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Abstract

We study fluctuations in macroeconomic aggregates and cross-section income and wealth
distributions in a heterogeneous agent model with incomplete markets and sticky nom-
inal prices. Optimal fiscal-monetary policy balances gains from “fiscal hedging” against
benefits from “redistributional hedging” that responds to social concerns about inequal-
ity. A Ramsey planner uses inflation to offset inequality-increasing shocks to the cross-
section distribution of labor earnings. A calibration that imitates how US recessions
reshape that cross-section distribution in ways documented by Guvenen et al. (2014)
indicates that the optimal response of tax rates, nominal interest rates and inflation
are an order of magnitude larger in comparison to a representative agent benchmark.

Key words: Fiscal hedging, redistributional hedging, affine tax schedule, sticky prices,
heterogeneity.
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1 Introduction

The empirical labor literature has documented that dispersions of labor earnings, assets, and
other measures of inequality comove with aggregate business cycle fluctuations. Meanwhile,
the quantitative macroeconomic literature that studies the conduct of monetary and/or fiscal
policy over the business cycle relies almost exclusively either on a representative agent as-
sumption or on highly stylized and simplified models of heterogeneity. We want to know how
their treatments of heterogeneity affect the reliability of the the quantitative prescriptions
that arise from the existing optimal policy literature. The goal of this paper is to explore the
conduct of the monetary and fiscal policy in a workhorse New Keynesian model augmented
to fit rich heterogeneity across agents and other empirical facts regarding co-movements of
aggregate variables and measures of inequality.

We study a New Keynesian economy populated by a continuum of heterogeneous agents
who are subject to idiosyncratic wage risk. Agents differ in both the permanent and tran-
sitory components of shock processes that we calibrate to emulate dynamics of the distri-
bution of U.S. labor earnings documented by Guvenen et al. (2014). Financial markets are
incomplete and cannot provide perfect consumption smoothing. Agents differ in their equity
holdings and their abilities to access financial markets. We study how the Ramsey planner
optimally sets nominal interest rates, transfers and proportional labor taxes in response to
aggregate shocks.

A key challenge is computational. Existing methods that study economies with het-
erogeneity, incomplete markets, and aggregate shocks mainly focus on approximating the
ergodic state of a competitive equilibrium for a given set of policies and cannot easily be
extended to answer normative questions. Ramsey problems entail additional challenges.
First, because it contains Lagrange multipliers on individual and aggregate forward looking
constraints, the part of state variables that summarizes the history dependence for the plan-
ner makes the state vector larger than what is needed to characterize ordinary competitive
equilibria. Second, due to market incompleteness, some elements of the state space exhibit
extremely slow rates of mean-reversion, implying that an approximation around the mean
of the invariant distribution poorly approximates an optimal policy during a transition from
a given distribution of state variables calibrated to data.

This paper contributes a new computational technique that allows us to optain good
approximations to optimal government policies for economies with such large state spaces.
Our numerical methods build on perturbation theory that uses small noise expansions with
respect to a one-dimensional parameterization of uncertainty as in Fleming (1971), Flem-
ing and Souganidis (1986) and its applications in economics as in Anderson et al. (2012)
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among others. These are related to but differ from expansions in Judd and Guu (1993,
1997) and Judd (1996, 1998) that explore small noise expansions with respect to shocks and
state variables about a deterministic steady state. We repeatedly take Taylor expansions
of policy functions around a current state vector with respect to a parameter that scales
both idiosyncratic and aggregate shocks. The current state vector can include a distribution
of idiosyncratic states. We thus update the point around which local approximations are
taken each period. This makes our approximations accurate even in settings where transition
dynamics are slow.

To manage heterogeneity, we approximate the distribution of individual state variables
using a discrete grid with a sufficiently large number of points. Our contribution here is
to derive explicit formulas for coefficients occurring in the expansions of individual agents’
and aggregate policy functions. We show that these formulas require matrix inversions of
manageable dimensions, often equal to the number of aggregate variables, and that they can
be efficiently computed. In this way, our procedure allows fast approximations even for a
large number of agents and we can also construct impulse responses that account for how
distributions across agents evolve after an aggregate shock. In Section 3.3 we elaborate on
the specific steps in our algorithm and the how our method compares to other approaches
found in the literature.

Applying our methods to a calibrated New Keynsian economy with heterogeneous agents,
we find that attitudes about inequality induce the planner to use fiscal and monetary tools
to redistribute towards agents who are especially adversely affected by a recession. Monetary
policy ties nominal interest rates to real rates by keeping expected inflation near zero. While
setting expected inflation close to zero, it is still desirable to have high unanticipated inflation
in recessions because that redistributes from agents with high holdings of nominal bonds
towards agents with low holding of nominal bonds. An optimal plan induces such surprise
inflation by increasing the tax rate, which raise real wages and marginal costs for firms.
Furthermore, as in data, recessions in our calibrated economy are accompanied by persistent
increases inequality. This generates a motive to redistribute labor income from productive
agents and to increase transfers. The planner achieves this by keeping marginal labor tax
rates high long after output had recovered.

Quantitatively we find that in response to a productivity shock that lowers output growth
by 3%, there is a nearly permanent increase in the labor tax rates of about 0.5 percentage
points and a 0.15 percentage points jump in inflation for one period. As a point of com-
parison, the optimal tax rate and inflation in a economy without heterogeneity such as Siu
(2004) and Schmitt-Grohe and Uribe (2004b) are an order of magnitude lower for similar
shocks. The main driver for these differences is the Planner’s desire to redistribute towards
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agents who are adversely affected by aggregate shocks. Lower nominal and real rates and
higher transitory inflation transfers asset income from savers to borrowers and higher tax
rates in part redistribute from productive agents to unproductive agents.

We begin by describing our model and some properties of the Ramsey allocation in
Section 2. The numerical method and its comparison to alternative are discussed in Section
3. We use our method to obtain quantitative results in the calibrated economy in Section 4.
Section 6 concludes.

2 Environment

A continuum of infinitely lived households face idiosyncratic shocks to their productivities.
Individual i’s preferences over stochastic processes for a final consumption good {ci,t} and
labor supply {ni,t} are ordered by

E0

∞∑
t=0

βtU (ci,t, ni,t,Θt)

where
U (c, n,Θ) =

c1−ν

1− ν
− exp ((1− ν)Θ)

n1+γ

1 + γ
, (1)

Et is a mathematical expectations operator conditioned on time t information and β ∈ (0, 1)

is a time discount factor. With separable preferences, scaling the disutility of labor with
exp ((1− ν)Θ) keeps n stationary when the aggregate shocks have a stochastic trend.

The economy is subject to aggregate and idiosyncratic shocks. The aggregate shocks are
labor productivity Θt and government expenditures Gt that follow stochastic processes given
by

Θt = Θ̄ + Θt−1 + EΘ,t,

Gt

Θt

= Ḡ+ EG,t,

where EΘ,t, EG,t are mean-zero, i.i.d. random variables. Aggregate and idiosyncratic shocks
affect individual’s labor productivity θi,t by the stochastic processes

θi,t = Θt + ei,t + ςi,t, (2)

ei,t = ρeei,t−1 + ft (ei,t−1) EΘ,t + ηi,t, (3)

where ςi,t, ηi,t are also mean-zero i.i.d. random variables. This specification of idiosyncratic
shocks builds closely on formulations used in labor literature, e.g. Storesletten et al. (2001),
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Low et al. (2010) where ςi,t and ηi,t correspond to transitory and persistent shocks to individ-
ual productivity. The function ft (ei,t−1) capture loading of aggregate shocks on individuals
with different skills. In particular, it will allow us to match the cross-sectional implications
of business cycle fluctuations as documented by Guvenen et al. (2014). We assume that all
shocks take values on a compact set.

Agent i who works ni,t hours supplies exp(θi,t)ni,t units of effective labor to a competitive
labor market at nominal wage PtWt, where Pt is the nominal price of the final consumption
good at time t. There is a common proportional labor tax rate τt and a common lump
transfer TtPt. Agents trade a one-period risk-free nominal bond with each other and with
the government. We use Ptbi,t, PtBt to denote bond holdings of agent i and the government
respectively, and ιt,πt to denote the nominal interest rate and inflation. Finally, Dt are
dividends from intermediate goods producers measured in units of the final good. We assume
in our baseline specification that they are distributed equally across households but will
drop this assumption in Section 5. We take as given an initial price level P−1 < ∞ and set
ι−1 = β−1 − 1.

Agent i’s budget constraint can be written as

ci,t + bi,t = (1− τt)Wt exp(θi,t)ni,t + Tt +Dt +

(
1 + ιt−1

1 + πt

)
bi,t−1. (4)

The government budget constraint at time t is

Gt + Tt +

(
1 + ιt−1

1 + πt

)
Bt−1 = τt

∫
i

Wt exp(θi,t)ni,tdi+Bt.

The final good Yt is produced by competitive firms that use a continuum of intermediate
goods {yt(j)}j∈[0,1] in a production function

Yt =

[∫ 1

0

yt(j)
ε−1
ε dj

] ε
ε−1

.

The final good producer takes the final good prices Pt and intermediate goods prices {pt(j)}j
as given and solves

max
{yt(j)}j∈[0,1]

Pt

[∫ 1

0

yt(j)dj

] ε
ε−1

−
∫ 1

0

pt(j)yt(j)dj. (5)
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Outcomes of optimization problem (5) are a demand function for intermediate goods

yt(j) =

(
pt(j)

Pt

)−ε
Yt,

and a nominal price satisfying

Pt =

(∫ 1

0

pt(j)
1−ε
) 1

1−ε

.

Intermediate goods yt(j) are produced by monopolists having linear technologies

yt(j) = ñt(j),

where ñt(j) is the amount of effective labor hired by firm j. These monopolists face down-

ward sloping demand curves
(
pt(j)
Pt

)−ε
Yt and choose prices pt(j) while bearing quadratic

Rotemberg (1982) price adjustment costs exp(Θt)ψ
2

(
pt(j)
pt−1(j)

− 1
)2

measured in units of the
final consumption good. Firm j chooses prices {pt(j)}t to solve

max
{pt(j)}t

E0

∑
t

βt
(
Ct
C0

)−ν {[
pt(j)

Pt
−Wt

](
pt(j)

Pt

)−ε
Yt −

exp (Θt)ψ

2

(
pt(j)

pt−1(j)
− 1

)2
}
, (6)

where for convenience we imposed that a firm values profit streams with a stochastic discount
factor that is driven by aggregate consumption Ct =

∫
ci,tdi.1

In the symmetric equilibrium pt(j) = Pt, yt(j) = Yt for all j and market clearing condi-
tions in labor, goods, and bond markets are:

yt(j) = Yt =

∫
exp (θi,t)ni,tdi (7)

Ct +Gt = Yt −
exp (Θt)ψ

2
π2
t (8)∫

i

bi,tdi = Bt. (9)

Definition 1. An allocation is a sequence {ci,t, ni,t}i,t .A bond profile is a sequence
{
{bi,t}i , Bt

}
t
.

