequent log excess returns. Because consumption
growth and dividend growth are weakly and positively correlated, a period of high consumption
growth tends to coincide with a period of high dividend growth. High dividend growth drives up
the asset price and therefore pushes up the sentiment level. In subsequent periods, as sentiment

mean-reverts, stock returns become low.

12Gimilarly, Barberis et al. (2001) apply prospect theory to preferences over financial assets, not preferences over
consumption stream. As a result, the correlation between consumption growth and stock returns remains low in their
model.
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III. Comparative Statics

In this section, we look at comparative statics of the model. We focus on parameters that are
difficult to measure empirically, and examine the sensitivity of the model implications with respect

to changes in these parameters.
[Place Figure 3 about here]

Figure 3 analyzes the impact of the degree-of-extrapolation parameter 6 on asset prices. When
0 = 0, the model reduces to its rational benchmark. In this case, the equity premium reduces
to 0.23%; the return volatility reduces to the fundamental volatility of 11%; the price-dividend
ratio stays constant at 135.1; and the interest rate stays constant at 2.35%. With a higher 6, two
effects arise. First, a higher degree of return extrapolation induces a stronger two-way feedback
loop described earlier. This results in larger return volatility, a higher equity premium, and lower
price-dividend ratios. Second, a higher degree of return extrapolation leads to higher persistent
risks perceived by the investor. In conjunction with Epstein-Zin preferences, these higher perceived
risks lead to an even higher equity premium.

Overall, a 1% increase in 6 leads to an approximately 0.09% increase in the equity premium
and an approximately 0.29% increase in return volatility. On the other hand, the interest rate is
much less sensitive to changes in 6. This is because: 1) the separation of elasticity of intertem-
poral substitution and relative risk aversion keeps the interest rate low and stable; and 2) only a
small fraction of incorrect beliefs about g7, gets transformed into incorrect beliefs about g¢ due
to the low correlation between consumption growth and dividend growth (see (15)), and therefore
the perceived evolution of the consumption-based pricing kernel—the key process that drives the
interest rate—is not much affected by extrapolation biases.

We next look at the impact of belief parameters 6, y, and A on investor memory and the
persistence of asset prices. As suggested by Table 4, investor memory (span) is characterized by
¢ and it is estimated from the regression of (32): a higher ¢ means that the investor looks at a
shorter history of past return realizations when forming her beliefs about future returns. For the
persistence of asset prices, we look at the autocorrelation of log price-dividend ratios at a one-year

lag.
[Place Figure 4 about here]

Figure 4 suggests that increasing 6, x, and A all lead to a shorter memory span for the in-
vestor (a higher ¢) and less persistent log price-dividend ratios. With higher intensities of regime
switch—that is, a higher x or A for (8)—recent returns carry more information for the investor
when forecasting future returns. This leads to a shorter memory span and hence faster mean rever-
sion of investor sentiment, which in turn results in less persistent price-dividend ratios. Increasing
0 generates a similar effect. With rational expectations, the investor uses all past returns to form
an efficient estimate for the expected return of the equity market. These rational expectations ef-

fectively require a longer memory span. A higher 6 leads to a higher degree of over-extrapolation,
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inducing the investor to pay more attention to recent returns and therefore shortening her mem-
ory span. Increasing 6 from 0.2 to 0.5 increases ¢ from 0.38 to 0.43 and reduces the one-year
autocorrelation of log price-dividend ratios from 0.52 to 0.33.

Furthermore, comparative statics of the model with respect to 6 provides implications that are
consistent with the recent empirical findings of Cassella and Gulen (2015). They show that during
periods when investor expectations depend heavily on recent past returns, price-dividend ratios
strongly predict returns over the next year. But during periods when investor expectations depend
more on distant past returns, price-dividend ratios do not strongly predict returns over the next
year. In our model, not only does a higher 8 lead to a higher ¢, it also leads to a larger regression
coefficient (in magnitude) with a higher R-squared when regressing subsequent excess returns over
a short horizon on the current price-dividend ratio: increasing 6 from 0.05 to 0.5 changes 1 of
the regression (33) from —0.32 (with an adjusted R-squared of 0.001) to —0.72 (with an adjusted
R-squared of 0.13). At the same time, with a lower § and hence a lower ¢, regressing subsequent
excess returns over a long horizon on the current price-dividend ratio gives rise to a larger regression
coefficient with a lower R-squared: reducing 6 from 0.5 to 0.05 changes (7 of the regression (33)
from —1.1 (with an adjusted R-squared of 0.12) to —1.3 (with an adjusted R-squared of 0.003).
Intuitively, a higher degree of over-extrapolation (a higher 6) implies a higher degree of mispricing
and a shorter memory span for the investor, which, in turn, leads to stronger mean reversion of
investor sentiment and causes the short-term predictability of price-dividend ratios to rise.

