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Abstract

We describe how to use the composite likelihood to ameliorate estimation, computa-
tional and inferential problems in misspecified dynamic stochastic general equilibrium
models. We show how to perform quasi-Bayesian inference, how to construct den-
sity forecasts and scenario analyses, and discuss differences with finite mixture models
and Bayesian model averaging. We present situations where the methodology has the
potential to reduce model misspecification and provide an example to illustrate its
properties in practice.
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1 INTRODUCTION

1 Introduction

In macroeconomics it is standard to construct dynamic stochastic general equilibrium
(DSGE) models and analyze their properties. Until a decade ago, most analyses were
performed using parameters formally or informally calibrated. Nowadays, it is more
common to conduct inference using parameter estimated with classical or Bayesian full
information likelihood methods, see Andreasen et al. (2014) for an exception.

Estimation of DSGE models is however difficult. There are population and sample
identification problems, see e.g. Canova and Sala (2009), Komunjer and Ng (2011), Qu
and Thachenko (2013); singularity problems (the number of shocks is generally smaller
than number of endogenous variables), see e.g. Guerron Quintana (2010), Canova et
al. (2014), Qu (2015); and informational deficiency problems (models are constructed
to explain only a portion of the data), see Boivin and Giannoni (2006), Canova (2014),
or Pagan (2016). In addition, there are computation and numerical difficulties, which
become particularly acute when the model is of large scale or when the data is short
or of poor quality. All these issues may make estimation results whimsical.

Inference in estimated DSGE models is also complicated. For standard frequentist
asymptotic theory to apply, one needs regularity conditions, which are often violated in
practice. For example, asymptotic approximations poorly characterize the actual dis-
tribution of estimates in relevant macroeconomic samples. Bayesian methods may help
when the sample size is short, but it is tricky to specify joint priors when the parameter
space is large and, as indicated by Del Negro and Schorfheide (2008), independence is
suboptimal. Perhaps more importantly, while at the designing stage there is a general
consensus that all models are misspecified in, at least, some dimensions, misspecifica-
tion is forgotten at the estimation stage. However, standard likelihood-based inference
is conditional on the estimated model being correctly specified.

Policymakers are keenly aware of this problem and of structural instabilities in the
data generating process (DGP). For this reason, they are often interested in pooling
results obtained from different models so as to robustify counterfactuals exercises and
improve forecasting performance, see e.g. Aiolfi et al. (2010). However, rather than
combining models’ outputs, one may want to combine models prior to estimation so as
to provide robust parameter estimates.

This paper proposes a composite likelihood approach to estimation and inference in
DGSE models. We contribute to the literature from three different perspective. First,
we show how to deal with DSGE model misspecification and provide a simple diagnostic
to detect it and to compare misspecification in alternative models. While there are
papers which deals with related issues (see e.g. Canova et al., 2016; or Inoue and Rossi,
2015), as far as we know, we are the first to explicitly deal with misspecification in
DGSE models. Second, we describe how to construct and use the composite likelihood
in the standard macroeconomics situations where all available models are misspecified
descriptions of the DGP and how to conduct Bayesian inference in such an object. To
the best of our knowledge, applications of the composite likelihood methodology to
economic problems has been limited to Engle et al. (2008) and Qu (2015). Third, we
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show how the approach can be used to potentially address the estimation and inferential
problems noted in this introduction The approach is simple to implement, produces
estimators with nice shrinkage properties and, in its Bayesian version, has a number
of appealing features.

In the original formulation of Besag (1974) and Lindsay (1980), the composite
likelihood is constructed combining marginal or conditional likelihoods of the true DGP.
It is typically employed because the likelihood of the full model is computationally
intractable or features complicated integrals, due to the presence of latent variables.
A composite likelihood approach has been used to solve a number of complicated
problems in fields as diverse as spatial statistics, multivariate extremes, psycometrics,
genetics/genomics, see e.g. Varin et al. (2011).

In our setup, the composite likelihood combines the likelihood of distinct misspec-
ified structural or underspecified statistical models. Because of this feature, standard
results regarding the properties of composite likelihood estimators do not necessarily
apply. We describe how to conduct asymptotic inference with such a composite likeli-
hood and show how exact small sample statements about the common parameters of
interest can be obtained in a Bayesian setting. We treat the composite likelihood as a
quasi-likelihood function and, as in Kim (2002) or Chernozukov and Hong (2003) use
priors to make the composite posterior a proper density function.

We show that posterior inference is easy to perform and describe a multiple-block
MCMC algorithm that can be used to draw posterior sequences of the parameters. Be-
cause in our setup models are misspecified and the same time series can be repeatedly
used in constructing the composite likelihood, the asymptotics of Bayesian MCMC es-
timators are non-standard and we present a simple variation of the MCMC algorithm
that achieves the correct asymptotic coverage when all parameters are well identified.
We describe how to conduct density forecasts, impulse responses and counterfactual
exercises using the composite posterior and compare our approach with the one ob-
tained with other pooling devices, such as mixture models or Bayesian model averaging
(BMA).

We present examples indicating that the composite likelihood constructed using the
information present in distinct models helps 1) to robustify parameter estimates and
to reduce individual model misspecification, 2) to ameliorate population and sample
identification problems, 3) to solve singularity problems, 4) to combine information
coming from different sources, frequencies and levels of aggregation, and 5) to produce
more stable estimates of the parameters of large scale structural models.

We apply the methodology to improve the quality of the inference a researcher
is able to draw from the data about the slope of the Phillips curve when five differ-
ent models are available and the slope of the Phillips curve is a crucial ingredient to
determine the transmission of monetary policy disturbances.

The rest of the paper is organized as follows. The next section presents the tra-
ditional composite likelihood approach, introduces our setup, and compares our ap-
proach to a finite mixture model. Section 3 discusses Bayesian estimation and some
non-standard features of our estimation problem. Section 4 deals with the problem
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of constructing composite posterior statistics Section 5 has a number of examples
highlighting how the methodology can address standard estimation problems. Sec-
tion 6 shows how model misspecification can be reduced by the composite posterior
and presents a misspecification diagnostic, which can be used in practical applications.
Section 7 presents the results of estimating the slope of Phillips curve using a variety of
structural models. Section 8 concludes. Five appendices provide details for arguments
discussed in the text.

2 The composite likelihood

The original composite likelihood formulation has been suggested to deal with situa-
tions where the likelihood of the model is either difficult to construct, because of latent
variables, or hard to manipulate, because the model is of large scale and the covariance
matrix of the observables is nearly singular.

In these situations, it might be preferable to use a weighted average of marginal
or conditional distributions of submodels (or ’events’ in the nomenclature of the com-
posite likelihood literature), see e.g. Lindsay (1980). This weighted average provides a
limited information object that, under regularity conditions, allow consistent estima-
tion of the parameters common to all submodels. In addition, as long as composite
likelihood components are marginal or conditionals, the maximum composite likelihood
estimator is asymptotically normal (e.g. Varin, et al., 2011). Since the components
entering the composite likelihood are generally correlated, it is not necessarily true that
adding components will improve the informational content of the composite likelihood
and component-selection criteria have been designed to choose the optimal amount of
”information” present in the composite likelihood (see e.g. Gao and Song, 2011).

In our setup, submodels are not necessarily marginal or conditionals versions of a
known DGP. Still, it is possible to conduct frequentist inference with the composite
likelihood; use a Bayesian framework to construct small sample distributions of the
object of interests; and more importantly for our purposes, i) address standard DSGE
estimation problems and ii) robustify inference.

2.1 The standard setup

Suppose a known DGP produces a density F'(y;) for an m x 1 vector of observables y;.
When 1y is of high dimensions or the DGP contains latent variables, it may be difficult
to use F(y, 1), a parametric version of F(y;), where ¢ is a ¢ X 1 vector, for estimation
purposes. Let ¢ = [0, n], where by convention 6 is the vector of parameters estimated
by composite likelihood methods, and n is a vector of other parameters.