A price system is a sequence {Wt, Pt}t. A fiscal-monetary policy is a sequence {τt, Tt, ιt}t.
1In the economies with heterogeneous agents and incomplete markets one has to take a stand on how firms

are valued. Using aggregate consumption to drive a stochastic discount factor process has the advantage
that it allows us to get a representative agent economy as a special case of our heterogeneous agent economy
by appropriately setting some of our parameters. This choice aligns with Kaplan et al. (2016).
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Definition 2. Given an initial bond distribution
(
{bi,−1, ei,−1}i , B−1

)
and initial price levels

p−1(j) = P−1 for all j, a competitive equilibrium is a fiscal-monetary policy {τt, Tt, ιt}t and
a sequence

{
{ci,t, ni,t, bi,t}i , Bt,Wt, Pt

}
t
such that (i) {ci,t, li,t, bi,t}i,t maximize (1) subject

to (4) and natural debt limits; (ii) final goods firms choose {yt(j)}j to maximize (5); (iii)
intermediate goods producers prices solve (6) and their prices satisfy pt(j) = Pt; and (iv)
market clearing conditions (7), (8) and (9) are satisfied.

A utilitarian Ramsey planner orders allocations by

E0

∫ ∞∑
t=0

βt

[
c1−ν
i,t

1− ν
− exp ((1− ν)Θt)

n1+γ
i,t

1 + γ

]
di. (10)

In Section 5, we also check the robustness of our results to alternative choices of Pareto
weights.

Definition 3. A Ramsey problem seeks a monetary-fiscal policy that supports a competitive
equilibrium allocation that maximizes (10). A maximizing monetary-fiscal policy is called a
Ramsey plan; an associated allocation is called a Ramsey allocation.

2.1 Ramsey plan

As in Kydland and Prescott (1980) and Farhi (2010) we use firms’ and household’s optimality
conditions to derive the implementability constraints and express the Ramsey problem as
solution to two Bellman equations: a continuation planning problem for t ≥ 1 and a t = 0

problem. These steps are standard and we relegate them to the Appendix A and state the
t ≥ 1 recursive problem here.

We use hats to denote variables scaled by aggregate productivity. For example, ĉi,t =
ci,t

exp(Θt)
, b̂i,t =

bi,t
exp(Θt)

, T̂t = Tt
exp(Θt)

and so on for other idiosyncratic and aggregate variables.
The period utility function satisfies

U (c, n,Θ) = exp ((1− ν)Θ)

(
ĉ1−ν

1− ν
− n1+γ

1 + γ

)
= exp ((1− ν)Θ)U (ĉ, n, 1)

We use Uĉ and Un to denote the derivatives of U (ĉ, n, 1) with respect to the first and second
argument. The state variables for the t ≥ 1 recursive formulation are marginal utility
adjusted assets, âit = ĉ−νi,t b̂i,t, inverse marginal utility m̂i,t = ĉνi,t, the persistent component of
idiosyncratic shocks ei,t, and the individual’s Pareto weight ωi. Let zi,t = (âi,t, m̂i,t, ei,t) and
Zt denote the distribution of individual states zi,t and it also represents the aggregate state
for the Planner.
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In the optimum, aggregate allocations in period t are functions of the previous pe-
riod aggregate state Zt−1 and the aggregate shocks Et = (EΘ,t, EG,t). The individual vari-
ables are functions of (Zt−1, Et), individual state zt−1 and idiosyncratic shocks εt = (ηt, ςt).
Let Φ and φ denote distributions of Et and εt. We use the notation â(z) to refer to
the first component of z and similarly for the rest. It will also be convenient to define
g(z, ε, E) ≡ exp [e+ ς + η + f(e, Z, EΘ)EΘ] as the productivity of an agent scaled by the
aggregate productivity in state (z, ε, E). Finally, let Ez be the expectation of individual
variables conditional on z, Z. The Planners’ problem can be written as

V̂ (Z) = max
ĉ,n,â′

Ĉ,W,Ŷ ,D̂,τ,T̂ ,Ŷ ,π,α

∫
e(1−ν)[Θ̄+EΘ]w(z)

{
U (ĉ(z, ε, E), n(z, ε, E), 1) dφdZ + βV̂ (Z ′)

}
dΦ

(11)
subject to for all (z, ε, E),

exp
{
−
[
Θ̄ + EΘ

]}
â (z)Uĉ(z, ε, E)(1 + π(E))−1

βEz[exp
{
−ν
[
Θ̄ + EΘ,t

]}
Uĉ(1 + π)−1]

= Uĉ(z, ε, E)
[
ĉ(z, ε, E)− D̂(E)− T̂ (E)

]
+ Un(z, ε, E)n(z, ε, E) + â′(z, ε, E), (12)

α = m̂(z)Ez[exp
{
−ν
[
Θ̄ + EΘ

]}
Uĉ(1 + π)−1], (13)

Un(z, ε, E) = −(1− τ(E))W (E)Uĉ(z, ε, E)g(z, ε, E), (14)

and, for all E

Ĉ(E) =

∫
ĉ(z, ε, E)dφdZ, (15)

Ŷ (E) =

∫
n(z, ε, E)g(z, ε, E)dφdZ, (16)

Ĉ(E) + Ĝ(E) = Ŷ (E)− ψ

2
π(E)2, (17)

D̂(E) = (1−W (E))Ŷ (E)− ψ

2
π(E)2. (18)

The distribution Z ′ is generated by â′,m̂′ and shocks ε, E .
Equation (12) is obtained by dividing the budget constraint (4) by exp (Θt), then multi-

plying with Uĉi,t and substituting for after tax income from (28). Equations (13) and (14)
ensure that the intra and inter-temporal choices of all agents are equalized to aggregate
prices. Equations (15) - (18) are aggregate market clearing conditions.

The Bellman equation (11) closely resembles the one obtained in the representative agent
economies, except now the state variable is a distribution of individual state variables. With
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any realistic degree heterogeneity it is a highly dimensional object, which would make it im-
possible to solve this Bellman equation directly. Our approach is to approximate the solution
to this problem using the first order conditions and not compute the Bellman equation.

We will use tilde to denote policy function to the Bellman equation (11). Let x̃ (z, Z, ε, E)

and X̃ (Z, E) denote the vectors of individual and aggregate policy functions respectively,
let z̃(z, Z, ε, E) and Z̃(Z, E) be the laws of motion for the individual and aggregate states
respectively, and we let z̃ be a component of x̃. We use Ezx̃ to denote the expectation of
x̃ (z, Z, ·, ·) conditional on (z, Z) and Ez̃ ˜̃x the expectation of x̃

(
z̃ (z, Z, ε, E) , Z̃(Ψ, E), ·, ·

)
conditional on

(
z̃, Z̃

)
.

From problem (11), x̃ includes {ĉ, n, â′} and Lagrange multipliers on constraints (12) -
(14), X̃ contains

{
Ĉ,W, Ŷ , D̂, τ, T̂ , Ŷ , π, α

}
and the Lagrange multipliers on (16) - (18). We

use Nz, Nx, and NX be numbers of elements in z, x, and X respectively. In our implemen-
tation we substitute (15) into (17), (18) into (26), and follow Marcet and Marimon (2011)
to use the co-state variable in place of â(z) in z to end up with Nz = 3, Nx = 6 and NX = 4.
More details are in Appendix B.

We start with the set of individual constraints and first order conditions to the problem
defined by (11) with respect to x. They can be written, for a certain vector-valued function
F , as

F
(
z,Ezx̃, x̃(z, Z, ε, E),Ez̃ ˜̃x, X̃(Z, E), ε, E

)
= 0 for all z, ε, E . (19)

Similarly, first order conditions with respect to X̃ along with market clearing constraints can
be written compactly as∫

R(z, x̃(z, Z, ε, E), X̃(Z, E), ε, E)dφdZ = 0 for all E . (20)

for some vector-valued function R. The explicit functional form of F and R are given in
Appendix B. Our goal is to compute approximations to x̃ (z, Z, ε, E) and X̃ (Z, E) that satisfy
(19) and (20) for an arbitrary Z.

3 Numerical Method

The starting point for our approach is perturbation theory using small noise expansions as
in Fleming (1971), Fleming and Souganidis (1986). Consider a family of stochastic pro-
cesses parameterized by a positive scalar σ, where all shocks (ε, E) are scaled by σ. Let
x̃ (z, Z, σ · ε, σ · E ;σ) and X̃(Z, σ · E ;σ) denote the policy functions when the scaling pa-
rameter is equal to σ. For our application we will also assume that auto-correlation of the
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persistent component of idiosyncratic shock is parametrized as ρe = 1 − ρ̂eσ. This is not
essential but will simplify the exposition of our method.

Consider the second order Taylor expansion with respect to σ around σ = 0 at a given
state Z:

X̃ (Z, σE ;σ) = X̄ + σ (XEE +Xσ) +
σ2

2

(
ETXEEE + 2XEσE +Xσσ

)
+O(σ3) (21)

and

x̃ (z, Z, σε, σE ;σ) = x̄+ σ (xEE + xεε+ xσ)

+
σ2

2

(
ETxEEE + εTxεεε+ 2ETxEεε+ 2xEσE + 2xεσε+ xσσ

)
+O(σ3). (22)

where X̄ ≡ X̃ (Z, 0; 0), x̄ ≡ x̃ (z, Z, 0, 0; 0), XE , Xσ denote the derivatives of X̃ (Z, σE ;σ)

with respect to the second and third arguments evaluated at σ = 0, and the derivatives of x̃
and higher order derivatives defined analogously.

Our main contribution is to show that the right hand side of these expressions can be
computed fast and efficiently even if dimensionality of the underline state Z is very large.
In particular we show that (a) the “no uncertainty” terms X̄, x̄ are a solution to a relatively
simple system of non-linear equations corresponding to a certain static economy, and (b) we
derive explicit formulas for all the higher order terms XE ,xε,... that can be computed using
linear algebra. Moreover, the computation of these derivatives involve inversion of matrices
that depend only on the dimensionality of aggregate variables but not on the dimensionality
of Z. Thus, even if Z is very large (in our numerical application we discretize Z with 20,000
elements) these derivatives can be computed very fast.