To conclude our discussion on comparative statics, we now look at the preference-based param-
eters. We find that 1) lowering ~ from 10 to 7.5 reduces the equity premium from 4.88% to 4.01%;
and 2) changing the reciprocal of the elasticity of intertemporal substitution ) between 0.85 and
1.15 does not affect the moments of the model much. In other words, our model implications are

quantitatively robust with respect to changes in 1.

IV. Fundamental Extrapolation

Biased beliefs can be imposed on different quantities. Earlier work has focused on fundamen-
tal extrapolation, the notion that some investors in the economy hold extrapolative expectations
about fundamentals such as dividend growth or GDP growth (e.g., Barberis, Shleifer, and Vishny
(1998), Fuster et al. (2011), Choi and Mertens (2013), Alti and Tetlock (2014), Hirshleifer et al.
(2015)).

One key reason for imposing biased beliefs on fundamentals is that in this way, the evolution of
beliefs can be fully specified without solving the equilibrium; this greatly simplifies many of these
models. On the other hand, recent survey evidence (Vissing-Jorgensen (2004), Bacchetta et al.
(2009), Amromin and Sharpe (2013), Greenwood and Shleifer (2014)) strongly suggests that at the
aggregate level, both individual and institutional investors form extrapolative expectations about
future returns.

In this section, we compare our return extrapolation model with a model with fundamental
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extrapolation. To facilitate the comparison, we keep the two models almost identical. The only
difference is that, for the model with fundamental extrapolation, the sentiment variable is con-
structed based on past dividend growth instead of past returns. Below we first briefly lay out the
fundamental extrapolation model. To avoid repetition, we keep the exposition to a minimum. We
then compare the asset pricing implications of the two models.

For fundamental extrapolation, the key behavioral assumption, instead of (6) and (7), is that,

from the representative agent’s perspective,
th/Dt = geD(St)dt + UDdCL)f, (34)

where

9p(St) = (1 —0)gp + 65S;. (35)

Similar to the return extrapolation model, the construction of S; is through learning about a hidden
regime-switching model, but now based on past realizations of dividend growth. This gives rise to

a sentiment process perceived by the representative agent as

dSy =(Aum + xpr — A+ x)S)dt + 05" 0(um — Si) (St — pup)dwy

(36)
=ps(St)dt + o5(St)dwy .
The perceived evolution of PP becomes
AP,/ P, = i “(Sy)dt + o P (Sy)duws, (37)
where
op(S) =op + (f'/fop'0(uu — S)(S — pur), (38)

up(8) =(f'/ s + 5(f"/ fok + 1 —0)gp +0S — o} + opoB(S).

As before, the price-dividend ratio and the price-consumption ratio, f and [, are determined by
simultaneously solving (19) and (20), except that ¢%,, us, os, ,ug’e, and o are now determined
by (35), (36), and (38).

Two observations are worth making. First, different from the model with return extrapolation,
0113 (S), the volatility of return that determines the speed of learning, does not directly enter the
partial differential equations of (19) and (20) in the case of fundamental extrapolation. Second,
different from the model with return extrapolation, the steady-state distribution of the sentiment
variable can be now specified without solving equilibrium prices. These differences highlight a
key distinction between return extrapolation and fundamental extrapolation. With fundamental
extrapolation, high realized dividend growth generates optimistic beliefs about future dividend
growth and this factors into prices, but higher prices do not create a feedback on beliefs about

future dividends. By contrast, with return extrapolation, a two-way feedback loop on returns
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is formed: high realized returns generate optimistic beliefs about future returns and this leads to
higher prices that further cause more optimistic beliefs about future returns. This two-way feedback

loop provides an additional source of excess volatility.
[Place Table 8 about here]

In Table 8 we provide some basic unconditional and conditional moments of the fundamental
extrapolation model using the same default parameter values as in the return extrapolation model.
By comparing Table 8 with Table 2, we observe that, by and large, fundamental extrapolation
worsens the model fit: both the average equity premium and the average Sharpe ratio become
much lower, and the average price-dividend ratio becomes much higher. As discussed in the pre-
vious paragraph, the same sequence of positive fundamental shocks tend to lead to less optimistic
beliefs in the case of fundamental extrapolation; higher returns are only a result but not a source
for a higher perception of future dividend growth. As a result, risks in returns associated with
fundamental extrapolation are less significant, reducing excess volatility and the equity premium.
Furthermore, in the absence of a two-way feedback loop, risks associated with fundamental ex-
trapolation are perceived to be less persistent. In conjunction with Epstein-Zin preferences, this
further lowers the equity premium. Overall, fundamental extrapolation generates 37.9% of the
equity premium, 74.4% of excess volatility, and 42.6% of the Sharpe ratio that return extrapolation
generates.