Let A(i), i=1, ...K be a set of marginal or conditional events of y(t) and let
f(yir € A;,0,m;) the subdensities of F(y;,1)) corresponding to these events !. Each 4;

'Marginal or conditional integrate out all elements of y; not in y;; or condition on some y;¢ that are not
in y;+. For ease of reading, the integrals and conditioning sets are left implicit.
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defines a submodel, with implications for a subvector y;; of length T; and is associated
with a vector of parameters 1; = [f,7;]' , where n; are (nuisance) event specific. We
represent the information generated by A; with the tuple (i, T;, 1)

Given a vector of weights w;, the composite likelihood is

CL(O,m,. .., 0K, Y1t - yxr) = TSy flya € Ai,0,m;) =TI L(0,milyir € A;)™
(1)
CL(0,m, - ,MK,Y1t, - - -, yir) is not a likelihood function. Nevertheless, if yj; g =(y1,---,yt)
is an independent sample from F'(y;) and the weights w; are fixed, it can be shown that
fc1,, the maximum composite likelihood estimator, is consistent and

VT(0cr, —0) B N(0,G7Y) (2)

for T going to infinity and K fixed (see e.g. Varin, et al., 2011) where

G = HJ 'H; Godambe information (3)
J = wargu(0,m,...,nk,yp,) Variability matrix  (4)
H = —Ey[voult,m,...,mKx,Yp1,)] Sensitivity matrigh)
u(ev My« Nk, y’wlu oo ,OJK) = Z wi Ve ll(ea i, y[l,t}) CompOSite scores (6)

2

H # J and 7gli(6,mi,y1,) denotes the score associated with the log of f(yix €
A;,0,m;). If T is fixed, but K — 0o, we need assumptions on how A; are constructed.
For example, if they are independent, then (2) still holds. Note that a standard Newey-
West correction to J(#) can be used if Y[1,4 1s not an independent sample.
Consistency obtains because each element in (2) is an unbiased estimating func-
tion. Since the ML estimator obtained with each component converges, as T' increases,

to the true parameter vector, Ocr, Ly} Asymptotic normality holds because the
sampling distribution of the maximum likelihood estimator of each submodel can be
approximated quadratically around the mode. Note that Ocp is not fully efficient -
the Godambe matrix, G(6) equals to the Fisher information matrix, (@), only if the
composite likelihood is the likelihood of the true model. Carefully choosing w; may im-
prove efficiency and optimal weights can be obtained by either minimizing the distance
between G(0) and I() or by making sure that the composite likelihood ratio statistics
has an asymptotic x? distribution (see Pauli et al., 2011).

If consistency is all that one cares, one could set w; = %, V7, or using a data-based

approach, w; = #%, where x; are a function of some statistics of past data
Vi= fz‘(Y1,[1;T}, ----7YK7[1:T})' If these statistics are updated over time, w; could also be

made time varying. There a large forecasting literature (see e.g. Aiolfi et al., 2010)
which can be used select training sample-based estimates of w;.

When K or the number of nuisance parameters 7; is large, joint estimation of
(0,m,...,nK) may be demanding and a two-step estimation approach is possible. For
example, if w; is treated as fixed, 7; could be estimated separately from each log f(yi: €
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A;, 0,m;) and plugged in the composite likelihood, which is then optimized with respect
to 0, see e.g. Pakel et al. (2011). Consistency of f¢y, is unaffected as long as n; are
consistently estimated, but asymptotic standard errors need to be adjusted.

2.2  Our setup

Our setup differs from the traditional one in two important respects. First, F'(y;) is
treated as unknown. When dealing with economic data, there may be good reasons
for making such an assumption. For example, we may not have enough information to
construct F'; we could write the VAR represention for y; but not the structural model
which generated it; or we do not have an analytic expression for F'(y;) but only the
first few terms of its Taylor expansion. Another reason for treating F' as unknown is
that the number of variables may be large and a researcher may have an idea of how
portions of y; could have been generated, but does not know yet how to link them in
a coherent way.

Second, f(yix € A;,0,m;) are neither marginal nor conditional densities. Instead,
they represent misspecified approximations of the unknown DGP. To be concrete, in
one leading example we have in mind, A; are different structural models, e.g. a basic
RBC model, a RBC model with financial frictions, a New Keynesian model with sticky
price, a new Keynesian model with labor market frictions, etc., y;; is the data gener-
ated by these models, and f(y; € A;,0,7;) the associated densities. Here, 6 are the
structural parameters common to all submodels, e.g. the risk aversion coefficient, or
the labor share, while 7; could be structural parameters, with a DGP counterpart, e.g.
a LTV ratio or a Calvo parameter, or reduced form parameters used to approximate
features of the DGP. A variant of this example would be a situation where one considers
one specific dynamic equilibrium model, but allows for various models of expectation
formation such as rational expectations, least squares learning etc. The common equi-
librium conditions can then be used with expectation formation mechanism to form
various models In another leading example, F'(y;) is a large scale structural model, for
example, a multi-country model of trade interdependencies or a multi-country asset
pricing model, and f(y;; € A;, 0, n;) are structural models describing bilateral blocks or
country specific portfolios. In a third case of interest f(y;s € A;,0,7;) are the densities
generated by different approximate (perturbed or projected) solutions of a model or
the densities of linear solutions, where only the k-th component of parameter vector is
allowed to be time varying. Here A; represent either the order of the approximation
employed, or an indicator function describing which parameter is allowed to change.

In all three cases, different structural models are treated as misspecified subden-
sities because they disregard aspects of the DGP; take short cuts to modelling the
complexities of the DGP; or condition on features which may be present or absent
from the DGP. Formally, there is (6,7;) € © x E; such that F(y;) = f(vit, 0, ), Vi.

A final case of interest is one where f(y; € A;,0,n;) represent different statistical
models. We term models ’statistical’ if they are obtained from the same theoretical
model but feature different observables. For instance, a standard three-equations New-
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Keynesian model could be estimated using inflation, the nominal interest rate, and a
measure of output; or inflation, the nominal interest rate, and a measure of consumption
- in the model, consumption and output are equal. By extension, F(y;) could be the
density of an aggregate model and f(y;: € A;,0,n;) the densities obtained when i) data
from cross sectional unit i is used; ii) data from a particular aggregation level (e.g.
firm, industry, regional, etc.) is employed. Alternatively, F(y;) could be the density
obtained using the full sample and f(y; € Ai,0,7;) the densities constructed using
different subsamples (say, pre-WWI, interwar, post-WWI, etc.). As shown in section 5,
the composite likelihood produces shrinkage estimators for 6 in these situations, which
combine unit specific and average information contained in the remaining models.

In all the examples, f(y;: € A;,0,n;) ignores the potential dependence across A;. In
addition, while in the traditional setup, submodels are compatible, in the sense that,
asymptotically, 0; /1, converge to the same true value, this need to be the case here.
Finally, the elements of y;; need not be mutually exclusive across i; for example, the
inflation rate could appear in each y;;.

Researchers working with DSGE models are generally free to choose what goes in
f and in 7; and even though some parameters might be common to all submodels, re-
searchers might prefer not to estimate a common value. When using different statistical
models, one could estimate an independent set of parameters for each A;, or impose
that some or all them are common. For example, when A; represents different level of
data aggregation, one could make the marginal propensity to consume common, while
the parameters regulating the process for income may be submodel specific.

Because of misspecification, maximum likelihood estimators obtained from each
f(yir € A;,0,n;) will be inconsistent and, as a consequence, the composite likelihood
estimator will be inconsistent. Following seminal work by White (1982) and Domowitz
and White (1982), it is possible to show that, under regularity conditions, 6; rs1,, the
likelihood estimator of obtained in submodel A;, converges, as T — oo to the pseudo-
parameter vector, fy, which minimizes the Kullback-Liebler (KL) distance from the true
DGP. Moreover, \/T(GLML —6p) ~ N(0, Gi_l), where G; is the Godambe information
matrix for that submodel.

The weighting scheme that the composite likelihood employs, defines a density for
a different misspecified model (the weighted average of the K submodels). As long
as the weights w; are constant, 0oy, approaches asymptotically the pseudo parameter
value, say 6y cr, minimizing the distance between the density of the combination of
submodels and the DGP. 6y ¢, is not, in general, a weighted average of 6y ;, because
submodels are not necessarily independent.