3.1 Step 1: computing points of expansion

Our next proposition simplifies the calculation of the ‘zeroth-order’ terms X̄ ≡ X̃ (Z, 0; 0),
x̄ ≡ x̃ (z, Z, 0, 0; 0).

Proposition 1. The individual and aggregate states are stationary in the non-stochastic
limit, i.e.,

z̃(z, Z, 0, 0; 0) = z and Z̃(Z, 0; 0) = Z.

Therefore
(
x̄, X̄

)
is the solution to

F
(
z, x̄, x̄, x̄, X̄, 0, 0

)
= 0 for all z, (23)
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∫
R(z, x̄, X̄, 0, 0)dZ = 0. (24)

The intuition for this result is straightforward. In absence of shocks, markets are complete
and the pair

(
x̄, X̄

)
corresponds to a stationary economy where all households smooth their

consumption, which implies that the aggregate state Z stays unchanged too. In our case,
we can invert (23) to express x̄ in terms of X̄ and then use a standard numerical root solver
to solve (24) as system of equations in NX unknowns.2 To calculate the integral in equation
(24) we discretize state space Z into K bins, with z1, ..., zK corresponding to the values that
z takes on that grid, so that the distribution Z assigns equal measure to each bin, where K
is chosen to be sufficiently large to approximate Z well.3

Once
(
x̄, X̄

)
is obtained, we evaluate first-, second- and higher-order derivatives of func-

tions F and R at these allocations. These derivatives can be found efficiently using automatic
differentiation routines. Let F k

0 , F
k
x−, F

k
x , F

k
x+, F

k
X be the derivatives of F with respect to its

first five arguments evaluated at
(
zk, x̄, x̄, x̄, X̄, 0, 0

)
for k = 1, .., K. Similarly, Rk

0 , R
k
x, R

k
X

are the derivatives of R with respect to its first three arguments evaluated at
(
zk, x̄, X̄, 0, 0

)
.

The higher order terms are analogously defined.

3.2 Step 2: Finding derivatives of policy functions

We now describe how to compute the derivatives of the policy functions x̃ and X̃. Given our
discretization procedure, the state variable for X̃ is a Nz ×K-dimensional variable object,
and the state variable for x̃ is a Nz × (K + 1) dimensional object. We use Xk, x

l
k to denote

the derivatives of X̃ (Z, ·; ·) and x̃ (zl, Z, ·, ·; ·) with respect to the kth element on Z evaluated
at σ = 0 and z = zl; and xl0 for l ∈ {1, ..., K} to denote the derivative of x̃ with respect
to the individual state z evaluated at σ = 0 and z = zl. It will be convenient to define a
matrix Q that selects state variables z̃ from the vector x̃, i.e., z̃ = Qx̃ and we use zlk, zl0 in
a similar way to define the derivatives of z̃. The higher order derivatives of x̃ and X̃ are
defined analogously.

Although only the derivatives of policy functions with respect to shocks (ε, E) appear in
the Taylor expansion (21) - (22), computing those derivatives requires also computing the
derivatives of x̃ and X̃ with respect to the state variables (z, Z). This raises an immediate
hurdle. Consider just the first order terms. A total differentiation of (19) and (20) will
generate a linear system that determines

{
Xk, x

l
k, x

l
0

}
k,l
. This is a system with KNXNz +

2More generally one would need to use a shooting algorithm to compute the deterministic path for the
σ = 0 allocation.

3In our application we set K = 20, 000.
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K2NxNz+KNxNz unknowns that requires inverting a KNXNz+K2NxNz+KNxNz size Ja-
cobian matrix. Since the terms grow with K2, such inversions are computationally infeasible
for large K. Fortunately, the next lemma simplifies things.

Lemma 1. For z = zl, let xlX , xl0 be matrices of dimension Nx ×NX and Nx ×Nz defined
as

xlX = −
[
F l
x− + F l

x + F l
x+

]−1
F l
X ,

.

The derivatives of the policy rules with respect to states
{
xl0, Xk, x

l
k

}
k,l

are given by

xl0 = −
[
F l
x− + F l

x + F l
x+

]−1
F l

0

Xk =

(∑
l

(
Rl
xx

l
X +Rl

X

))−1 [
Rk

0 +Rk
xx

k
0

]
xlk = xlXXk.

Lemma 1 is a critical step that makes our approach computationally feasible. It shows
that a

{
xlk
}
l,k

that has Nz ×K2 elements can be decomposed into a product of two sets of
terms,

{
xlX
}
l
and {Xk}k, each of which has Nz ×K elements. Therefore the computational

complexity grows linearly in K rather than K2. Critically, the matrix inversions in the
fomulas, for example xlX or Xk require inversions of NX × NX size matrices, which can be
done quickly since the number of aggregate variables is small.

The economic intuition that yields this simplification comes from Evans (2015). The term
xlk captures the effect on group of agents with state variable z = zl by a small change in the
state variable of the group z = zk. In our economy, the interaction between groups occurs
only through aggregates such as prices and taxes. The means that the pairwise effects xlk can
be broken down into how group k affects the aggregates X and how a change in aggregates
X affect individuals in group l and ultimately, the number of computations scale linearly in
the number of points required to approximate Z.

Using this lemma, we can compute the coefficients of the first order expansion of the
policy functions.

Proposition 2. The coefficients for the first order expansion of the policy function x̃ are
given by: xlσ = 0,

xlε = −
[
F l
x + F l

x+x
l
0Q
] −1F l

ε,
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xlE =

xlE,1 + xlE,3

(
I −

∑
k

XkQx
k
E,3

)−1(∑
k

XkQx
k
E,1

)
+

xlE,2 + xlE,3

(
I −

∑
k

XkQx
k
E,3

)−1(∑
k

XkQx
k
E,2

)XE ,

xlσ =

xlσ,1 + xlσ,3

(
I −

∑
k

XkQx
k
σ,3

)−1(∑
k

XkQx
k
σ,1

)
+

xlσ,2 + xlσ,3

(
I −

∑
k

XkQx
k
σ,3

)−1(∑
k

XkQx
k
σ,2

)Xσ.

where

xlE,1 = −
(
F l
x + F l

x+x
l
0Q
)−1

F l
E , xlE,2 = −

(
F l
x + F l

x+x
l
0Q
)−1

F l
X , xlE,3 = −

(
F l
x + F l

x+x
l
0Q
)−1

F l
x+x

l
X

xlσ,1 = −
(
F l
x− + F l

x + F l
x+ + F l

x+x
l
0Q
)−1

F l
σ, xlσ,2 = −

(
F l
x− + F l

x + F l
x+ + F l

x+x
l
0Q
)−1

F l
X ,

xlσ,3 = −
(
F l
x− + F l

x + F l
x+ + F l

x+x
l
0Q
)−1

F l
x+x

l
X

and policy functions X̃ are given by

XE = −

∑
k

Rk
X +Rk

xx
k
E,2 +Rk

xx
k
E,3

(
I −

∑
l

XlQx
l
E,3

)−1(∑
l

XlQx
l
E,2

)−1

×

∑
k

Rk
ε +Rk

xx
k
E,1 +Rk

xx
k
E,3

(
I −

∑
l

XlQx
l
E,3

)−1(∑
l

XlQx
l
E,1

) ,

and

Xσ = −

∑
k

Rk
X +Rk

xx
k
σ,2 +Rk

xx
k
σ,3

(
I −

∑
l

XlQx
l
σ,3

)−1(∑
l

XlQx
l
σ,2

)−1

×

∑
k

Rk
xx

k
σ,1 +Rk

xx
k
σ,3

(
I −

∑
l

XlQx
l
σ,3

)−1(∑
l

XlQx
l
σ,1

) .

Another message from Proposition 2 is that the formulas for the derivatives necessary for
the approximations can be expressed in terms of matrices that are Nx×Nx or NX ×NX and
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do not scale with the number of agents K. This allows us to handle very large state spaces.
With similar reasoning, we find higher-order derivatives with respect to (z, Z, ε, E) and

derivatives of the policy function with respect to σ. Conceptually, the number of terms
required for higher order derivatives grows exponentially. For example, the second order
derivatives with respect to the state variables

{
xljk, Xjk, x

l
0,k

}
k,l,j would require solving for

K3NxNz + K2NXNz +K2NxNz terms, which grow at the rate K3. We show that a coun-
terpart of Lemma 1 can be established and computations of all the second order derivatives
can be broken down into simpler terms that scale at most linearly with K and furthermore
requires inversion of small-dimensional matrices. This logic extends and preserves the com-
putational advantages of our approach for all higher-order expansions. The next proposition
summarizes these findings and we list the detailed expressions for all the second-order terms
in the Appendix C.3.

Proposition 3. The terms
{
xlεε, x

l
Eε, x

l
εE , x

l
EE , x

l
σσ, XEE , Xσσ

}
in the second order expansion

can be expressed in terms of matrices of dimensions at most max {Nx, NX} by max {Nx, NX}
and sums that involve at most K elements.

The second order terms capture interesting economic behavior in addition to providing
more accurate approximations. For instance, included in the derivative xσσ is the fact that
agents with different asset holdings save more or less in anticipation of future uninsurable
shocks. In our economy, these self insurance motives not only affect individual savings
behavior, but through market clearing conditions also change aggregate prices and optimal
responses of government policies. Such aggregate responses are encoded in the Xσσ terms.
Our formulas for second order derivatives combine these partial and general equilibrium
effects of future risk on individual behavior. From a computational standpoint, these terms
are important in capturing the evolution of the distributional state variable Z. In our
quantitative Section 4, we show that ignoring second order terms significantly affects the
responses of policies to aggregate shocks.

3.3 Comparison to other methods

Our method is related to approaches taken by Campbell (1998), Reiter (2009). These papers
extend perturbation techniques of Judd and Guu (1993, 1997) and Judd (1996, 1998) to
environments with heterogeneity. In those approaches, responses to aggregate shocks are
approximated using first-order expansions of policy rules around a steady state ZSS obtained
by shutting down aggregate shocks.4 We differ from these in two ways.

4Mertens and Judd (2013) approximate around a point of no heterogeneity. Ahn et al. (2017) extend
the Reiter (2009) method to settings with continuous time, while Winberry (2016) uses a variant in which

14



First, we follow small noise expansions with respect to a one-dimensional parameteriza-
tion of uncertainty, σ as in Fleming (1971), Fleming and Souganidis (1986) and Anderson
et al. (2012). This means that our point of approximation is history dependent, Zt−1, and
we repeatedly perform Taylor expansions with respect to uncertainty as the economy moves
along with aggregate shocks. There are many reasons why approximating around ZSS is not
desirable in our case. First, computing ZSS in a Ramsey setting is difficult. One needs to
jointly solve for agents behavior, which is endogenous to government policies, and optimal
(deterministic) path for such policies using time consuming non-linear solution methods.
Furthermore, in many settings with incomplete markets, the speed of mean-reversion to ZSS

is extremely low. The state variables are driven by martingale like dynamics and drift a lot
over extremely low frequencies.5 From a computational point of view, using perturbation
around the fixed point provides a poor approximation for the optimal policy in many states.