One needs to interpret these comparisons with caution. Table 8 does not serve as a rejection
of fundamental extrapolation models. Instead, it suggests that with a similar learning structure
and with the same degree of extrapolation, fundamental extrapolation generates a smaller equity
premium. This does not prohibit the view that in reality, the degree of fundamental extrapolation
is indeed larger and hence sufficient to generate a sizable equity premium.

Next we examine investor beliefs in the fundamental extrapolation model. Similar to the re-
gressions we run and report in Table 3, we regress subjective expectations about future returns,
measured by either E¢[RP] or E¢[dPP /(PP dt)], on either past twelve-month cumulative raw re-
turns or on the current log price-dividend ratios, over a sample of 15 years or 50 years. Table 9

reports the regression coefficient and its ¢t-statistic, the intercept, as well as the adjusted R-squared.
[Place Table 9 about here]

In contrast to the extrapolative expectations results presented in Table 3, with fundamental
extrapolation, investors’ expectations about future returns typically depend insignificantly on past
returns; the t¢-statistics are quite small and the regression coeflicients are close to zero. In this
model, good realizations of dividend growth push up both equity returns and the price-dividend
ratios. With fundamental extrapolation, investors expect higher dividends moving forward, but
not higher returns. Subjective expectations of returns are determined by investors’ perceptions of

risks, and without significant changes in risks, the regression coefficients stay close to zero.
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These regressions results suggest that a representative agent model with fundamental extrap-
olation may face greater challenges in matching the empirical findings of Greenwood and Shleifer
(2014), the findings that subjective return expectations are positively correlated with past returns
and negatively correlated with model-implied returns. However, a heterogeneous agent model with
fundamental extrapolation—for instance, a model with both fundamental extrapolators and fully

rational investors—may generate return extrapolation.'?

V. Conclusion

In this paper, we develop a representative agent general equilibrium model with recursive prefer-
ences and with return extrapolation. The model matches in magnitude many empirical regularities
documented in the literature, including the degree of return extrapolation and investors’ memory
structure derived from survey data. A two-way feedback loop endogenously arises with return ex-
trapolation: asset returns are driven by investor beliefs but at the same time they also affect these
beliefs. A comparison with a fundamental extrapolation model shows that this two-way feedback
loop serves as a significant amplification mechanism.

Our analysis has left several important issues to future work. First, we have discussed the
discrepancy between investors’ short memory span of a year or two documented by Greenwood and
Shleifer (2014) and the more persistent levels of price-dividend ratios suggested by price data. A
reconciliation between these two sets of facts calls for more conceptual and theoretical development.

Second, our representative agent approach is a simplifying approach. It highlights the role of
investor beliefs and allows the model to be directly compared to the rational asset pricing models
in the literature. However, at the same time, it neglects an important channel that can affect
asset prices, namely, the time-varying fraction of wealth held by behavioral agents. The interaction
between this time-varying wealth of behavioral agents and their beliefs can further amplify business
cycle fluctuations and yield additional implications.

Lastly, there exists a close connection between long-run risk models and extrapolation models
with Epstein-Zin preferences. In long-run risk models, Epstein-Zin preferences interact with a true
aggregate consumption process that has a long-run and persistent component in it. This interaction
gives rise to a large equity premium, excess equity volatility, and predictability of equity returns,
among other things. With extrapolation-based models, the true aggregate consumption process
does not have a persistent component, but some investors perceive such a component for both
the consumption process and the dividend process. In conjunction with Epstein-Zin preferences,
these perceptions also lead to the same empirical predictions that the long-run risk models try to
explain, but at the same time generate very different predictions about investor expectations. A
closer comparison between these two types of models may provide additional insight into the nature

of asset price fluctuations.