Mimicking the argument used for each submodel, one can show that vT(6cy —
fo.cr) ~ N(0,G™1) where G is the Godambe information computed using the com-
posite likelihood. Thus, when misspecification is present the pivot of the asymptotic
distribution is the minimizer of the KL distance, rather than the true parameter vec-
tor; the Godambe information matrix is evaluated at the minimizer of the KL distance,
rather than the true parameter vector ( see Appendix A for details).
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2.3 A comparison with finite mixture models

The composite likelihood weights the likelihood of different submodels. An alternative
way to pool the information contained in different submodels comes from ideas of
Geweke and Amisano (2011), Billio et al. (2013), or Del Negro et al. (2016). The
work of Waggoner and Zha (2012) is also relevant, if one thinks of A; as switching
specifications. In this literature, the relevant object is the likelihood of the mixture of
the models which, for each t, is L(0,n1...m|y1¢-..yKt) = ZfilwiL(@,m’yit) so that

.
log L =" " log L0, n1... 10| y1s---yxct) (7)
t=1

where 7 = min(7;). Simple manipulations reveal that (7) and the log of (1) differ by
a Jensen’s inequality term 2.

While a-priori both pooling devices are appealing, for the problems we are inter-
ested in, the composite likelihood has superior properties and added flexibility. From a
computational point of view, when the decision rules have an autoregressive structure,
estimators of # have a closed form expression in the composite likelihood case, but
not in the finite mixture case. In addition, in the finite mixture setup, it must be the
case that y;; = yj; and T; = T}, since submodels represent alternatives that could have
generated the observable data. These restrictions are unnecessary in the composite
likelihood formulation and this gives flexibility to the methodology - see section 5 for
examples.

If the weights in the composite likelihood approach are fixed, we can interpret the esti-
mates for common parameters across models as being robust estimates in the sense that
the parameters have to be consistent with the data for all models under consideration.
To see this, note that in the extreme case where a parameter is inconsistent with the
data for one model in the sense that the likelihood for that model is 0, the resulting log
composite likelihood is minus infinity . This is not the case for finite mixture models.

3 Bayesian estimation

Because we are interested in the exact small sample distribution of #, rather than its
large sample approximation, we estimate it using Bayesian methods. Also, we treat w;

2When K =2 and T} = Ty = 2 the composite log-likelihood is
log L = w(log L1 4 log L12) + (1 — w)(log Loy + log La2)
while the log-likelihood in the mixture model is
log L = log(wL11 + (1 — w)Lay) + log(wLis + (1 — w)Las)

Suppose w = 1 —w. Using log Zthl s = log +1og(1+2?:2 2t), one has log Zle z¢ = log 1 +log(1+22)

and this differs from Zle logz; = log @1 +log z2, since log(1 + $2) ~ 72 if 2 is small.
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as a random variable with a prior distribution (to be interpreted as the investigator
prior assessment of the likelihood of submodel i) and jointly estimate the posterior of
the common parameters 6, of the nuisance parameters 1;, and of the weights w;.

Given (y;t, T;), we assume that supy . flyx € Ai,60,m;) < b; < B < 00, a condition
generally satisfied for DSGE or VAR models, that £(6,7;|y;1,) can be constructed for
each A; and that the composite likelihood L(0,m1,...0k,w1,...,wKk|y1 1), - YK,T,)
can be computed for 0 < w; < 1, >, w; = 1. For each A;, the priors for the parameters
are of the form:

p(0, mi,wi) = p(w;)p(0)p(n:|0) (8)
We allow for an endogenous prior selection for 7;, in the spirit of Del Negro and
Schorfheide (2008), which is advisable if the composite likelihood pools distinct struc-

tural models and we want to put these models on the same ground as far as matching
certain statistics of the data. The composite posterior kernel is:

PO, i wis WY, Yer,)
LO,m[Y1,r ) p(0,n1) " p(wi) ... L(O, Nk | Y1 ) p(0,mK ) E p(wr) =
ILGL(O,m:|Yi ) p(n:) " p(0)p(ws) 9)

which can be used to estimate the parameters, as described in Kim (2002) or Cher-
nozukov and Hong (2003).

For computational and efficiency reasons, rather than using a brute force Metropolis
approach to compute the posterior of 8, it may be advisable to employ a 2K + 1 block
Metropolis-within-Gibbs algorithm. Chib and Ramamurthy (2010) and Herbst and
Schorfheide (2015) have also suggested drawing DSGE parameters in blocks. However,
while they randomly split up the parameter vector in different blocks at each iteration,
the blocks here are predetermined by the K submodels of interest.

In misspecified models estimated via Bayesian methods and when y;; are not mu-
tually exclusive, MCMC-based estimates of posterior percentiles do not asymptotically
approach frequentist percentiles, see Mueller (2013). After describing the algorithm, we
will explain how to correct MCMC percentiles in order to have the required asymptotic
coverage.

3.1 Estimation Algorithm

The algorithm consists of four steps:
1. Start with some [1}...7%, 0% ... W%
For iter = 1 : draws do steps 2-4

2. For i = 1 : K, draw 5} from a symmetric proposal P%. Set 5" = n¥ with
probability

. ( L[z, 07 1] [V p(nr|gPter—1)«i )
min | 1, ([

, (10)

iter—1 iter—1

L n;teT—l , Qiter—l] |Yz‘,T,; )w,l p(n;‘ter— 1 |9itar—1 )wl
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3. Draw #* from a symmetric proposal P?. Set #%¢" = §* with probability

. iter—1 . iter—1
min 1 L(fmiter, 0] Yar)“™ L[ 07] Vi, )< p(67)
E([niter,wt”*l] |Y1,T1)wit”’1 _'_Lj([n%er’ giterfl} ‘YK7TK)MZCT_1p(giter71)
(11)

4. For i = 1 : K draw , draw w} from a symmetric proposal P*. Set w'®" =
*

w* = (wj... wy) with probability

. L([miter, 0] |y 1,)*1 . L([niem67er] [Yie 1, )5 p(w”)
min 1, - - iter—1 . . iter—1 . (12)
L([miter, 0tter] Yo, )™ L L([mfter, 07 ] [Yier )i p(witer—1)

Note that in (10) only the likelihood of model A; matter because n; only appears
in that likelihood. A few interesting special cases are nested in the algorithm. For
example, when the K submodels feature no nuisance parameters, as in the case when
the composite likelihood is constructed using statistical models, steps 2.-3. can be
combined in a single step. On the other hand, if w;’s are treated as fixed, step 4
disappears. Notice also that when w; = 0,7 # k, wr = 1, the algorithm collapses
into a standard Block Gibbs-Metropolis MCMC. A standard random walk proposal for
(0,m;) seems to work well in practice; a multivariate logistic proposal or an independent
Dirichlet proposal (if only a few submodels are considered) are natural choices for w;.

3.2 Adjusting percentiles of the MCMC distribution

The estimation problem is non-standard since submodels are misspecified and y;; are
not necessarily mutually exclusive across ¢ and estimation may be performed repeatedly
using the same time series in the composite likelihood conditioning set. For example,
if all K submodels feature a nominal interest rate, the nominal rate series may be used
K times. Naive implementation of the MCMC approach produces marginal posterior
percentiles for 6 which are too concentrated, because the composite likelihood treats
yit as if they were independent across i. As shown in appendix B, under regularity
conditions and as T' — o0, the posterior distribution will approach a normal distribu-
tion, but the asymptotic covariance matrix is the sensitivity matrix H, rather than the
Godambe matrix. Hence, MCMC percentiles need to be adjusted to obtain asymptotic
coverage which are consistent with the amount of information present in the data. To
be clear: the adjustment is not designed to approximate the true (unknown) posterior
but to insure that composite posterior inference is asymptotically appropriate.

We follow Ribatet et al. (2012) and modify the MCMC algorithm described in the
previous subsection by adding two steps.® The first involves computing the ”sandwich”
matrix, H(0)J(0) "L H(0) where H(0) = —E(Vap.(0]Y)) and J(0) = Var[Vp.(0|Y)] via
maximization of the composite posterior p.. The second step involves adjusting the
accepted draws using

07 =0+ VHH —0) (13)

3Qu (2015) uses a similar adjustment.
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where 6 is the posterior mode, V = CTHC and C = M~ M, is a semi-definite square
matrix; M,ZMA = HJ'H,MTM = H and M4 and M are obtained via singular value
decompositions 4.

The adjustment works well only when 6 is well identified from the composite poste-
rior and if the composite posterior has a unique maximum. As Canova and Sala (2009)
have shown, such properties may not hold in a number of DSGE models. Because of

this problem we recommend users to report both standard and adjusted percentiles.