Secondly, along the lines of Evans (2015), in Proposition 2 and 3 we are able to analytical
characterize all the derivatives used in the small noise expansion in terms of matrices which
are of small (typically Nx×Nx) dimension. This allows us to perform higher order expansions
in a fast and efficient way. As mentioned in the previous section, higher order terms are
required to compute transition paths and accurate responses of aggregate variables to shocks
as the underlying distribution of state variables drifts due to idiosyncratic risk.

Alternative to perturbation methods the literature has also used projection methods like
Krusell and Smith (1998), Den Haan (1997), Algan et al. (2010). Projection methods sum-
marize the infinite dimensional state variable using a subset of moments and approximate
value functions and policy functions by using functional approximations and simulations for
the aggregate laws of motion that describe the ergodic behavior of moments. These meth-
ods work well when individual state variables are low dimensional and economies exhibit
what Krusell and Smith termed an “approximate aggregation” property in which a function
of the first moment of the distribution of idiosyncratic states predicts next period’s prices
accurately.

In our application, we also use several groups of agents. These groups differ in the
stochastic process of idiosyncratic skills and in their ability to participate in asset markets.
For the optimal allocation, we need to keep track of keep track of a much more complicated
distributional state variable that includes individual assets, past shocks, and Lagrange mul-

parametric forms capture the steady state distributions rather than the histograms used by Reiter (2009).
Legrand and Ragot (2017) study an optimal fiscal policy problem with idiosyncratic risk and aggregate
shocks after truncating individual histories.

5To give an extreme example, debt follows a random walk in a canonical incomplete market model of
Barro (1979), so that the speed of the mean reversion is 0. Aiyagari et al. (2002) showed that a slow
margtingale-like component is generally present in incomplete market economies. In Bhandari et al. (2017)
we compute analytically the speed of mean reversion for several incomplete markets economies.
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tipliers on all individuals’ Euler equations for each group separately along with additional
aggregate state variables. The state space for a problem like ours is too large to use projec-
tion methods. Furthermore, projection methods, like the perturbation methods cited before
only approximate around the long run ergodic distribution and cannot compute transition
paths.

4 Quantitative Application

We apply our equilibrium approximation algorithm to economies initially calibrated to recent
U.S. data, assess quantitatively the properties of Ramsey policies, and contrast them with
those of benchmark representative agent settings.

4.1 Calibration

We set ν = 1 and γ = 2 to attain an intertemporal elasticity of substitution of 1 and a Frisch
elasticity of labor supply equal to 0.5. We set the time discount factor β = 0.96, which
implies that an annual net return in an economy would be 4% per year. Following Schmitt-
Grohé and Uribe (2004a), we then set ψ = 15 to match the slope of the New Keynsian
Phillip’s curve as estimated by Sbordone (2002) and ε = 6 to target a value-added markup
of 0.2. We calibrate the mean and the standard deviation of the aggregate productivity
growth rate process to 2% per year.

The parameters for the individual productivity process (2) - (3) are calibrated to match
several moments of labor earnings. Since labor supply is endogenous, we simulate earnings
from a competitive equilibrium of our model with constant labor tax, τ = 24% and flexible
prices. The variance of the transitory component, the auto-correlation and the variance
of the persistent component are calibrated to match the variance of earnings and earnings
growth at several horizons. We construct the process ft to match some aspects of evidence
in Guvenen et al. (2014) that expected earning drops in recessions vary with pre-recession
earnings via a loadings ft(ei)EΘ.

Figures I exhibit the fit of our model labor earnings. The right panel plots the change in
variance of log earnings at horizon t+h from a reference period t. As discussed in Storesletten
et al. (2004), the slope and the curvature of the this variance curve is informative about
drivers of the persistent component of log earnings. In addition, we match the standard
deviation of change in log earnings that pins down the variance of the transitory component
of workers productivity. In the left panel we simulate a recession that yields an aggregate
output loss of 3% for one year. Following the procedure in Guvenen et al. (2014), we bin
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Figure I: The left panel plots annual earnings losses using simulated earnings from the model
and data in Guvenen et al. (2014). The right panel plots change in variance of log earnings
for several horizons using simulated earnings from the model and data from Guvenen et al.
(2012)

workers into quantiles using their log earnings 5 years before the recession and measure the
income loss for each bin. In both the panels the solid and the dashed lines compare the
model simulations to data, respectively.

For initial debt and initial values for the persistent component of skills we use use data
from the 2013 wave of the Survey of Consumer Finance (SCF) with the sample restricted to
married households. The SCF provides information on households’ total labor earnings, as
well as hours worked by the primary and secondary earners. This lets us construct average
household wages. We then measure households’ holdings of government debt6 and target
wages and average bond holdings by wage quintiles. Parameters of our baseline model are
in Table I

As a point of comparison, we take a Ramsey allocation in a representative agent economy
with no transfers and a linear labor income tax, obtained as a special case of our economy
by imposing b1,−1 = B−1 and Tt = 0, setting f1,t = 0, and to θi,t = Θt. This recovers what is

6We sum direct holdings plus indirect holdings through government bond mutual funds (taxable and
nontaxable), saving bonds, money market accounts, and components of retirement accounts that are invested
in government bonds.
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Parameters Values
Inter temporal elasticity, ν−1 1
Frisch elasticity, γ−1 0.5
Subjective discount factor, β 0.96

Std. deviation of EΘ 2%
Mean growth rate Θ̄ 2%

Mean expenditure to output ratio 12%
Std. deviation of expenditure to output ratio 3.5%

Std. of innovation to the AR(1) component, η 10
Autocorr. of AR(1) component, ei 0.999
Std. i.i.d component ς 25%

Elasticity of substitution, ε 6
Menu cost, ψ 15
Government spending, G 12%

Table I: Parameters

almost a Schmitt-Grohé and Uribe (2004a) economy.7

4.2 Results

We first report results using our baseline calibration and then analyze our main findings by
constructing special cases that turn off one feature at a time.

Baseline

Figure II depicts responses to a one-time, two-standard-deviation negative impulse to ag-
gregate productivity EΘ occurring in period t = 1. This shock induces a drop in growth
rate of output of about 3 percentage points on impact. Optimal policy in the baseline case
(solid black line) responds by reducing the tax rate by 0.5 percentage point when the shock
hits and then raising it by about 0.5 percentage points for a duration that lasts much longer
than does the effect of the the shock on output growth. The effect on inflation is transitory:
nominal prices rise by 0.15 percentage points on impact, then inflation returns to zero after
one period. In terms of magnitudes, the movements in the tax rate and inflation are quite
large relative to those in the representative agent model (dotted lines). The most significant

7This representative agent economy is also close to Siu’s (2004) economy that uses a consumption tax
instead of a proportional labor tax and and Correia et al.’s (2008) economy that uses both consumption and
proportional labor taxes.
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Figure II: Impulse response functions for the baseline calibration

difference is in behavior of the nominal rates. Nominal and real rates rates in the hetero-
geneous agent economy are about 100 basis point lower, where as they barely move in the
representative agent case.

Redistributive hedging

Redistribution concerns explain the difference between our heterogeneous agent baseline
and our representative agent comparison model in how optimal fiscal and monetary policies
respond to a recession that is accompanied by an increase in inequality.

In the representative agent economy, there are no redistribution concerns, so the key
margin confronting the planner is how to trade off benefits of using inflation to hedge ag-
gregate shocks against the welfare costs of inflation volatility coming from the Rotemberg
price adjustment costs. Our findings indicate that for business cycle sized shocks, welfare
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costs arising from accepting imperfect spanning of aggregate shocks are small relative to
those that would come from making inflation more volatile. Accordingly, like Siu (2004)
and Schmitt-Grohé and Uribe (2004a), we find small responses of the tax rate and smaller
responses of inflation to a technology shock.

In our heterogeneous agent economy, a new force becomes active: with our setting of
Pareto weights, optimal fiscal-monetary policy redistributes towards agents who are espe-
cially adversely affected by aggregate shocks. We call this “redistributive hedging”. To see
how it operates, consider a recession that increases inequality, as occurs in our baseline
economy. The planner wants to redistribute both asset and labor income income, making it
optimal to lower the real return on bonds. That can be achieved in two ways: either higher
inflation which lowers the ex-post return or a lower contemporaneous tax rate combined with
a higher future tax rates which lowers the ex-ante real rate. The planner also redistributes la-
bor income by increasing the labor tax rate and giving larger transfers. Our findings suggest
that redistributive hedging is quantitatively more important than the spanning vs inflation
costs trade-off that takes center stage in the representative agent model.

As a comparison, we study an economy in which ψ = 0. As emphasized by Chari
et al. (1991), without costs of inflation, the planner in a representative agent economy can
implement a complete markets optimal plan: it sets the tax rate to be constant and generates
the appropriate Ramsey real state-contingent returns by varying inflation systematically
with respect to aggregate shocks. This raises inflation volatility. In a heterogeneous agent
economy, the planner still uses inflation to obtain state-contingent returns, but here the
motive is redistributive hedging and not state-contingent spanning. In the top panel of
Figure III we see that when ψ = 0 the tax rate no longer dips on impact but stays high for
a long time. The planner need not move the tax rate in order to lower real returns but can
instead raise inflation to achieve the same outcome at a lower welfare cost. The inflation rate
jumps by 8 percentage points as against 0.15 percentage points in our baseline heterogeneous
agent economy.

Role of monetary policy

To isolate the role of monetary policy, we study optimal policy keeping tax rates fixed. This
case is also interesting on political economy grounds that it is difficult to adjust fiscal policy
at business cycle frequencies. The outcomes are shown in Figure IV. We see that the inflation
response is larger than the baseline. Absent fiscal policy, the planner achieves the desired
redistribution using higher inflation of about 30 basis points compared to 15 basis points in
the previous case where both fiscal and monetary tools were available. The higher inflation
is implemented by lowering interest rates on impact, stimulating the aggregate demand and
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Figure IV: Impulse response functions for the baseline calibration with no fiscal policy

thereby inducing firms to raise prices. The planner also commits to higher interest rates
in the future, which lower expected output and inflation. Together the combination of
contractionary monetary policy and a promise to future tightening lowers real int rates rates
which compensates partially the contemporaneous tax subsidy and higher future taxes that
the planner used in the baseline case.