13For instance, investor heterogeneity allows the model of Ehling et al. (2015) to generate extrapolative expectations
about returns.
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Appendices

A. Deriwation of the Differential Equations System of (19) and (20)

For the risky asset of the dividend stream (10), the subjective Euler equation (2) can be written

as

Ef =

~ —v(1-7)/(A=9) / 5 ~ (=)/(1=¢) 5 =
6_5(1_7)&5/(1_@ Ct+At PtqrAt + Ct+AtAt Ptl?kAt + Dt—i—AtAt
Ct Ptc R&D

(A.1)
As At goes to zero, (A.1) becomes

ol s N —p(1=7)/(1=¢) - (=) /(1—1p) ~ 0 D
ES |:e 8(1—)dt/(1—) (Ct-i-dt) PLa)" PR, 1+ﬁ—;p§Z:At+ﬁdt

_ - 1=0/1=0) (pOyw)/(1-4) pD.
(A.2)

Rearranging terms gives

d(©CW=N/A=0)|W=n/A=¥) D f) 4 L=y —)/(=)|20—y=1)/A=) D fq¢

e 1=

0=E; . (A3)
+OCW—/0=¢)(b=7)/(1=¥) Dgt

where O(C,t) = e 0=/ (1=¥)C=¥(1=7)/(1=¥) ' By Tto’s lemma, (A.3) leads to

~MD gt — (dC/C) + (dD/D) + (df /) + L= (dlf1) + 25 (dC/C)?
0=Ef | +1¥=22e0-L(ai/1)? — Wo(dC/C)(dl/1) — (dC/C)(dD/D) — A(dC/C)(df /)

| +{=3(dl/1)(dD/D) + Y= (dl/1)(df [ f) + (df / )(dD/ D) + {=31~'dt + f~'dt
(A.4)
Using (9), (10),and (14) to further simplify (A.4) then gives (19).
For the optimal portfolio itself, the Euler equation (2) becomes

- —p(1=7)/(1=¥) / 3 - (1=7)/(1—2)
ES |:65(17)At/(1¢) < Ct+At> (Pﬁm + Ct+AtAt> } =1 (A.5)
t C - :

Cy Jz

Its continuous-time limit is

0=E¢ [d<90(1—7)/(1—w)l(l—v)/(l—w)) + ﬁ@c(l—v)/(l—w)l(w—v)/(l—w)dt} ) (A.6)
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By Ito’s lemma, (A.6) leads to

—1=26dt — (v — 1)(dC/C) + L (dC/C)? + 122 (d1)1)

0=E . . (A.7)
S22 (A1 1)? + S (dC/O) dl/) + =2 Nt
Using (9) and (14) to further simplify (A.7) gives (20). n

B. Steady-State Distribution for Sentiment

Below we derive all the terms necessary for solving the Kolmogorov forward equation (30).

From the expression of og in (9)

008 (1w + i — 25) — 0(um — S)(S — pr) (0B
(o)’

/_
O'S— )

, (BY

01 = S)(S — ) R2AOR)T —oR@R)"} oy 0B (@) (s + pr —25) + (oR)
’ (op) (@R |

For the expression of p1g in (9) and the expression of g%, in (12)

fs =— (A +x),
(9p) =0 —op(op) —w's(f'/) = puslf"/f = ()] F?) (B.2)
—asos(f"/f) = 508l ) f = £ £/ 7],
where o8 is from (12), and (0B) and (cB)” are

(oBy =0 s = 2) '/ 1) + Opusr = S)S — pa)lI" /T = ')/ 7]

b+ 48(un — 5)(S — pr)(f'/ )

o2y — _ MO+ = 28) (/1) + s = S)(S — p)l1"/§ = )%/
(02 +46(uurr — S)(S — ur) (/)]
20"/ f 4+ 20(um + pr, — 29)f"/f — (f)?/f?]
o+ 46 — S)(S — pr) (/)

L O = S)(S — pn) "/ = 3CF 1)/ F2 + 2S)°/ £

o+ 460us — 5)(S — pr) (/)

+
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C.  Numerical Procedure for Solving the Equilibrium

We use a projection method with Chebyshev polynomials to jointly solve the two differential

equations (19) and (20

). The value of the sentiment variable S ranges from py to gy whereas the

domain for Chebyshev polynomials is [-1, 1]. So we transform S to a new state variable z

z=aS +b,

and define h(z)

(1

—G=26 — g8 + g5 +

[(W'/R) + $=

= f(S(2)) and j(2)

2

_ 4 HH + PL
wi — pr’

where a = b=— ,
HH — KL

(C.1)