3.3 A sequential learning interpretation

For the sake of illustration, suppose that w; are fixed. It is easy to give a sequen-
tial, adaptive learning interpretation to the composite posterior kernel (9) and to the
Bayesian estimators we construct. When K=2, the composite posterior kernel p is

p(0,m...m\Yir,Yor,) =
L(Y11,10,m1) p(n1]0)* p(n2|Ya,1,,0) 2 {[p(0| Yo, 1, ) M L(Ya,1,)|“*p(0)“" } (14)

where ML(Yar,) = [ L(Y21,[t2)p(12) is the marginal likelihood of model 2.

As (14) makes it clear, the posterior kernel can be obtained in two stages. In the first
stage the prior for ¢, and the likelihood for submodel 2 are used to construct p(6|Y2 ).
This conditional posterior, weighted by the marginal likelihood of the submodel 2, is
geometrically combined with the prior p(f) for the next estimation stage of . Suppose
that M L(Yar,) is high, i.e. submodel 2 fits Yo7, well. If wy = wg, the prior for
1 will more heavily reflect the posterior of 8 obtained from 2 relative to the initial
prior p(#). If ML(Y>r,) is low, the posterior for § obtained from submodel 2 has
low weight relative to p(6) when setting up the prior for submodel 1. In general, the
prior for 6 in each stage depends on the relative weights assigned to the current and
to the previous submodels and on the fit of all previous submodels. Thus, a composite
Bayesian approach to estimation can be interpreted as an adaptive sequential learning
process, wherethe information contained in submodels whose density poorly explain
observable data is downweighted.

Notice that even though only Y5 7, contains information for 72, the posterior for this
parameter may be sequentially updated, since the posterior for 6 sequentially changes.
However, since Y3 7, does not contain information for 7, p(n;) will be left unchanged
after estimation is performed with submodel 2.

Note that while here there is an automatic discounting whenever a submodel does
not fit the data well regardless of whether w; is treated as a parameter or a random
variable, a finite mixture has this property only if w is random (see Del Negro et al.,
2016).

4Rather than finding H and J once, prior running the MCMC algorithm, one could think of performing
adaptive adjustment where C(6]Y) is adjusted as C(67]67~1,Y) (see Ribatet et al, 2012, p. 826). In this
way MCMC draws are adaptively centered, which should make the draws more accurate and convergence
faster, but a numerical optimization is needed at each step of the MCMC procedure.
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4 Composite posterior statistics

It is relatively easy to use our framework to construct predictions of future observa-
tions. Let g4; be future values of the variables appearing in all submodels.® Let
f(Ge41lyie, 0,m;) be the prediction of g,4; made by submodel A;, given 6,7; and let

N i - . 5
fCl(yt+l|y1t7"‘7ykt7077717'")”K)wlw"wK) = Hi:l f(yt+l|yit)9777i)wl' fCl 1S a geo-
metric pool (with weights w;) of K misspecified predictions of ¢;;4;. Then

p(gt+l|y1t,~-~,th7W1,--.WK)O(/.--/fCl(gt+l|y1t,-.-7th,0,771,--~,77K,W1,---,WK)
p(97n17“'777K|w17'"7wK7y1t7"‘7th)d9dnl-"dnK

=/~--/Hp(ﬂt+l79777iZ/it)wid@dm---dm((w)

is the composite predictive density of ¢.y;, given the data and the weights, where
P(Ge+1, 0, milyie) " = (f(Gralyie, 0,0)p(0, 01, - - niclw, yaes - -+ Yrce)) ¥

As it is clear from (15), the composite predictive density differs from the true pre-
dictive density in two respects. First, the prediction function is based on the composite
prediction pool density rather than the true prediction density. Second, the composite
prediction pool density is integrated with respect to the composite posterior density of
the parameters rather than their true posterior density.

To compute (15), one could use the mode or the posterior mean of the marginal of
w;, depending on the loss function employed. As an alternative, one could integrate
(15) with respect to the posterior of w as well. Given that in many applications it
makes sense to condition the prediction on estimates of the weights (which represents
the posterior probability associated with each model), we believe (15) is more appealing
for standard applications.

Since f(Yr+1|yit, 0, m;) is straightforward to compute (in our case the submodels will
be linear Gaussian state space models), (15) can be approximated by first generating
draws from the composite posterior, computing the predictive density for each draw
in each A;, multiplying the weighted predictions and, finally, averaging results across
draws of (0,11, ...,1K) ©.

The problem of combining forecast densities is well studied in the literature (see
e.g. Geweke and Amisano, 2011 or Del Negro et al., 2016). Two typical approaches
are suggested: linear pooling, which lead to finite mixtures predictive densities such as
BMA or static pools, and logarithmic pooling, which is what a composite predictive
density approach produces. Logarithmic pooling gives predictive densities which are
generally unimodal and less dispersed than linear pooling and have the property of
being invariant to the arrival of new information (updating the components of the

5The variables of interest could be unobserved state variables, in which case I = 0 or even [ < 0 could be
considered.

6The prediction problem offers an alternative setup to choose w; if one treats them as fixed. In fact, one
can choose w;, i =1,..., K to minimize the Kullback-Leibler (KL) risk measure between the composite and
the true predictive density (see e.g. Vidoni, 2012).
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composite likelihood commutes with the pooling operator). Relative to naive pooling of
submodels’ predictive densities, the composite predictive density uses the information
in all submodels for estimation as summarized by the composite posterior.

Note that the logarithmic combination formula we present can be obtained as the
solution to a well known constrained optimization problem in information theory (see
Cover and Thomas, 2006). Appendix C provides the link between the two approaches.

In analogy with the prediction problem, one can compute statistics of interest by
geometrically weighting the densities of outcomes obtained with each submodels and
the composite posterior for the parameters. Take, for example, the computation of the
responses of the subset of variables present in all submodels to a shock also present in
all models.

Given (0,n;, responses to shock j for submodel A; can be computed setting all
other structural shocks to 0 - which reasonable given that most of the model considered
are linear. The density of outcome paths, computed randomizing (6, eta;) from their
posterior, is the impulse response of interest.

The kernel of the composite posterior responses can then be computed analogously
to (15), with the density of outcome paths replacing predictive densities. Again,
the composite expression defines a logarithmic pool of responses for each value of
(Wi, wg) T

Counterfactuals can be similarly computed. Let g4 be a selected path for the
future in the k-th element of g;1;. Using f(Ure+i|yit, egt 41,0, m;) for submodel A;, one

can find the path of e{t 4 consistent with the assumed gi¢4;. With this path one can

then compute f(Fr41|yit, €, 405 mi), for k' # k. The composite counterfactual can be
computed as in (15), geometrically weighting the resulting paths across models.

5 Using the composite likelihood to address
estimation problems

This section provides examples showing how a composite likelihood approach can deal
with standard problems encountered in the estimation of DSGE models. The first ex-
ample discusses how to estimate parameters appearing in multiple misspecified models
and shows how small sample identification problems can be resolved. The next example
demonstrates how the approach can ameliorate population identification problems; the
third example deals with singularity issues; the fourth with the problem of estimating

"In the case each submodel has a linear Gaussian state space format and fixed weights. the composite
posterior of the impulse responses can be computed by first defining a fine grid of values for impulse responses
(i.e. the difference in outcome paths). Then, for each horizon I, and each model A;, one computes the model
specific density of the difference in outcome paths, geometrically weight them across models and store this
value. By repeating this exercise for a large number of parameter values drawn from the composite posterior
(which can be approximated with the Metropolis-within-Gibbs algorithm of section 3) and computing the
average value across parameter draws, we obtain a Monte Carlo approximation to the composite posterior
density of the impulse responses.
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the parameters of a large dimensional model. The last example shows how a composite
likelihood approach may help to deal with short samples of data.

5.1 Estimating structural parameters appearing in mul-
tiple misspecified models

Suppose we have two structural misspecified models (A, B), with parameters ¢4 =
(0,m4),Y5 = (0,nB) and implications for (ya¢, ype), two different subvectors of y;.
Assume that f(yas, €,1n4) and f(yp,0,np) are produced by the decision rules:

YAt = PAYAt—1 + 0AC (16)

YBt = PBYBt—1 + OBUt (17)

where e; and u; are iid(0,I). For the sake of illustration, suppose that pp = dpa,op =
yo 4, that ya; and yp; are scalars, and that we have Ty observations on y4; and T’g
observations on ygy, Tg < Ta. Thus 0 = (pa,c4),n5 = (6,7),n4 = 0.