5 Extensions

[TBA]
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6 Concluding remarks

James Tobin summarized macroeconomics as a field that explains aggregate quantities and
prices while ignoring distribution effects. Tobin’s characterization also describes much work
subsequent to his in the real business cycle, asset pricing, Ramsey tax and debt, and New
Keynesian research traditions. In each of these, the assumptions of complete markets and
a representative consumer allow the analyst to compute aggregate quantities and prices
without also determining distributions across agents.

This paper departs from such “aggregative economics” in two ways. First, we assume
incomplete markets – which means that aggregate quantities, prices, and allocations across
agents must be determined jointly, not recursively as in complete markets models. And
second, we specify technology and relative skills shocks in a way that makes contact with
findings of Guvenen et al. (2014) that US cross section distributions of labor earnings have
moved systematically over business cycles. A common shock affects both an aggregate tech-
nology shock and the cross-section distribution of skills. Cross-section dispersions in labor
earnings and asset holdings shape both aggregate outcomes and choices confronting a Ram-
sey planner.

Finally, an incomplete markets model goes a long way toward framing an optimal policy
problem when it sets the menu of assets. By specifying that the only asset traded in our
model is a risk-free nominal bond, we activate a beneficial role for fiscal and monetary policy
to make nominal interest rates fluctuate in ways that hedge inequality-increasing shocks to
distributions of labor earnings.8

8It is fruitful to compare our assumptions with those of Musto and Yilmaz (2003) who focus on how
markets that allow citizens to insure outcomes of voting affect the efficacy of redistribution.
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A Appendix for deriving the scaled Bellman equation

After history {EΘ,s, EG,s, ςi,s, ηi,s}t−1
s=0 the continuation value for agent i for an allocation

{ci,t, nit}t is

WHH
t−1

(
{ci,t, nit}t

)
≡ Et−1

∞∑
j=0

βt+jU (ci,t+j, ni,t+j,Θt+j) .

Scaling ŴHH
t−1 = e−(1−ν)Θt−1WHH

t−1 , we then have

ŴHH
t−1

(
{ci,t, nit}t

)
= Et−1e

(1−ν)[Θ̄+EΘ,t]
[
U (ĉt, nt, 1) + βŴHH

t

(
{ci,t, nit}t

)]
. (25)

Household budget constraint at date t with scaled variables is

ĉi,t+ b̂i,t = (1−τt)ni,tWt exp(θi,t−Θt)+ T̂t+D̂t+

(
1 + ιt−1

1 + πt

)
exp

{
−
[
Θ̄ + EΘ,t

]}
b̂i,t−1. (26)

For a given fiscal-monetary policy, the household maximizes ŴHH
0

(
{ci,t, nit}t

)
subject to

(26) for all t ≥ 0 and natural debt limits. The optimality conditions are

Et−1

{
β

(
1 + ιt−1

1 + πt

)
exp

{
−ν
[
Θ̄ + EΘ,t

]} Uĉit
Uĉit−1

}
= 1, (27)

Uni,t = −(1− τt)WtUĉit exp (θi,t −Θt) . (28)

The firms’ optimal pricing and symmetry after dividing by exp (Θt) gives us(
Ŷt [1− ε (1−Wt)]

ψ

)
−πt(1+πt)+βEt exp

(
(1− ν)

[
Θ̄ + EΘ,t+1

])(Ĉt+1

Ĉt

)−ν
πt+1(1+πt+1) = 0.

(29)
The market clearing conditions using the scaled variables are

Ĝt + T̂t +

(
1 + ιt−1

1 + πt

)
exp

{
−
[
Θ̄ + EΘ,t

]}
B̂t−1 = τt

∫
i

ni,t exp(θi,t −Θt)Wtdi+ B̂t. (30)

Ŷt =

∫
ni,t exp(θi,t −Θt)di, (31)

Ĉt + Ĝt = Ŷt −
ψ

2
π2
t , (32)∫

b̂i,tdi = B̂t, (33)
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D̂t = (1−Wt)Ŷt −
ψ

2
πt

2. (34)

The planner maximizes (10) subject to (26) - (34). The next lemma shows that (29) and
(34) are slack at the optimal allocation.

Lemma 2. Constraint (29) and (34) do not bind at the optimal allocation.

Proof. Consider an allocation, bond profile, price system, and fiscal-monetary policy

{ĉi,t, ni,t}i,t ,
{{

b̂i,t

}
i
, B̂t

}
t
, {Wt, Rt, Pt}t, {τt, T̂t, it}

that satisfies constraints (26) - (34) except (29) and (34). We can construct an alternative
price system and fiscal-monetary policy that does satisfy all equations (26) - (34) and attains
the same value to the Planner.

First, choose a sequence {W̌t}t that makes constraint (29) satisfied. Then choose
{
τ̌t, Ťt, Ďt

}
so that

(1− τ̌t) W̌t = (1− τt)Wt

Ťt + W̌ Ŷt = Tt +WtŶt.

Ďt = (1− W̌t)Ŷt −
ψ

2
πt

2

Evidently {ĉi,t, ni,t}i,t ,
{{

b̂i,t

}
i
, B̂t

}
t
, {W̌t, Rt, Pt}t, {τ̌t, Ťt, it} satisfies (26) - (34) and is thus

implementable. Furthermore, since the allocation, {ĉi,t, ni,t}i,t is unchanged, the value that
the planner assigns to the equilibrium allocation is also unchanged.

B First Order Conditions for the t ≥ 1 Planner’s problem

For brevity we will use s to denote the joint of states and shocks (z, ε, E). Let µ(s), ρ(s), φ(s)

be the multipliers on the individual constraints (12) - (14) and χ(E), ξ(E), λ(E) be the mul-
tipliers on the aggregate constraints (15) - (17).

Lemma 2 shows that (18) does not bind and hence W (E) only appears in the form of
term (1− τ(E))W (E) and D̂ in the form of term D̂+ T̂ . Similarly the state variable m̂ only
enters in equation (13). This means that in order to solve for the optimal allocation we need
to find the product (1− τ(E))W (E) which we denote by W(E), the sum D̂ + T̂ denoted by
T̂ and scale m̂′ by a constant of proportionality such that m̂′(s)Uĉ(s) = ℵ(E) and∫

m̂′(s)dφdZ = 1.
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Following Marcet and Marimon (2011) we also replace â in z with a transformation of its

associated co-state variable µ̂ ≡ Ez[exp{−[Θ̄+EΘ]}Ûc(1+π)−1µ]
βEz [exp{−ν[Θ̄+EΘ]}Ûc(1+π)−1]

.

The list of equations that comprise functions F are

0 =
exp

{
−
[
Θ̄ + EΘ

]}
â (s)Uĉ(s)(1 + π(E))−1

βEz[exp
{
−ν
[
Θ̄ + EΘ

]}
Uĉ(1 + π)−1]

− Uĉ(s)
[
ĉ(s)− T̂(E)

]
− Un(s)n(s) + â(s′), (35a)

0 = −α+ m̂(z)Ez[exp
{
−ν
[
Θ̄ + EΘ

]}
Uĉ(1 + π)−1], (35b)

0 = −Un(s)−W(E)Uĉ(s)g(s), (35c)

0 = −ℵ(E) + m̂′(s)Uĉ(s), (35d)

0 =
exp

{
−ν
[
Θ̄ + EΘ

]}
â(s)Uĉĉ(s)(1 + π(E))−1

βEz[exp
{
−ν
[
Θ̄ + EΘ

]}
Uĉ(1 + π)−1]

(
µ̂′(s)− µ̂(z)

)
− exp

{
(1− ν)

[
Θ̄ + EΘ

]}
µ̂′(s)

(
Uĉĉ(s)

[
ĉ(s)− T̂(E)

]
+ Uĉ(s)

)
− ρ(s) exp

{
−ν
[
Θ̄ + EΘ,t

]}
Uĉ(s)(1 + π(E))−1

+W(E)Uĉĉ(s)g(s)φ(s)− χ(E) + e(1−ν)[Θ̄+EΘ]
(
w(z)Uĉ − β%(s′)ℵ(E)

Uĉĉ(s)

(Uĉ(s))
2

)
, (35e)

0 = w(z)e(1−ν)[Θ̄+EΘ]Ûn(s)− exp
{

(1− ν)
[
Θ̄ + EΘ

]}
µ̂′(s) (Unn(s)n(s) + Un(s))

+ φ(s)Unn(s)− g(s)ξ(E), (35f)

0 = −µ̂(z) +
Ez
[
exp

{
−ν
[
Θ̄ + EΘ,t

]}
Uĉ(1 + π)−1µ̂′

]
Ez[exp

{
−ν
[
Θ̄ + EΘ,t

]}
Uĉ(1 + π)−1]

, (35g)

0 = −%(s)− ρ(s)Ez[exp
{
−ν
[
Θ̄ + EΘ

]}
Uĉ(1 + π)−1], (35h)

0 = −e′(s) + ρee(z) + f (z, Z, E) EΘ + η(ε), (35i)

0 = −ω′(s) + ω(z). (35j)

To impose a measurability restriction that â and ρ are choice variables that do not depend
on shocks ε, E we require

â(s) = Ezâ(s), ρ(s) = Ezρ(s). (35k)

and include them in F . Next, the list of equations in function R are
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0 = −Ĉ(E) +

∫
ĉ(s)dφdZ, (36a)

0 = −Ŷ (E) +

∫
n(s)g(s)dφdZ, (36b)

0 = −Ŷ (E) +
ψ

2
π(E)2 + Ĉ(E) + Ĝ(E), (36c)

0 = χ(E)− λ(E), (36d)

0 = ξ(E) + λ(E), (36e)

0 =

∫
φ(s)Uĉ(s)g(s)dφdZ, (36f)

0 =

∫
µ̂′(s)Uĉ(s)dφdZ, (36g)

0 =

∫
ρ(s)dφdZ (36h)

0 = −
∫

exp
{
−ν
[
Θ̄ + EΘ,t

]}
â(s)Uĉ(s)(1 + π(E))−2

βEz[exp
{
−ν
[
Θ̄ + EΘ,t

]}
Uĉ(1 + π)−1]

(
µ̂′(s)− µ̂(z)

)
dφdZ,

+

∫
ρ(z)m(z) exp

{
−ν
[
Θ̄ + EΘ,t

]}
Uĉ(s)(1 + π(E))−2dφdZ − ψπ(E)λ(E). (36i)

C Taylor Expansion

C.1 Proof of Proposition 1

Let µ̃′(z, Z, σε, σE ;σ) and m̃′(z, Z, σε, σE ;σ) be optimal policies for the state variable µ̂′ and
m̂′. From equation (35g) when when σ = 0

µ̂(z) =
µ̃′(z, Z, 0, 0; 0)Ũc(z, Z, 0, 0; 0)(1 + π̃(Z, 0; 0))−1

Ũc(z, Z, 0, 0; 0)(1 + π̃(Z, 0; 0))−1
= µ̃′(z, Z, 0, 0; 0).