=1(S(2)). Equations (19) and (20) can be rewritten as

~

=3 Daps + 5[0 /h) + {3 (" /5)la* o

0= | +20 62 4 L0200 (a1 /5)202 — WX pocos(ag’/§) — vpocop — ypocas(ah! /h)
| +i=tonos(aj'/j) + =Eo%a(§'/5) (W [h) + opos(ah' [h) + =3 + b7t |
(C.2)
and
— 1230 — (v = Dgg + 5202 + 1= (ad' /s + g7 (a%5" [5)0%
0= (C.3)
+123 Y 0 )20 + S0 pocos(ag' [) + =35
We approximate h and j by
h(z) = Zr:o a,Tp(z),  I(z) = Zr:o b T, (2), (C.4)

where T, (z) is the r** degree Chebyshev polynomial of the first kind.'* The projection method

chooses the coefficients {a,}_, and {b,}], so that the differential equations are approzimately

satisfied. One criterion for a good approximation is a minimum weighted sum of squared errors

- H2
— 25 — g+ g5 + (W /h) + Y22 (5 ) aps + L[(B"/h) + 425" /1)a?0?
SN +208 062 4 L 202 (05 7)20% — XD pocas(aj'[5) — vpocan
i=1 \/@ 1/1 v ’ 1/; / 17 /
—vpocas(al’[h) + $=Fopas(aj' /) + {=Foda*(j' /7) (W /h) + opos(ah’ [h)
B AR [
2 (3
Ly —1530 = (v = Vg& + 29502 + 120 (ag' /) s + 52y (025" /5) 0%
=1 V1-22 11—y Y=y, (1-)° / -1 ’
t31=g 1o (a3 /9) 0% + S=p-pocos(al [7) + 1= .
(C.5)

where {2}, are the N zeros of Ty(z). By the Chebyshev interpolation theorem, if N is suffi-

ciently larger than n and m, and if the sum of weighted square in (C.5) is sufficiently small, the

11See Mason and Handscomb (2003) for detailed discussion of the properties of Chebyshev polynomials.
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approximated functions (z) and [(z) are very close to the true solutions.

For the numerical results in the main text, we set m = 40, n = 40, N = 400. We then apply
the Levenberg-Marquardt algorithm and obtain a minimized sum of squared errors less than 107!,
The small size of errors indicates a good convergence of the numerical solution. The solution is
also insensitive to the choice of n, m, and N. These findings indicate that the numerical solutions
are sufficient approximations for the true h and j functions.

The same numerical procedure is applied for solving the Kolmogorov forward equation (30). H
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Figure 1. Objectively Measured Steady-State Distribution of Sentiment. The figure
plots the objective steady-state distribution of sentiment £ as a function of the sentiment variable
S. The parameter values are: go = 1.91%, gp = 2.45%, oc = 3.8%, op = 11%, p = 0.2, v = 10,
=209 6=2%,0=0.5,x =018 XA =0.18, ug = 15%, and p;, = -15%.
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Figure 2. State-Dependent Model Implications. The figure plots the price-dividend ratio f,
the return volatility Jg , the objective expectation of log excess return E[r”>¢] and the interest rate
r, with each as a function of the sentiment variable S. The parameter values are: go = 1.91%, gp
= 2.45%, oc = 3.8%, op = 11%, p = 0.2, vy = 10, ¢ = 0.9, 6 = 2%, 6 = 0.5, x = 0.18, A = 0.18,
wr = 15%, and pup = —15%.
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Figure 3. Impact of 6§ on Asset Prices. The figure plots the annual expectation of log excess
return E[r?¢], the annual volatility of log excess return o(r”¢), the average price-dividend ratio
exp(E[¢n(P/D)]), and the average interest rate E[r| (in percentage), each as a function of the
degree-of-extrapolation parameter . The other parameter values are: gc = 1.91%, gp = 2.45%,
oc =3.8%,0p =11%, p=0.2,vy=10,¢ = 0.9, 6 = 2%, x = 0.18, A = 0.18, uy = 15%, and pur,

= -15%.
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Figure 4. Impact of Belief Parameters on Investor Memory and Persistence of Asset
Prices. The figure plots ¢ (investors’ memory span estimated from the regression in (32) using
E¢[RP] as the expectation measure over a sample of 15 years) and the one-year autocorrelation of
log price-dividend ratios, both as a function of 6, x, and A. The default values for 6, y, or A\ are
0.5, 0.18, and —0.18, respectively. The other parameter values are: gc = 1.91%, gp = 2.45%, o¢
=38%,0p =11%, p=0.2, v =10, ¢ = 0.9, 6 = 2%, pg = 15%, and pur, = —15%.
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Table 1. Parameter Values.