The (normal) log-likelihood functions of each model are:

Ta
1
logLaox —Talogos — 292 E (yar — PAyAt71)2 (18)
A =1

T

1
logLgp x —Tglogop — 252 Z(th - pBth71)2 (19)
B =1

and for 0 < wl, the log composite likelihood is
logCL=wlogLs+ (1 —w)logLp (20)
Maximization of (20) with respect to 6 leads to:
T Tp Ta I's
PA = (Z yzltfl + G2 Z y%tq)il(z Yaryai—1+ G Z YBtYBt—1) (21)
t=1 t=1 t=1 t=1

where (; = =¥ g (= 17—“5—2 = (10 and

Tw 42 w v
1 Za 1—w &
0124 = E(Z(yAt - PAyAt—1)2 + o Z(th - 5PAZ/Bt—1)2) (22)
t=1 t=1

where £ = (T4 + TB}U_TOQJ)_l is the effective sample size. The estimators of p4 and of

ai obtained using just model A or model B log-likelihoods are

T Ta Tp Tp
pAA = (Z ?J,zqt—l)_l(z YAtYAt-1);  PAB = 5_1(2 y%t—l)_l(z yptypt-1)  (23)
=1 =1 =1 t=1
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and
Ta T
1 1
2 2. 2 2
= 7> (yar - )% = (s — 6 . 24
TAA = T t:1(yAt PAAYAL-1)": Tap s t:1(th PABYBt—1) (24)

As (21)-(22) clearly show the estimator for 6 obtained from a composite likelihood
approach combine the information coming from y4; and yp;, with model B playing the
role of a prior for model A. The formulas in (21) and (22) are also similar to those
i) obtained in least square problems with uncertain linear restrictions (Canova, 2007,
Ch.10), ii) derived using a prior-likelihood approach, see e.g. Lee and Griffith (1979)
or Edwards (1969) and iii) implicitly produced by a DSGE-VAR setup (see Del Negro
and Schorfheide, 2004), where Tz are the additional observations added to the original
T4 data points. Note that (,0) are estimated using only the information in y;5.

In general, when the decision rules feature an autoregressive structure, the com-
posite likelihood shrinks the information contained in y4; and the amount of shrinkage
depends, among other things, on the informational content of y;p for 6, as measured
by the magnitude of (v, d,w). The higher is w the less important is the information
present in y;p; similarly, the larger is -y, the larger is the variance of the shocks in the
decision rules of model B and the lower the information content of yp,. Conversely,
the smaller is §, the lower will be the shrinkage toward the information contained in
model B. Thus, when estimating common parameters, the composite likelihood gives
larger importance to data assumed to be generated by a model with higher persistence
and lower standard deviation and which is a-priori more likely. The reason is straight-
forward: higher serial correlation implies important low frequency information; lower
standard deviation implies lower noise.

When an array of models are available, estimates of 6 will be constrained by the
structure present in all models. For example, equation (21) now becomes

T K-1 T; Ts K-1 T;
PA = (Z yzltfl + Z Giz Zyith)fl(z YAtYAt-1 + Z Git Zyityit—l) (25)
t=1 i=1  t=1 t=1 i=1  t=1

where (;; = :j; j—é, Cio = (19;. Thus, the composite likelihood robustifies inference, in
the sense that estimates of @ are shrunk to be consistent with the data generated by
all available models.

Two further aspects of this example are worth some discussion. First, as mentioned,
yar and yp; may be different series. Thus, the procedure can be used to estimate
parameters appearing in models featuring different observables. Alternatively, y4; and
ypt may represent the same series with different levels of aggregation (say, aggregate vs.
individual consumption). In general, y4; and yp; may have common components and
some model specific ones. Second, T4 and Tz may be of different length. Hence, the
procedure can be used to combine data of various length or the information in models
setup up at different frequencies (e.g., a quarterly and an annual model). T4 and Tg
may also represent samples for the same vector of variables coming from different time

periods, for example, the real rate before and after a financial crisis. Baumeister and
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Hamilton (2015) suggested a procedure to downweigh the information contained in
earlier subsamples that mimics a composite likelihood estimator in this situation.

The example also allows us to discuss how the approach may help to reduce small
sample identification problems. Suppose the density of y4 is well behaved, but because
T4 is short, (18) is flat, making 6 may be poorly identified using ya¢. It is easy to show
0 could become better identified if (ya¢, ype) are jointly used in estimation. This is
because the curvature of the composite likelihood depends on the effective sample size
&, which is a function of Ty and Tg L“;’. Thus, for example, if v is small, that is y;p is
less volatile than g4, or if w is large, that is the degree of a-priori trust a researcher
has in model B is high enough, £ >> T4 and the log composite likelihood (20) will be
more peaked around the mode than the log-likelihood (18).

5.2 Ameliorating population identification problems

The previous subsection suggested that the composite likelihood may improve parame-
ter identification when a short sample is available. This subsection discusses an example
where some parameters are underidentified and others weakly identified in population
and shows how a composite likelihood approach can remedy these problems.

Consider a canonical three-equations New Keynesian model (call it model A)

Ryt = TEma1 + e (26
yar = O0Ewa1 —o(Ray — Eymarr) + ez (27
Tar = BEmary1 +yya +est (28
where R 4, is the nominal rate, y4; the output gap and 74, the inflation rate;(e1¢, ea, e3¢

are mutually uncorrelated structural disturbances, (7,0, 0, 3,7) are structural param-
eters, and E} is the conditional expectations operator. The solution of the model is

RAt 1 0 0 €1¢
yar | = | o 1 0 e | = Aey (29)
AL oy o 1 €3t

Clearly, S is underidentified (it disappears from (29)) and the slope of the Phillips
curve vy may not be well identified from the likelihood of (Ra¢, yar, ma) if o is small.
In fact, large variations in v may induce small variations in the decision rules (29) if o
is sufficiently small, making the likelihood flat in the v dimension.

Suppose we have available another model (call it model B), known to be more
misspecified relative to the New Keynesian model - we acknowledge this by selecting
w >> 1 — w. For example, consider a single equation Phillips curve with exogenous
marginal costs:

Bt = PBEimBi+1 + VYRt + Ut (30)
Ypt = PpYBt-1 T Uit (31)
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where 8 < 1 and p > 0 measures the persistence of marginal costs. By repeatedly
substituting forward and letting x; =(1 — pl)yp: , we =(1 — pl)mwpy, where ¢ is the lag

operation, the solution is
Tt 1 0 U1t
= 32
PR b ®

Because the log-likelihood of model B has information about 3, one would be able
to identify (and estimate) it from the composite likelihood. In addition, in model B
the curvature of the likelihood in the v dimension depends on %W which, in general,
is greater than one for 8 # 0. Hence, small variations v may lead to sufficiently large
variations in the decision rule (32) and thus in the composite likelihood, even when
1 — w is small. Thus, shrinking model A toward model B which is more misspecified
but has sharper information about the parameters of interest may help in terms of
identification and estimation. Note that the argument is independent of the size of
effective sample size &: since the identification problems we discuss occur in population,
having a large or a small ¢ is irrelevant. It should also be emphasized that the above
argument implicitly assumes that the variances of (eg, es;) and of (w1, ug) are of the

same order of magnitude.

5.3 Solving singularity problems

DSGE models are typically singular. That is, since they generally feature more en-
dogenous variables than shocks, the theoretical covariance matrix of the observables is
singular and the likelihood function can not be constructed and optimized. To solve
this problem the literature has suggested to i) select a subvector of the observables
matching the dimension of the shock vector either informally (see Guerron Quintana,
2010) or formally (see Canova et al., 2014) and use the log-likelihood of this subvector
for estimation; ii) add measurement errors to some or all the observables - so as to make
the number of shocks (structural and measurement) equal or larger to the number ob-
servables; iii) increase the number of structural shocks, for example, by transforming
parameters into disturbances (the discount factor becomes a preference shock, etc.).
An alternative is to construct a composite likelihood using non-singular submodels, see
also Qu (2015). To illustrate the approach, we use a stylized asset pricing example.
Suppose that the dividend process is d; = e; —ae;_1, where e; ~ iid(0,02), and o <
1, and that stock prices are the discounted infinite sum of future dividends. The solution
for stock prices is p; = (1 — Ba)e; — aey—1, where B < 1 is the discount factor. Since
e; drives both dividends and stock prices, the covariance matrix of (d,p;) is singular.
Thus, one has to decide whether d; or p; should ve used to construct the likelihood
and to estimate the common parameters («,o?). Here adding a measurement error is
difficult to justify, since neither dividends nor stock prices are subject to revisions, and
making [ a random variable is unappealing because the density of p; becomes non-
normal. When the composite likelihood is employed, the joint information in (d¢, p;)
is used to identify and estimate (a, %) and B, if it is of interest. Optimization makes
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stock prices contain different information relative to dividends; the composite likelihood
provides a flexible tool to combine all available information to estimate parameters.
Following Hamilton (1994, p. 129), the likelihood functions of d; and p; are

log L(ax, 0%|d;) = —0.5T log(27) — 0.5 Z logs; — 0.5 Z (33)
t=1

where d; and ¢ can be recursively computed as:

- l+a?2+a*+... + 202
de = diy— dy_ 34
! T a2yt 1., a2t (34)
s l+a+at+. . 4o

R U IV ST () (3)

and
log L(B, o, o2[p;) = —0.5T log(27) — 0.5 Zlog v — 0.5 Z 2 (36)
=1
where p; and v; can be recursively computed as:
3 Y21+ 2 4t 42D

bt = Pt — ? 1 + 7 + "}/ +.. .+ 72(t_1)pt—1 (37)

142 +7 4.4
1+92 494+ +420D

vy = 02(1—502 (38)

and 4% = ﬁ For illustration, set o2 = 1 and focus attention on a. The first order
conditions that a maximum likelihood estimator solves are

dlog L(czt) Z 8log St 810g dt Z dlog s dy

oo = 08 - O dox ? (#9)
0log L(py) 810g on Glogpt 8log on pt
= = —05§ —05§ 05§ (40)

For a given w assigned to d;, the composite likelihood is a weighted sum of (39)) and
(40). While there are no closed expressions for either the maximum likelihood or the
maximum composite likelihood estimators of «, which would allow a direct comparison
of their properties, we can still infer what ((39) and (40) employ to estimate o and
what a composite likelihood does using simple algebra. Appendix D shows that « will
be identified and estimated more from the serial correlation properties of the data if p;
is used to construct the likelihood function and more from the variance properties of
the data if d; is used to construct the likelihood function. Hence, estimates obtained
from (39) and (40) will generally be different.

The composite likelihood provides a compromise between these two types of in-
formation. Depending on the value of w, either the serial correlation or the variance
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properties of (d¢, py) or both will be employed. Clearly, if the low frequency components
of p; are poorly characterized because, for example, the sample is short or because «
is close to zero, the composite likelihood provides a better objective function to iden-
tify and estimate the parameters than each of the individual likelihood functions. In
addition, if d; is smooth and p, is highly volatile, the composite likelihood will give a
more stable estimate of a than the individual likelihood functions.

5.4 Dealing with large scale structural models

This section analyzes the situation when one needs to estimate the parameters of a

large scale model but computation or numerically problems makes the task difficult.

Suppose the decision rules of a model are y; = A(0)y;—1 + e¢, where e; iid N(0,2(6)), 0

is a vector of structural parameters, y; is of large dimension and dim(y;) = dim (e;).
The likelihood function is

L(0ly) = @) 25 exp{(y — A(O)ye—1)2(0) " (ye — AO)ye—1)'}  (41)

If dim(y;) is large, computation of ¥(6)~! may be demanding. Furthermore, numerical
difficulties may emerge if some of the variables in y; are collinear or if there are near
singularities in the model (for example, if we have a long term and a short term interest
rate). Furthermore, if y; = (y1¢, y2:), where yo; are non-observables,

L(Bly) = / Ly ly2, A(8), £(6))g(Blyn)dy> (42)

where g(60|y2) is the posterior computed using y2, may be intractable.

Rather than computing (41) or (42), we can take a limited information point of view
and produce estimates the parameters using objects which are simpler to construct. If
we partition y¢ = (y1t, Yot, - - - Yit), two such objects are:

K

CLi(0lyr) = > wilog L(lyi) (43)
i=1
K

CLy(Oly) = > wilog L(Olyir, y—it) (44)
i=1

where y_;; indicates any combination of the vector gy, which excludes the i-th combi-
nation.

CLy is obtained neglecting the correlation structure between y;;. Thus, the blocks
are treated as providing independent information, even though this is not necessarily
true. For example, in a multi-country symmetric model, y;; could correspond to the
observables of country i; in a closed economy model, they could correspond to different
sectors of the economy. C'Ly is obtained by conditionally blocking groups of variables.
In the multi-country example, we can construct the likelihood of each country variables
yit, given the vector of the variables of all other countries y_;;. Which composite
likelihood one would use depends on the problem and the tractability of conditional
vs. marginal likelihoods.
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5.5 Dealing with short T when a panel is available.

The setup we consider can easily account for the situation where there is a single
structural model, for example, an asset pricing equation, or a consumption function
equation and the observable data comes from different units (consumers, portfolios,
countries), as discussed by Pakel et al. (2011) or from different level of aggregation
(firm, industry, sector). Here 14, Yo, ...UKt represent the same observables obtained
from unit (level of aggregation) i=1,2...K and the composite log-likelihood is

K
CLO|91¢, Y2t ---Ukt) = Z w; log L(6]9:t) (45)
=1

(45) neglects the correlation structure across units, but pools information about the
common parameters from the available cross section. Given a linear autoregressive
structure for the decision rules for each ¢, the pooling procedure produces estimators
for 6 which are similar to those derived by Zellner and Hong (1989): they combine
individual and a (weighted) average of the information present in the cross section of
data. This is clear when looking at (25), once it is realized that 3.5, o 3200 92 |
represents a weighted average of the information present in the data of the units other
than the first one. Such a pooling approach is likely to be preferable when each ¢;; is
short. Note that when the composite likelihood is used the cross sectional information is
not exactly pooled: the degree of shrinkage depends on the precision of various sources
of information. Thus, the composite likelihood uses at least as much information as
the individual likelihoods; stochastically exploits commonalities in cross section if they
exist; and may lead to improved estimates of the vector of common parameters 6.

6 Reducing misspecification

The shrinkage estimators that the composite likelihood (posterior) generates may help
to reduce biases in likelihood (posterior) estimates obtained with misspecified models.
The reason is simple: when a model is misspecified, information contained in addi-
tional (misspecified) models restrict the range of values that common parameters can
take. Thus, the quality of the estimates may improve, both in terms of location and
dispersion. To make this intuition operative, we need a diagnostic that compares the
misspecification present in the composite likelihood and in each submodel.

As argued in White (1982), White and Domowitz (1982), if the model is correctly
specified, the information matrix can be expressed either via the Hessian H () or via
the outer product matrix J(6). Thus, to examine if a model is misspecified, one can test
D(Onr) = H(Orr)—J(0az) = 0 which, under regularity conditions and appropriately
scaled, has a x2(q) distribution, where ¢ < 0.5p(p + 1) and p = dim(6,n). Since each
f(yi € A;,0,m;) is assumed to be misspecified, one can first use the above procedure
to rank submodels using the value of the y? statistic. The composite likelihood then
reduces the misspecification present in individual models if D(0cr) < ming, D(0arr.i)-

20
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To check for this possibility, one could compare trD(0yr,;) to trD(0cy,) (or |D(Opr )|
to |[D(0¢cr)]), using

DD =100 * (tr[D(0c1)]/tr[D(0rrL:)] — 1.0) (46)

(46) gives, in percentage terms, the reduction in the distance to the true model achieved
by using the composite likelihood

To show in which practical situations gains more likely to occur, we run a simulation
exercise. The DGP is a univariate AR(2) v = p1ys_1 + pove_2 + e, er ~ (0,0?)
and the models used for estimation are an AR(1): v = p1yi—1 + ur and an MA(1):
Yt = € + a16,_1. We focus attention on the relationship between true and estimated
o2, the variance of the estimated error term, which is common across models. Because
of misspecification, O'Z ML 062 g, are likely to be biased. The question is whether the
composite posterior, which considers the information in the two models, gives better
estimates of o2 than the AR(1) or the MA(1), by how much, and in what conditions.

We first treat (wi,w9) as fixed and let w be the weight for the AR(1) model. We
construct composite posterior estimates: i) equally weighting the two models, ii) using
weights based on the MSE or the Marginal likelihood obtained for each model in a
training sample; iii) using weights that optimize the composite marginal likelihood in a
training sample. The training sample has 100 observations and the estimation sample
50 observations. Since there are only two parameters in the AR(1) and MA(1) models,
and three in the composite likelihood, this is actually a medium sized sample.