From (35b) we have, when σ = 0,

α̃(Z, 0; 0) = m̂(z)Ũĉ(z, Z, 0, 0; 0)(1 + π̃(Z, 0; 0))−1.

and (35d) implies

m̃′(z, Z, 0, 0; 0)Ũĉ(z, Z, 0, 0; 0) = ℵ̃(Z, 0; 0),

∫
m̃′(z, Z, 0, 0; 0)dZ = 1.

Thus

m̃′(z, Z, 0, 0; 0) =
ℵ̃(Z, 0; 0)(1 + π̃(Z, 0; 0))−1

α̃(Z, 0; 0)
m(z)
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and integrating both sides with respect to dZ we find ℵ̃(Z,0;0)(1+π̃(Z,0;0))−1

α̃(Z,0;0)
= 1 and hence

m̃′(z, Z, 0, 0; 0) = m(z).

Finally, the stochastic process (35i) for shocks implies

e′(z, Z, 0, 0; 0) = e(z).

We conclude that
z̃(z, Z, 0, 0; 0) = z

and therefore the σ = 0 allocation is stationary.

C.2 First Order Terms

We first prove Lemma 1:

Proof. Proposition 1 implies that ∂
∂z
z̃ (z, Z, 0, 0; 0) = 1 for all (z, Z) and therefore zl0 = 1 for

all l. Using this fact, differentiate (19) with respect to z, evaluated at zl, and re-arrange to
get

xl0 = −
[
F l
x− + F l

x + F l
x+

]−1
F l

0 for all l.

Differentiation of (19) and (20) with respect to the kth argument of Z gives

F l
x−x

l
k + F l

xx
l
k + F l

x+x
l
k + FXXk = 0 for all l, k, (37)

(
Rk

0 +Rk
xx

k
0

)
+

K∑
l=1

(
Rl
xx

l
k +Rl

XXk

)
= 0 for all k. (38)

Then solving (37) for xlk we get

xlk = −
[
F l
x− + F l

x + F l
x+

]−1
F l
XXk ≡ xlXXk. (39)

Substituting xlk using (39) allows us to solve for Yk as

Xk =

(∑
l

(
Rl
xx

l
X +Rl

X

))−1 [
Rk

0 +Rk
xx

k
0

]
. (40)

After we have found Xk, we compute xlk from (39).

We now are ready to prove Proposition 2
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Proof. The total derivative of (19) and (20) with respect to σ along with Ez[ε] = Ez[E ] = 0

yields9

0 =F l
x(x

l
εε+ xlEE + xlσ) + F l

X(XEE +Xσ) + F l
EE + F l

εε

(41)

+ F l
x+

[
xl0Q(xlεε+ xlEE + xlσ) +

∑
k

xlkQ(xkE + xkσ) + xlσ

]

and ∑
k

(
Rk
x(x

k
EE + xkσ) +Rk

EE +Rk
X (XEE +Xσ)

)
= 0. (42)

As equations (41) and (42) must hold for all E and ε, combining the terms loading on ε

yields the first result of Proposition 2

xlε =
[
F l
x + F l

x+x
l
0Q
]−1

F l
ε.

The terms multiplying E produce the equations

F l
xx

l
E + F l

XXE + F l
E + F l

x+

[
xl0Qx

l
E +

∑
k

xlkQx
k
E

]
= 0 (43)

and ∑
k

(
Rk
xx

k
E +Rk

E +Rk
XXE

)
= 0. (44)

After substituting xlk = xlXXk and solving equation (43) for xlE

xlE = −
[
F l
x + F l

x+x
l
0Q
]−1

(
F l
E + F l

XXE + F l
x+x

l
X

∑
k

XkQx
k
E

)
≡ xlE,1 + xlE,2XE + xlE,3

∑
k

XkQx
k
E .

Applying
∑

lXlQ to both sides of this equation gives

∑
k

XkQx
k
E =

(
I −

∑
l

XlQx
l
E,3

)−1(∑
l

XlQx
l
E,1 +

∑
l

XlQx
l
E,2XE

)
,

9As ε is mean 0, to first order it will not affect the distribution Z, thus there is no xkε in the laster term
of the derivative of F or R.
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which can be substituted back into xlE to yield the next result of the proposition

xlE =

xlE,1 + xlE,3

(
I −

∑
k

XkQx
k
E,3

)−1(∑
k

XkQx
k
E,1

)
+

xlE,2 + xlE,3

(
I −

∑
k

XkQx
k
E,3

)−1(∑
k

XkQx
k
E,2

)XE .

The response of aggregate variables can be found by substituting for xlE in (44) and then
solving for XE

XE = −

∑
k

Rk
X +Rk

xx
k
E,2 +Rk

xx
k
E,3

(
I −

∑
l

XlQx
l
E,3

)−1(∑
l

XlQx
l
E,2

)−1

×

∑
k

Rk
E +Rk

xx
k
E,1 +Rk

xx
k
E,3

(
I −

∑
l

XlQx
l
E,3

)−1(∑
l

XlQx
l
E,1

) .

The remaining terms of (41) and (42) give

Fσ + F l
x−x

l
σ + F l

xx
l
σ + F l

XXσ + F l
x+

[
xl0Qx

l
σ +

∑
k

xlkQx
k
σ + xlσ

]
= 0 (45)

and ∑
k

(
Rk
xx

k
σ +Rk

XXσ

)
= 0. (46)

Solving for (45) for xlσ yields

xlσ = −
(
F l
x− + F l

x + F l
x+ + F l

x+x
l
0Q
)−1

(
Fσ + F l

XXσ + F l
x+x

l
X

∑
k

XkQx
k
σ

)

≡ xlσ,1 + xlσ,2Xσ + xlσ,3

(∑
k

XkQx
k
σ

)
.

Applying
∑

lXlQ to both sides of this equation gives

∑
k

XkQx
k
σ =

(
I −

∑
l

XlQx
l
σ,3

)−1(∑
l

XlQx
l
σ,1 +

∑
l

XlQx
l
σ,2Xσ

)
,
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which can be substituted back into xlE to yield the next result of the proposition

xlσ =

xlσ,1 + xlσ,3

(
I −

∑
k

XkQx
k
σ,3

)−1(∑
k

XkQx
k
σ,1

)
+

xlσ,2 + xlσ,3

(
I −

∑
k

XkQx
k
σ,3

)−1(∑
k

XkQx
k
σ,2

)Xσ.

The response of aggregate variables can be found by substituting for xlσ in (44) and then
solving for Xσ

Xσ = −

∑
k

Rk
X +Rk

xx
k
σ,2 +Rk

xx
k
σ,3

(
I −

∑
l

XlQx
l
σ,3

)−1(∑
l

XlQx
l
σ,2

)−1

×

∑
k

Rk
xx

k
σ,1 +Rk

xx
k
σ,3

(
I −

∑
l

XlQx
l
σ,3

)−1(∑
l

XlQx
l
σ,1

) .

C.3 Proof of Proposition 3

In this section we document the properties of the second order approximation. To express the
terms compactly we will use tensor notation. In particular, suppose that A is a n1×n2×n3

dimensional tensor, H is a n2×n4 dimensional tensor and L is a n3×n5 dimensional tensor.
Let Aijk a particular element of the tensor A and Hjl be an element of the tensor H and
Lkm be an element of tensor L. Define 〈A,H,L〉 as the n1 × n4 × n5 tensor given by

〈A,H,L〉ilm ≡
∑
j,k

AijkHjlLkm,

and similarly 〈A, ·, L〉, 〈A,H, ·〉 as

〈A, ·, L〉ijl ≡
∑
l

AijkLkl 〈A,H, ·〉ikl ≡
∑
j

AijkHjl

For convenience, we also define zl0 to be the identity matrix, (x−)l0 = xl0, (x−)lX = xlX ,
(x+)l0 = xl0, (x+)lX = xlX , and X l

X to be the identity matrix. We begin with a lemma that
is the counterpart of Lemma 1 for higher order derivatives.
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Lemma 3. {xljk, Xjk}k,l,j satisfy

xl00 = −
(
F l
x− + F l

x + F l
x+

)−1

 ∑
α∈{z,x−,x,x+}

∑
β∈{z,x−,x,x+}

〈F l
αβ, α

l
0, β

l
0〉

 , (47a)

xl0k = 〈xl0X , ·, Xk〉 for k ≥ 1 (symmetrically for xlj0) with

xl0X = −
(
F l
x− + F l

x + F l
x+

)−1

 ∑
α∈{z,x−,x,x+}

∑
β∈{x−,x,x+,X}

〈F l
αβ, α

l
0, β

l
X〉

 , (47b)

and xljk = 〈xlXX , Xj, Xk〉+ xlXXjk with

xlXX = −
(
F l
x− + F l

x + F l
x+

)−1

 ∑
α∈{x−,x,x+,X}

∑
β∈{x−,x,x+,X}

〈F l
αβ, α

l
X , β

l
X〉

 . (47c)

Finally
Xjk = 1jkX

j
00 + 〈XjX , ·, Xk〉+ 〈XXkXj, ·〉+ 〈XXX , Xj, Xk〉 (48a)

where 1jk is 1 if j = k and 0 otherwise

Xj
00 = −

[∑
l

(
Rl
xx

l
X +Ri

X

)]−1
Rj

xx
j
00 +

∑
α∈{z,x}

∑
β∈{z,x}

〈Rj
αβ, α

j
0, β

j
0〉

 (48b)

XjX = −

[∑
l

(
Rl
xx

l
X +Ri

X

)]−1
Rj

xx
j
0X +

∑
α∈{z,x}

∑
β∈{x,X}

〈Rj
αβ, α

j
0, β

j
X〉

 (48c)

XXX = −

[∑
l

(
Rl
xx

l
X +Ri

X

)]−1
∑

l

Rl
xx

l
XX +

∑
α∈{x,X}

∑
β∈{x,X}

〈Rl
αβ, α

l
X , β

l
X〉

 (48d)

and symmetrically for XXk.

Proof. From Proposition 1, we know several key features of the policy functions when σ = 0.