Parameter Variable Value

Asset parameter:

Expected consumption growth gc 1.91%
Standard deviation of consumption growth oc 3.80%
Expected dividend growth gp 2.45%
Standard deviation of dividend growth op 11%
Correlation between dD and dC P 0.2
Utility parameter:
Relative risk aversion v 10
Reciprocal of EIS P 0.9
Subjective discount factor ) 0.02
Belief parameter:
Degree of extrapolation 0 0.5
Transition intensity from H to L X 0.18
Transition intensity from L to H A 0.18
Return in state H HH 0.15
Return in state L 1229 -0.15
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Table 2. Basic Unconditional and Conditional Moments.

Empirical value (overall)

Bottom Top

Statistic Overall
quartile  quartile CC(1999) C(2003) BC(2012)
E[rPe] 4.88%  20.05% -13.05% 3.90%  6.69%  4.91%
o(rPe) 27.4%  25.6%  28.7% 18.0%  15.7% -
E[rP€] /o (rP-) 0.20 0.79 ~0.45 0.22 0.43 -
E[rP] 7.04%  21.81%  -10.46% - - 5.47%
a(rP) 27.4%  25.6%  28.7% - - 20.17%
E[r] 2.16%  1.76%  2.60% 2.92%  0.90%  0.56%
o(r) 0.33%  0.12%  0.20% - <1.75%  2.89%
exp(E[fn(P/D)]) 19.4 16.8 22.3 21.1 24.7 28.8
o(fn(P/D)) 0.11 0.05 0.05 0.27 0.30 0.45
Corre(E¢[RP],E[RP*])  -0.95  -0.97 -0.99 —0.57

The table reports the annual expectation of log excess return E[r”:€], the annual volatility of log
excess return o (r?+¢), the Sharpe ratio E[r?¢]/o(rP+), the annual expectation of log return E[r?],
the annual volatility of log return o(r”), the average interest rate E[r], the annual volatility of
interest rate o(r), the average price-dividend ratio exp(E[/n(P/D)]), the volatility of log price-
dividend ratio o(¢n(P/D)), and the correlation between subjective return expectations and model-
implied expectations Corre(E¢[RP],E[RP¢]). The averages are taken over the entire steady-state
distribution of S, the bottom quartile of S (bad times), and the top quartile of S (good times),
for the first, second, and third column, respectively. The last three columns provide empirical
value for each quantity: the first nine values under the column “CC(1999)” are based on the long
sample (1871-1993) used in Campbell and Cochrane (1999); the first nine values under the column
“C(2003)” are based on the post-war samples (1947-1995 or 1947-1998) used in Campbell (2003);
the first nine values under the column “BC(2012)” are based on the annual dataset (1930-2008)
used in Beeler and Campbell (2012); and the very last value (-0.57) is based on the Gallup investor
survey data used in Greenwood and Shleifer (2014). The parameter values are: go = 1.91%, gp =
2.45%, oc = 3.8%, op = 11%, p = 0.2, v = 10, ¥ = 0.9, § = 2%, § = 0.5, x = 0.18, A = 0.18, pup
= 15%, and pr = -15%.

34



Table 3. Extrapolative Expectations.

E°[R}] E°[dPP /(PP dt)]
RP ., 0.022 0.023 0.040 0.040
(8.2) (11.7) (8.4) (12.1)
m(P/D) 0.068 0.069 0.120 0.121
(29.5) (39.2) (36.8) (48.9)
Constant 0.07 0.07 —-0.13 -0.13 0.02 0.02 —-0.33 -0.34
Sample size 15 yr. 50 yr. 15 yr. 50 yr. 15 yr. 50 yr. 15 yr. 50 yr.
R2 0.57 0.54 0.98 0.98 0.58 0.55 0.99 0.99

The table reports the regression coefficient and its t-statistic (in parenthesis), the intercept, as well

as the adjusted R-squared, for regressing subjective expectations about future returns on either

the past twelve-month cumulative raw returns R? ;5 ., or on the current log price-dividend ratios
In(P;/Dy) over a sample of 15 years or 50 years. The subjective expectation used for the first four
columns is E¢[RP], and the subjective expectation used for the last four columns is E¢[dPL /(PPdt)].
Each reported value is averaged over 100 trials, and each trial represents a regression based on
simulated data of the model with a monthly frequency. The t-statistics are based on a Newey-West
estimator with twelve-month lags. The parameter values are: goc = 1.91%, gp = 2.45%, o¢c =
3.8%, op = 11%, p = 0.2,y =10, ¢ = 0.9, 6 = 2%, § = 0.5, x = 0.18, A = 0.18, uy = 15%, and

wr, = —15%.
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Table 4. Memory Structure of Investor Expectations.