Table 1: Estimates of o2

21

Yt = P1Yi—1 + payi—2 + €1, e ~ N(0, 02)7 T=50

DGP AR(1) MA(1) CL, equal |CL, ML CL, MSE |CL, optimal
weights weigths weights weights
02 =0.5,p1 = 0.7, p, = —0.1]0.36(0.03) [0.36 (0.03) [0.38 (0.03) [0.37 (0.03) |0.36 (0.03) |0.48 (0.04)
0% =0.5,p; = 0.5, p, = 0.2 (0.35 (0.03)|0.36 (0.03) |0.37 (0.03) [0.36 (0.03) [0.35 (0.03) [0.47 (0.04)
0% =0.5,p; = 0.6, po = 0.35 (0.36 (0.03)|0.40 (0.03) |0.40 (0.03) [0.41 (0.03) [0.37 (0.03) [0.49 (0.04)
02 =1.0,p; = 0.7, p, = —0.1/0.61 (0.04) [0.35 (0.05) [0.62 (0.04) [0.62 (0.04) |0.60 (0.04) |0.78 (0.05)
02 =1.0,p; = 0.5,p, = 0.2 [0.60 (0.04)[0.61 (0.04) 0.61 (0.04) |0.62 (0.04) |0.60 (0.04) |0.78 (0.05)
02 =1.0,p; = 0.6, pp = 0.35(0.62(0.04) [0.38 (0.05) [0.67 (0.04) |0.67 (0.04) |0.61 (0.04) |0.76 (0.05)
02 =2.0,p; = 0.7, py = —0.1/0.95 (0.04) [0.45 (0.04) [0.96 (0.06) [0.96 (0.04) |0.93 (0.04) |1.14 (0.05)
0% =2.0,p; =0.5,p, = 0.2 (0.93 (0.04) |0.43 (0.04) |0.95 (0.04) [0.95 (0.04) [0.94 (0.04) [1.14 (0.05)
0% =2.0,p; = 0.6, po = 0.35(0.01(0.001)/0.01 (0.001)|1.02 (0.008)(1.02 (0.008)[0.99 (0.008)[1.15 (0.05)

ML is the marginal likelihood. The MSE and the ML for the AR(1) and the MA(1) are computed in a sample
of 100 observations prior to the T=>50 data points used to construct the composite likelihood (CL).

The last column is obtained choosing weights to maximize the marginal composite likelihood over

the initial 100 points. In parentheses are standard errors of the estimates

We consider a number of configurations for (p1, p2,7?).

Table 1 reports a subset
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of the results we obtain: for each parameter vector, we report the posterior mean and
the posterior standard deviation of o2 in the AR(1) and MA(1) models and in the
four composite posterior pools. In all cases, the prior for the AR (MA) parameters
is truncated normal but loose (mean zero and variance one) and the prior for o is
relatively flat in the positive orthant.

There are location gains when using the composite posterior; they are larger when
the DGP is persistent or has a large volatility, and seem insensitive to the choice of
weights. As often documented in the forecasting combination literature (see Aiolfi et
al, 2010), choosing equal weights is as good as choosing them either based on MSE or
the marginal likelihood in a training sample (compare columns 4, 5 and 6). However,
choosing the weights to optimize the composite likelihood in the training sample, seems
to give an important hedge to the approach: location gains are large and they increase,
the smaller is the volatility of the DGP. It is important to stress that the approach
employed in column 7 is feasible even when the models feature different observables,
while this is not the case for the results produced in, e.g., column 5.

Relative to the AR(1) or MA(1) models, reduction gains in the spread of the pos-
terior are small. Two reasons account for this outcome. First, we only consider two
models; in analogy with a portfolio decision problem, reduction in the dispersion are
more likely to occur the larger the number of models is. Second, mean estimates of
o2 obtained with the AR(1) and the MA(1) models do not differ much for several
parameter configuration. Thus, dispersion gains are relatively small.

Table 2: Determinant misspecification diagnostic
MA(1)|CL, equal/CL, ML|CL, MSE|CL, optimal
weights |weigths |weights |[weights
5, p1 = 0.7, po = —0.1]-0.0151}-0.0958  |-0.0958 |-0.0927 |-0.0921
5,p1 =0.5,p2 =0.2 (0.0016 |-0.0951 |-0.0951 |-0.0916 |-0.0924
5, p1 = 0.6, py = 0.35]0.0761 |-0.0959 |-0.0953 |-0.0956 |-0.0954
.0,p1 = 0.7, po = —0.1/0.0262 |-0.0963  |-0.0963 |-0.0941 |-0.0937
0,p1 =0.5,p2 = 0.2 [0.0931 [-0.0950 |-0.0950 {-0.0921 |-0.0917
.0,p1 = 0.6, py = 0.35(0.0367 |-0.0952 [-0.0952 |-0.0915 |-0.0923
.0,p1 = 0.7, po = —0.1]-0.0889-0.0991  |-0.0992 {-0.0991 |-0.0991
0,p1 =0.5,p, =0.2 [2.0275 |-0.0893 [-0.0899 |-0.0863 |-0.0856
.0, p1 = 0.6, po = 0.35 |-0.0606/-0.0875 |-0.0876 |-0.0768 |-0.0792
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ML is the marginal likelihood. The MSE and the ML for the AR(1) and the MA(1) are computed in a sample
of 100 observations prior to the T=>50 data points used to construct the composite likelihood (CL).
The last column is obtained choosing weights to maximize the marginal composite likelihood over
the initial 100 points. Numbers are multiplied by 10000.

Table 2 reports the determinant diagnostic, when the AR(1) model is used to bench-
mark the misspecification. Clearly, for many configurations the MA(1) model is more
misspecified than the AR(1). The combination pools always reduce the misspecification
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present in the AR(1) - all entries in columns 2-6 are negative - but which combination
pools one uses seems less important as magnitude differences are small. Overall, the
simple equal weighting scheme does well, regardless of the parameters of the DGP.

Figure 1 plots the marginal composite posterior of 02 obtained when the data has
been generated by y; = 0.6y;—1+0.35y—2, e, ~ N(0,0.5) in three cases: equally weight-
ing the AR(1) and the MA(1) models; optimally selecting w to maximize the composite
marginal likelihood in the training sample; and letting w be a random variable with a
normal prior distribution centered at 0.5 and standard deviation equals to 0.1, When
equally weighting the two models or optimally selecting w and the mode is somewhat
lower than the true value. However, the posterior of 2 obtained with optimal weights
is more skewed and displays a longer right tail. The posterior of ¢ obtained with
random weights, on the other hand, is centered at the true value (mode=0.502) but
has larger dispersion relative to the other two posterior distributions- the presence of
an additional parameter to be estimated explains why.

Estimates of o

14 T T

=== = CL(fixed weights)
e CL(random weights)
== = CL(optimal)

12—

10—

Figure 1: Composite posterior density of o2 and two posterior mixtures

Figure 2 plots the posterior of w: it is heavily skewed and with a long left tail. In
accordance with previous results, the AR(1) model receives more weight relative to the
MA(1), since the DGP has stronger persistence. Thus, while there are location gains
from having a random w, at least in this example, taking w random could increase the
dispersion of the posterior of the common parameter. Overall, having a random w is
probably more appealing when composite posterior gains obtained using fixed weights
are parametrization dependent.
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Estimates of w
25 :

0.8 0.85 0.9 0.95 1 1.05 11

Figure 2: Posterior density of w

7 Estimating the slope of the Phillips curve

The conventional wisdom in monetary economics is that the slope of the New Keynesian
Phillips curve is historically small (see Smets and Wouters, 2007, or Altig et al., 2011).
Thus, large changes in firms’ marginal costs imply small changes in the aggregate
inflation rate. In addition, there is evidence that the slope has further decreased since
2009 (see e.g. Coibon and Gorodnichenko, 2013), perhaps because financial constraints
imply a trade-off between pricing decisions and firms’ market share (see e.g. Gilchrist et
al., 2015). However, Schorfheide (2008), surveying estimates of the slope of the Phillips
curve obtained in DSGE models, documents large cross study variations and associates
differences to i) the specification of the model, ii) the observability of marginal costs,
iii) the number and the type of variables used in estimation.