For the first order terms z0 = I, zk = 0 for all k ≥ 1 , and Z l
k = I if l = k and 0 otherwise.

For the second order terms, zjk = 0 and Z l
jk = 0 for all j, k, l. With this, total differentiation

of (19), evaluated at zl, twice with respect to z yields

F l
x−x

l
00 + F l

xx
l
00 + F l

x+x
l
00 +

∑
α∈{z,x−,x,x+}

∑
β∈{z,x−,x,x+}

〈F l
αβ, α

l
0, β

l
0〉 = 0,
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where latter sum captures the contribution of all the first order terms. Solving for xl00

produces equation (47a). Following similar procedures we can produce the other terms
(47b) and (47c). To find Xjk, total differentiate equation (20) twice with respect to the jth
and kth arguments of Z to obtain

0 =
∑
l

(
Rl
xx

l
jk +Rl

XXjk +
∑

α∈{x,X}

∑
β∈{x,X}

〈Rl
αβ, α

l
XXj, β

l
XXk〉

)
+Rj

x〈x
j
0X , ·, Xk〉+

∑
α∈{z,x}

∑
β∈{x,X}

〈Rj
αβ, α

j
0, β

j
XXk〉

+Rk
x〈xkX0, Xj, ·〉+

∑
α∈{x,X}

∑
β∈{z,x}

〈Rk
αβ, α

k
XXj, β

k
0 〉

+ 1jkR
j
xx

j
00 + 1jk

∑
α∈{z,x}

∑
β∈{z,x}

〈Rj
αβ, α

j
0, β

j
0〉.

Substituting for xljk = 〈xlXX , Xj, Xk〉+xlXXjk and then solving for Xjk gives the expressions
in equations (48).

In addition to Lemma 3 we require expressions governing the interactions of the individual
and aggregate states (z, Z) with the perturbation parameter σ. For convenience, we also
define σlσ = 1, (x−)lσ = xσ, X

l
σ = Xσ and (x+)lσ = xlσ + xl0Qx

l
σ +

∑
k x

l
kQx

k
σ.

Lemma 4. {xlkσ, Xkσ}k,l satisfy

xl0σ = −
(
F l
x− + F l

x + F l
x+ + F l

x+x
l
0Q
)−1

 ∑
α∈{z,x−,x,x+}

∑
β∈{σ,x−,x,X,x+}

〈F l
αβ, α

l
0, β

l
σ〉


and

xlkσ =

xlZσ,1 + xlσ,3

(
I −

∑
m

XmQx
m
σ,3

)−1(∑
m

XmQx
m
Zσ,1

)Xk

+

xlZσ,2 + xlσ,3

(
I −

∑
m

XmQx
m
σ,3

)−1(∑
m

XmQx
m
Zσ,2

)(〈Xk
00, ·, Qxkσ〉+ 〈XkX , ·, X ′σ〉

)

+

xlσ,2 + xlσ,3

(
I −

∑
m

XmQx
m
σ,3

)−1(∑
m

XmQx
m
σ,2

)Xkσ
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whereX ′σ =
∑

j XjQx
j
σ and

zlZσ,1 =−
(
F l
x− + F l

x + F l
x+ + F l

x+x
l
0Q
)−1

(
F l
x+〈xlXX , ·, X ′σ〉+ F l

x+x
l
X〈XXX , ·, X ′σ〉

+ F l
x+〈xlX0, ·, Qxlσ〉+

∑
α∈{x−,x,X,,x+}

∑
β∈{σ,x−,x,X,x+}

〈F l
αβ, α

l
X , β

l
σ

)
zlZσ,2 =−

(
F l
x− + F l

x + F l
x+ + F l

x+x
l
0Q
)
F l
x+x

l
X .

Finally

Xkσ =−

∑
l

Rl
xx

l
σ,2 +Rl

xx
l
σ,3

(
I −

∑
m

XmQx
m
σ,3

)−1(∑
m

XmQx
m
σ,2

)
+Rl

X

−1

×

(∑
l

Rl
xx

l
Zσ,1 +Rl

xx
l
σ,3

(
I −

∑
m

XmQx
m
σ,3

)−1(∑
m

XmQx
m
Zσ,1

)
+

∑
α,β∈{x,X}

〈Rl
αβ, α

l
X , β

l
σ〉

Xk

+
∑
l

xlZσ,2 + xlσ,3

(
I −

∑
m

XmQx
m
σ,3

)−1(∑
m

XmQx
m
Zσ,2

)(〈Xk
00, ·, Qxkσ〉+ 〈XkX , ·, X ′σ〉

)
+Rk

xx
k
0σ +

∑
α∈{z,x}

∑
β∈{x,X}

〈Rk
αβ, α

k
0, β

l
σ〉

)
.

and symmetrically for {xlσk, Xσk}k,l.

Proof. Total differentiation of (19) with respect to z and σ gives

F l
x−x

l
0σ + F l

xx
l
0σ + F l

x+x
l
0σ + F l

x+x
l
0Qx

l
0σ +

∑
α∈{z,x−,x,x+}

∑
β∈{σ,x−,x,x+}

〈F l
αβ, α

l
0, β

l
σ〉 = 0.

Directly solving for xl0σ yields the expression in the Lemma. For xlkσ and X l
kσ, total differ-

entiation of (19) and (20) with respect to Zk and σ obtains

0 =F l
x−x

l
kσ + F l

xx
l
kσ + F l

XXkσ + F l
x+x

l
kσ + F l

x+x
l
0Qx

l
kσ + F l

x+

∑
m

〈
xlkm, ·, Qxmσ

〉
(49)

+ F l
x+〈xlk0, ·, Qxlσ〉+ F l

x+

∑
m

xlmQx
m
kσ +

∑
α∈{x−,x,X,,x+}

∑
β∈{σ,x−,x,X,x+}

〈F l
αβ, α

l
k, β

l
σ〉
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and

0 =
∑
l

Rl
xx

l
kσ +Rl

XXkσ +
∑

α,β∈{x,X}

〈Rl
αβ, α

l
XXk, β

l
σ〉

 (50)

+Rk
xx

k
0σ +

∑
α∈{z,x}

∑
β∈{x,X}

〈Rk
αβ, α

k
0, β

l
σ〉.

Solving equation (49) for xlkσ gives

xlkσ = xlZσ,1Xk + xlZσ,2
(
〈Xk

00, ·, Qxkσ〉+ 〈XkX , ·, X ′σ〉
)

+ xlσ,2Xkσ + xlσ,3
∑
m

XmQx
m
kσ

where xlZσ,1 and xlZσ,2 are given in the statement of the Lemma and xlσ,2 and xlσ,3 are in the
statement of Proposition 2. Applying

∑
lXlQ to both sides of this equation and solving for∑

lXlQx
l
kσ yields the expression for xlkσ found in the Lemma. Substituting for xlkσ in (50)

and solving for Xkσ generates the expression for Xkσ in the statement of the Lemma.

Once again we are able to decompose complicated terms such as xljk and xlkσ which
depend on multiple agents into terms that only depend on a single agent. We exploit this in
the following lemma that gives the quadratic terms in the Taylor expansion of x̃ and X̃. For
convenience, define E lE as the identity matrix, X l

E = XE and (x+)lE = xlE+x
l
0Qx

l
E+
∑

k x
l
kQx

k
E .

Lemma 5. The terms
{
xlεε, x

l
εE , x

l
εσ, x

l
EE , x

l
Eσ, x

l
σσ, XEE , XEσXσσ

}
in the second order expan-

38



sion for the individual policies x̃ are given by

xlεε = −
[
F l
x + F l

x+x
l
0Q
] −1

 ∑
α,β∈{ε,x,x+}

〈F l
αβ, α

l
ε, β

l
ε〉+ F l

x+〈xl00, Qx
l
ε, Qx

l
ε〉


xlεσ = −

[
F l
x + F l

x+x
l
0Q
] −1

( ∑
α∈{ε,x,x+}

∑
β∈{σ,x−,x,X,x+}

〈F l
αβ, α

l
ε, β

l
σ〉

+ F l
x+〈xl0σ, Qxlε, ·〉+ F l

x+〈xl00, Qx
l
ε, Qx

l
σ〉+ F l

x+

∑
k

〈xl0k, Qxlε, Qxkσ〉

)

xlεE = −
[
F l
x + F l

x+x
l
0Q
] −1

( ∑
α∈{ε,x,x+}

∑
β∈{E,x,X,x+}

〈F l
αβ, α

l
ε, β

l
E〉

+ F l
x+〈xl00, Qx

l
ε, Qx

l
E〉+ F l

x+

∑
k

〈xl0k, Qxlε, QxkE〉

xlEE =

xlEE,1 + xlE,3

(
I −

∑
k

XkQx
k
E,3

)−1(∑
k

XkQx
k
EE,1

)
+

xlE,2 + xlE,3

(
I −

∑
k

XkQx
k
E,3

)−1(∑
k

XkQx
k
E,2

)XEE ,

xlσE =

xlσE,1 + xlE,3

(
I −

∑
k

XkQx
k
E,3

)−1(∑
k

XkQx
k
σE,1

)
+

xlE,2 + xlE,3

(
I −

∑
k

XkQx
k
E,3

)−1(∑
k

XkQx
k
E,2

)XσE ,

xlσσ =

xlσσ,1 + xlσ,3

(
I −

∑
k

XkQx
k
σ,3

)−1(∑
k

XkQx
k
σσ,1

)
+

xlσ,2 + xlσ,3

(
I −

∑
k

XkQx
k
σσ,3

)−1(∑
k

XkQx
k
σ,2

)Xσσ
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and for the aggregate policy function X̃ are given by

XEE = −

∑
k

Rk
X +Rk

xx
k
E,2 +Rk

xx
k
E,3

(
I −

∑
l

XlQx
l
E,3

)−1(∑
l

XlQx
l
E,2

)−1

×

(∑
k

[
Rk
xx

k
EE,1 +Rk

xx
k
E,3

(
I −

∑
l

XlQx
l
E,3

)−1(∑
l

XlQx
l
EE,1

)

+
∑

α,β∈{E,x,X}

〈Rk
αβ, α

k
E , β

k
E〉

])

XσE = −

∑
k

Rk
X +Rk

xx
k
E,2 +Rk

xx
k
E,3

(
I −

∑
l

XlQx
l
E,3

)−1(∑
l

XlQx
l
E,2

)−1

×

(∑
k

[
Rk
xx

k
σE,1 +Rk

xx
k
E,3

(
I −

∑
l

XlQx
l
E,3

)−1(∑
l

XlQx
l
EE,1

)

+
∑

α∈{x,X}

∑
β∈{E,x,X}

〈Rk
αβ, α

k
σ, β

k
E〉

])

Xσσ = −

∑
k

Rk
X +Rk

xx
k
σ,2 +Rk

xx
k
σ,3

(
I −

∑
l

XlQx
l
σ,3

)−1(∑
l

XlQx
l
σ,2

)−1

×

(∑
k

[
Rk
xx

k
σσ,1 +Rk

xx
k
σ,3

(
I −

∑
l

XlQx
l
σ,3

)−1(∑
l

XlQx
l
σσ,1

)
∑

α,β∈{ε,x}

Ez
[
〈Rk

αβ, α
k
εε, β

k
ε ε〉
]

+Rk
xEz

[
〈xk00, ε, ε〉

] ]
+

∑
α,β∈{x,X}

〈Rk
αβ, α

k
σ, β

k
σ〉

)
.