E°[R}] E°[dPP /(PP dt)]
& 0.427 0.420 0.428 0.421
a 0.064 0.064 0.004 0.004
b 1.18 1.18 2.06 2.07
Sample size 15 yr. 50 yr. 15 yr. 50 yr.
R? 0.98 0.98 0.99 0.98

The table reports the memory decay parameter ¢, the intercept a, the regression coefficient b, and

the adjusted R-squared, for running the non-linear least squares regression
n
. D
Expectations = a + b E i1 ij(t—jAt)e(t—(j—l)At) + &4

over a sample of 15 years or 50 years. Here At =1/12 and n = 600. The subjective expectation used
for the first two columns is E[RP] and the subjective expectation used for the last two columns
is E¢[dPP /(PPdt)]. Each reported value is averaged over 100 trials, and each trial represents a
regression based on simulated data of the model with a monthly frequency. The t-statistics are
based on a Newey-West estimator with twelve-month lags. The parameter values are: go = 1.91%,
gp = 2.45%, oc = 3.8%, op = 11%, p =02, v =10, v = 0.9, § = 2%, 6 = 0.5, x = 0.18, X\ =
0.18, ug = 15%, and pr = —15%.
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Table 5. Return Predictability Regressions.

Model Empirical value

Horizon (years) 10x Adjusted 10x Adjusted
coefficient R-squared coefficient R-squared

1 -7.2 0.13 -1.3 0.04

2 -9.5 0.16 -2.8 0.08

3 -10.1 0.15 -3.5 0.09

5 -10.6 0.13 -6.0 0.18

7 -11.0 0.12 -7.5 0.23

The table reports the regression coefficient 3; for regressing log excess return from time ¢ to time
t+j on the current log price-dividend ratio fn(P;/D;) (first column) and the corresponding adjusted
R-squared (second column) for j = 1, 2, 3, 5, and 7 (years). Regressions are based on simulated
data of the model with a total length of 10,000 years and with a monthly frequency. The last two
columns provide the empirical values based on the long sample (1871-1993) used in Campbell and
Cochrane (1999). The parameter values are: go = 1.91%, gp = 2.45%, oc = 3.8%, op = 11%, p
=02, v=10,v% =0.9,6 = 2%, 0 = 0.5, x = 0.18, A\ = 0.18, ug = 15%, and pu; = -15%.
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Table 6. Autocorrelations of Log Excess Returns and Log Price-dividend Ratios.

Lag Model Empirical value
(years) — (n(P/D) pDe 23 p(rPe rP¢)  n(P/D) yDe S p(rPe rP)
1 0.33  —0.28 -0.28 0.78  0.05 0.05
2 011  —0.09 -0.37 057 021 -0.16
3 0.05  —0.02 -0.39 0.50  0.08 -0.09
5 0.00  -0.01 -0.40 032 -0.14 -0.28
7 -0.02  -0.01 -0.41 029  0.11 -0.15

The table reports autocorrelations of log price-dividend ratios, log excess returns, and the partial
sum of autocorrelations of log excess returns for lag j of 1, 2, 3, 5, and 7 (years). The model values
are based on simulated data with a total length of 10,000 years and with a monthly frequencys;
for each month, we compound subsequent monthly log excess returns over a year to obtain an
annualized €. The empirical values are based on the long sample (1871-1993) used in Campbell
and Cochrane (1999). The parameter values are: go = 1.91%, gp = 2.45%, oc = 3.8%, op = 11%,
p=02~v=10,¢% =09, =2%, 6 = 0.5, x = 0.18, A\ = 0.18, ug = 15%, and ur, = -15%.
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Table 7. Correlation between Consumption Growth and Stock Returns.