40



Where

xlEE,1 = −(F l
x + F l

x+x
l
0Q)−1

(
F l
x+

∑
j,k

〈xljk, Qx
j
E , Qx

k
E〉+ F l

x+

∑
j

〈xlj0, Qx
j
E , Qx

l
E〉

+ F l
x+

∑
k

〈xl0k, QxlE , QxkE〉+ F l
x+〈xl00, Qx

l
E , Qx

l
E〉

+
∑

α,β∈{E,x,X,x+}

〈F l
αβ, α

l
E , β

l
E〉

)
,

xlσE,1 = −(F l
x + F l

x+x
l
0Q)−1

(
F l
x+

∑
j,k

〈xljk, Qxjσ, QxkE〉+ F l
x+

∑
j

〈xlj0, Qxjσ, QxlE〉

+ F l
x+

∑
k

〈xl0k, Qxlσ, QxkE〉+ F l
x+〈xl00, Qx

l
σ, Qx

l
E〉

+ F l
x+

∑
k

xlσkQx
k
E + Fx+x

l
σ0Qx

l
E

+
∑

α∈{σ,x−,x,X,x+}

∑
β∈{E,x,X,x+}

〈F l
αβ, α

l
σ, β

l
E〉

)
,

xlσσ,1 = −(F l
x− + F l

x + F l
x+ + F l

x+x
l
0Q)−1

(
F l
x+

∑
j,k

〈xljk, Qxjσ, Qxkσ〉+ F l
x+

∑
j

〈xlj0, Qxjσ, Qxlσ〉

+ F l
x+

∑
k

〈xl0k, Qxlσ, Qxkσ〉+ F l
x+〈xl00, Qx

l
σ, Qx

l
σ〉

+ F l
x+

∑
k

xlσkQx
k
σ + F l

x+x
l
σ0Qx

l
σ + F l

x+x
l
0σQx

l
σ

+ F l
x+

∑
k

xlkσQx
k
σ +

(
F l
x− + F l

x+

)
Ez
[
〈xlεε, ε, ε〉+ 〈xlEE , E , E〉

]
+ F l

x+x
l
X

∑
k

XkQEz
[
〈xkεε, ε, ε〉

]
+ F l

x+x
l
X

∑
k

Ez
[
〈Xk

00, Qx
k
εε,Qx

k
εε〉
]

+
∑

α,β∈{σ,x−,x,X,x+}

〈F l
αβ, α

l
σ, β

l
σ〉

)
.

Proof. As in Proposition 2, proceed by total differentiating equations (19) and (20) twice
with respect to σ. To simplify exposition we will only report the component parts of this
derivatives. Combining the terms loading on εε yields

F l
xx

l
εε + F l

x+x
l
0Qx

l
εε +

∑
α,β∈{ε,x,x+}

〈F l
αβ, α

l
ε, β

l
ε〉+ F l

x+〈xl00, Qx
l
ε, Qx

l
ε〉 = 0.
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Solving this equation for xlεε obtains the expressions in the proposition. A similar procedure
with produces the expression for xlεE and xlεσ. After combining the terms loading on EE ,
from the derivative of (19), we see

0 =F l
xx

l
EE + F l

XXEE + F l
x+x

l
0Qx

l
EE + F l

x+

∑
k

xlkQx
k
EE

+ F l
x+〈xl00, Qx

l
E , Qx

l
E〉+ F l

x+

∑
j

〈xl0k, QxlE , QxkE〉

+ F l
x+

∑
k

〈xlk0, Qx
k
E , Qx

l
E〉+ F l

x+

∑
j,k

〈xljk, Qx
j
E , Qx

k
E〉

+
∑

α,β∈{E,x,X,x+}

〈F l
αβ, α

l
E , β

l
E〉.

After substituting xlk = xlXXk and solving for xlEE gives

xlEE = xlEE,1 + xlE,2XEE + xlE,3
∑
k

XkQx
k
EE ,

where xlEE,1 is the expression from the Lemma and xlE,2, xlE,3 are the same terms from Proposi-
tion 2. Applying

∑
lXlQ· to both sides and then solving for

∑
kXkQx

k
EE yields the expression

for xlEE in the proposition. The terms loading on EE in the derivative of (20) imply

0 =
∑
k

(
Rk
XXEE +Rk

xx
k
EE +

∑
α,β∈{E,x,X}

〈Rk
αβ, α

k
E , β

k
E〉

)
.

Substituting for xlEE and solving for XEE , produces the expression for XEE in the Lemma.
Combining the loading on Eσ, from the derivative of (19) gives

0 =F l
xx

l
σE + F l

XXσEσ + F l
x+x

l
0Qx

l
σE + F l

x+

∑
k

xlkQx
k
σE

+ F l
x+

∑
j,k

〈xljk, Qxjσ, QxkE〉+ F l
x+

∑
j

〈xlj0, Qxjσ, QxlE〉

+ F l
x+

∑
k

〈xl0k, Qxlσ, QxkE〉+ F l
x+〈xl00, Qx

l
σ, Qx

l
E〉

+ F l
x+

∑
k

xlσkQx
k
E + Fx+x

l
σ0Qx

l
E

+
∑

α∈{σ,x−,x,X,x+}

∑
β∈{E,x,X,x+}

〈F l
αβ, α

l
σ, β

l
E〉.
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After substituting xlk = xlXXk and solving for xlσE gives

xlσE = xlσE,1 + xlE,2XEE + xlE,3
∑
k

XkQx
k
EE ,

where xlEE,1 is the expression from the Lemma and xlE,2, xlE,3 are the same terms from Proposi-
tion 2. Applying

∑
lXlQ· to both sides and then solving for

∑
kXkQx

k
σE yields the expression

for xlσE in the proposition. The terms loading on σE in the derivative of (20) imply

0 =
∑
k

(
Rk
XXσE +Rk

xx
k
σE +

∑
α∈{x,X}

∑
β∈{E,x,X}

〈Rk
αβ, α

k
σ, β

k
E〉

)
.

Substituting for xlσE and solving for XσE yields the expression for XEE in the Lemma.
The remaining terms capture the direct dependence on σσ. From the derivative of (19) :

0 =F l
xx

l
σσ + F l

XXσσ + F l
x+x

l
σσ + F l

x+x
l
0Qx

l
σσ + F l

x+

∑
k

xlkQx
k
σσ

+ Fx−
(
Ez
[
〈xlεε, ε, ε〉

]
+ Ez

[
〈xlEE , E , E〉

])
+ Fx+

(
Ez
[
〈xlεε, ε, ε〉

]
+ Ez

[
〈xlEE , E , E〉

])
+ F l

x+x
l
X

∑
k

XkQEz
[
〈xkεε, ε, ε〉

]
+ F l

x+x
l
X

∑
k

Ez
[
〈Xk

00, Qx
k
εε,Qx

k
εε〉
]

+ F l
x+

∑
j,k

〈xljk, Qxjσ, Qxkσ〉+ F l
x+

∑
j

〈xlj0, Qxjσ, Qxlσ〉

+ F l
x+

∑
k

〈xl0k, Qxlσ, Qxkσ〉+ F l
x+〈xl00, Qx

l
σ, Qx

l
σ〉

+ F l
x+

∑
k

xlσkQx
k
σ + F l

x+x
l
σ0Qx

l
σ + F l

x+x
l
0σQx

l
σ

+ F l
x+

∑
k

xlkσQx
k
σ +

∑
α,β∈{σ,x−,x,X,x+}

〈F l
αβ, α

l
σ, β

l
σ〉.

The final line line captures the effect of the idiosyncratic shocks on the distribution Z and
hence of future policies. Solving this equation for xlσσ gives

xlσσ = xlσσ,1 + xlσσ,2Xσσ + xlσσ,3
∑
k

XkQx
k
σσ,

where xlσσ,1, xlσσ,2 and xlσσ,3 are the terms given in the Lemma. Applying
∑

lXlQ· to both
sides and then solving for

∑
kXkQx

k
σσ yields the expression for xlσσ. Finally the remaining
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terms from the derivative of (20) are

0 =
∑
k

Rk
xx

k
σσ +Rk

XXσσ +
∑

α,β∈{ε,x}

Ez
[
〈Rk

αβ, α
k
εε, β

k
ε ε〉
]

+Rk
xEz

[
〈xk00, ε, ε〉

] .

The expression for Xσσ in the proposition is obtained by substituting for xlσσ and solving for
Xσσ.

Finally we note that all the expressions in Lemma 5 involve expressions that inverses of
matricies of order at most max{Nx, NX}. And sum over at most K elements. The latter can
be seen as all of the subcomponents of any sum can be decomposed into terms depending
on only one group of agents Zk. For example∑
j,k

〈xljk, Qxjσ, QxkE〉 =
∑
j,k

(
〈xlXX , XjQx

j
σ, XkQx

k
σ〉+ xlX〈Xjk, Qx

j
σ, Qx

k
E〉
)

=〈xlXX ,
∑
j

XjQx
j
σ,
∑
k

XkQx
k
σ〉+ xlX

∑
j,k

1jk

(
〈Xj

00, Qx
j
σ, Qx

k
E〉

+ 〈XXk, XjQx
j
σ, Qx

k
σ〉+ 〈XjX , Qx

j
σ, XkQx

k
σ〉+ 〈XXX , XjQx

j
σ, XkQx

k
σ〉

)

=〈xlXX , X ′σ, X ′σ〉+ xlX

(∑
k

〈Xk
00, Qx

k
σ, Qx

k
E〉+ 〈X ′Xσ, X ′σ, ·〉

+ 〈X ′σX , ·, X ′σ〉+ 〈XXX , X
′
σ, X

′
σ〉

)
.

where X ′σ =
∑

kXkQx
k
σ, X ′Xσ =

∑
k〈XXk, ·, Qxkσ〉 and symmetrically for X ′σX .
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