. Model Empirical value
Correlation
monthly quarterly annual annual
Corrg (1], 1,Mm(Ci_1/Cis))  ~0.01 -0.02  -0.02 -0.05
Corrg(ry G 1, n(Cy/Cr1))  —0.01 -0.03  0.06 -0.08
Corre (1541, n(Cri1/Cy)) 0.20 0.20 0.19 0.09
Corre (115, 1, (Cria/Cri1))  0.00 -0.00 0.01 0.49
Corrg (1 1, 00(Criz/Cria))  —0.00 ~0.00 0.01 0.05

The table reports correlations between changes in log consumption and log excess returns, with
changes in log consumption and log excess returns computed over a monthly, a quarterly, and
an annual horizon. Correlations include both contemporaneous correlations and cross-correlations
with a lead-lag structure (for instance, at a monthly frequency, Corrg(rﬂft 41, M(Cii2/Cyq)) is
the correlation between the current monthly log excess return and the subsequent month’s change
in log consumption. The model values are based on simulated data with a total length of 10,000
years and with a monthly frequency. The empirical values are based on the long sample (1871-1993
for Standard & Poors 500 stock returns and commercial paper returns; 1889-1992 for consumption
data) used in Campbell and Cochrane (1999). The parameter values are: go = 1.91%, gp = 2.45%,
oc =38%,0p =11%, p=0.2,v=10,v = 0.9, § = 2%, 0 = 0.5, x = 0.18, A = 0.18, ugyg = 15%,
and pur, = —-15%.
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Table 8. Basic Unconditional and Conditional Moments for the Fundamental Extrap-
olation Model.

Empirical value (overall)

Bottom Top

Statistic Overall
quartile quartile CC(1999) C(2003) BC(2012)
E[rP] 1.85%  9.74%  -5.62% 3.90%  6.69%  4.91%
o(rPe) 20.4%  18.8%  17.5% 18.0% 15.7% -
E[rP¢]/o(rP*) 0.08 0.53 -0.33 0.22 0.43 -
E[r] 2.27%  1.97%  2.56% 2.92%  0.90%  0.56%
o(r) 0.23%  0.06%  0.06% - <1.75%  2.89%
exp(E[fn(P/D)])  44.4 39.2 49.3 21.1 24.7 28.8
o(fn(P/D)) 0.09 0.03 0.02 0.27 0.30 0.45

The table reports, for the fundamental extrapolation model, the annual expectation of log excess
return E[rP+¢], the annual volatility of log excess return o(r”:¢), the Sharpe ratio E[r?-¢]/o(rP-),
the average interest rate E[r|, the annual volatility of interest rate o(r), the average price-dividend
ratio exp(E[¢n(P/D)]), and the volatility of log price-dividend ratio o(¢n(P/D)). The averages are
taken over the entire steady-state distribution of S, the bottom quartile of S (bad times), and the
top quartile of S (good times), for the first, second, and third column, respectively. The last three
columns provide empirical value for each quantity: the fourth column under “CC(1999)” is based
on the long sample (1871-1993) used in Campbell and Cochrane (1999); the fifth column under
“C(2003)” is based on the post-war samples (1947-1995 or 1947-1998) used in Campbell (2003);
and the last column under “BC(2012)” is based on the annual dataset (1930-2008) used in Beeler
and Campbell (2012). The parameter values are: go = 1.91%, gp = 2.45%, o¢c = 3.8%, op = 11%,
p=02v=10,v% =0.9,6 =2%, 0 = 0.5, x = 0.18, A = 0.18, ug = 15%, and pr = -15%.
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Table 9. Return Expectations in the Fundamental Extrapolation Model.

E°[RP] E[dPP /(PP dt)]
D 0.004 0.003 0.010 0.010
Rt—12—>t
(0.21) (0.63) (1.15) (2.04)
m(P/D) 0.017 0.019 0.040 0.042
(0.88) (1.62) (2.08) (3.52)
Constant 0.05 0.05 -0.01 —-0.02 0.03 0.03 -0.12 -0.13
Sample size 15 yr. 50 yr. 15 yr. 50 yr. 15 yr. 50 yr. 15 yr. 50 yr.
R? 0.14 0.04 0.24 0.10 0.17 0.08 0.31 0.22

The table reports, for the fundamental extrapolation model, the regression coefficient and its ¢-
statistic (in parenthesis), the intercept, as well as the adjusted R-squared, for regressing subjective
expectations about future returns on either the past twelve-month cumulative raw returns R |, .,
or on the current log price-dividend ratios ¢n(P;/D;) over a sample of 15 years or 50 years. The
subjective expectation used for the first four columns is E¢[R”], and the subjective expectation used
for the last four columns is E¢[dPP /(PPdt)]. Each reported value is averaged over 100 trials, and

each trial represents a regression based on simulated data of the model with a monthly frequency.

The t-statistics are based on a Newey-West estimator with twelve-month lags.

The parameter

values are: go = 1.91%, gp = 2.45%, oc = 3.8%, op = 11%, p = 0.2, v =10,¢ = 0.9, 6 = 2%, 6

= 0.5, x =0.18, A = 0.18, puyg = 15%, and uy = -15%.
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