Because the distribution of this parameter is crucial for forecasting and counterfac-
tual exercises, this section examines how the composite posterior distribution of the
slope of the Phillips curve, obtained employing a variety of models, looks like relative
to the posterior distribution obtained with a i) single model and ii) ex-post averaging
the posteriors of different models. Moreover, it measures the consequences of these
differences for economic inference.

We construct the composite posterior using five different DSGE models: a small
scale New Keynesian model with sticky prices but non-observable marginal costs, where
the variables used in estimation are detrended output Y, demeaned inflation 7, and
demeaned nominal rate R, as in Rubio and Rabanal (2005); a small scale New Keyne-
sian model with sticky prices and sticky wages, and observable marginal costs, where
the variables used in estimation are detrended Y, demeaned 7, demeaned R and de-
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Table 2:Percentiles of the posterior of the slope of the Philips curve
5% 50% | 95%
Prior 0.01 0.80 1.40
Basic NK 0.06 | 0.18 | 0.49
Basic NK with nominal wages | 0.05 | 0.06 | 0.07
SW with capital and adj.costs | 0.04 | 0.05 | 0.07

Search 0.44 | 0.62 | 0.86
BGG 0.13 | 0.21 0.35
CL 0.18 0.26 0.40
CL (corrected) 0.18 | 0.28 | 0.44

The table reports posterior percentiles of the slope of the Phillips curve for the prior, for a three variable New
Keynesian model (Basic NK); for a four variable New Keynesian model (Basic NK with nominal
wage); for a medium scale New Keynesian model with seven observables (SW with capital and adj].
costs), for the four variable search and matching model (Search) and the three variable financial
friction model (BGG). The rows with CL report composite posterior percentiles obtained with
MCMC draws and adjusted for repeated use of the same time series. The estimation sample is
1960:1-2005:4.

trended nominal wage W, again as in Rubio and Rabanal (2005); a medium scale
New Keynesian model with sticky prices, sticky wages, habit in consumption and in-
vestment adjustment costs, where the variables used in estimation are detrended Y,
detrended consumption, detrendend investment, demeaned 7, demeaned R, detrended
hours, and detrended nominal wage W, as in Justiniano et al. (2010); a New Key-
nesian model with search and matching labour market frictions, where the variables
used in estimation are detrended Y, demeaned 7w, demeaned R and detrended real
wage w, as in Christoffel and Kuester (2008); and a version of the Bernanke, Gertler,
and Gilchrist (1999) model, estimated with detrended output Y, demeaned inflation
7, and demeaned nominal rate R. In this last model, part of the parameters governing
the financial frictions are calibrated, as in Cogley et al (2011), to sidestep the issue of
what data series should be used to match the model-implied spread. In all cases, the
estimation sample is 1960:1-2005:4 and a quadratic trend is used to detrend the data.
The series used are from the Smets and Wouters (2007) database and the equations of
each model are reported in appendix F.

We report results assuming random weights, where the prior is Dirichlet with pa-
rameters 250%[1/4;1/3;1/7;1/4;1/3]. Results obtained using a looser prior (Dirichlet
with parameters 40%[1/4;1/3;1/7;1/4;1/3]), and fixed equal or unequal weights are
similar and available on request ®

8While it is not the case in our specific example, it may be that in some applications the posterior
weight for some model goes to zero implying that the parameters of that model become under-identified
when the composite likelihood is used in estimation. In this case, one can use a two-step approach, where
the prior for the nuisance parameters is made data-based using the posterior for each model estimated on a
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Table 2 displays posterior percentiles for the slope of the Phillips curve we obtained
using the likelihood of each model separately and the composite likelihood. For the first
three models the median is low. For the remaining two models, the posterior median
is higher but, for the model with search and matching friction, the posterior has larger
dispersion. Nevertheless, the posterior one obtains hardly overlaps with those of the
first three models. Thus, in agreement with Schorfheide, estimation results depend on
the model employed, the nuisance features it includes, the observability of marginal
costs, and the variables used in the estimation.

The composite posterior has median value of 0.26, and a credible 90 percentile
ranging from 0.18 to 0.40, which is smaller than the range obtained with a number
of individual models. When we correct the percentiles for the fact that each model is
misspecified and the same time series are repeatedly used in the estimation process, the
location and the spread of the posterior distribution hardly change, indicating that,
at least for this particular application, the non-standard features of our estimation
procedure are not crucial for the results.
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] B
5 60 15 h N 150
iy 10 I
it i 15 1
0 ! 40 10 ! . 100
i I ) N
I h ° '
Y B 20 5 I | 50
1! : 1!
1} " "

0 0 0 - 0 0 0
0 0.5 1 0.5 0.5 1
search and matching BGG

20 25 20 20
f \ == == prior
20 i
15 || 15 || 15 posterior
1
i1 15 |
10 11 10 10
I 1 10 !
1
5 1 . st o4t 5
1 |
A\ ! \

0 0 0 0

0 0.5 1 0 0.5 1

Figure 3: Prior and posterior densities of w

Figure 3 reports the prior and the posterior weights on each of the models. The
data is informative about the quality of each model and both the location and the
spread of the prior distribution are updated in the estimation process. Interestingly,

training sample. This effectively avoids under-identification and makes the priors for the nuisance parameters
endogenous.
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while the location of posterior for the models with financial frictions and with labour
market friction are the least affected by the estimation process, the location of the
small NK model with observable marginal costs and of the medium scale NK model all
decrease relative to the prior and the one of the basic NK model increases. In general,
posterior spreads are tighter than prior spread, indicating that the data is informative
about the weights (see Mueller, 2012). Overall, the composite posterior estimates of
the Phillips curve reflect, to a large extent, the information present in the small scale
New Keynesian model and, to a less extent, in the BGG and the search and matching
model.

Some reader may be surprised about the fact that the standard medium scale
New Keynesian model, which is the workhorse used in many policy institution, has
the lowest posterior probability among our five models. To provide further evidence
on its performance, it is useful to compute the misspecification diagnostics presented
in section 6. Because, there are lots of parameters and numerical considerations are
important, we focus attention on the slope parameter only, keeping all others fixed at
the estimated mode. Indeed, we find that relative to the small NK model (which we
take as our benchmark), the small scale model with sticky prices and sticky wages and
the medium scale New Keynesian model are the most misspecified (the DD statistics
are 1117 and 824). In addition, we find that regardless of the prior specification, our
composite model is less misspecified relative than the benchmark (the DD statistic
is -70) and that the pooling of models provide robustness but not the best possible
outcome in this sample (the DD for the model with search and matching friction is
-91).

Figure 4 presents the composite posterior distribution for the slope of the Phillips
curve we obtain together with two alternative naive posterior combination estimators:
one that equally weights the posteriors obtained with the five models; and one which
weights the posteriors by the in-sample MSE they produce for inflation and the nominal
rate. Two features of the figure deserve attention. First, combining ex-post estimates
generate distributions which are different from those obtained with a composite poste-
rior approach; the location is lower and the spread much larger when naive posterior
combinations are computed. Second, both naive combinations have multimodal poste-
riors: a sharper one at 0.05, a secondary one at 0.15, and a small one at 0.6, reflecting
the variety of estimates one obtain with the five models under consideration. Thus,
naive posterior short cuts may lead to wrong conclusions regarding the pass-through
of marginal costs to inflation.

Nowadays, there is a lot of interest in policy institutions about the ability of mon-
etary policy to influence real rates in the long run, via forward guidance and other
unconventional tools. The other side of this coin is that monetary policy should have
little effect on the real rate in the short run. Figure 5 reports the responses of the
ex-ante real rate to a monetary policy shock with a mean of 25 basis points and a
standard deviation of half the mean, using parameters estimates obtained with each
model and the composite responses constructed as in section 5.°

9To obtain non-degenerate distributions over which we can form Monte Carlo averages, we can not fix
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Figure 4: Composite posterior and two naive posterior mixtures

The mean impact is quite uncertain and depending on the model it may range from
20 to 60 basis points, with the models featuring labor and financial frictions on the lower
side. The composite impact response is intermediate among individual values (about 45
basis points) and not very precisely estimated - it is significantly different from zero but
the 68% credible set includes the point estimate of all models. At horizons larger than
the first one, the composite posterior for the real rate response becomes tighter and
the responses obtained with the search and matching friction model and the medium
scale NK model now fall outside the credible composite posterior interval. Finally, note
that, consistent with figure 3, the location of the composite posterior distribution of
the real rate responses at all horizons heavily reflects the real rate responses obtained
with the small scale NK model without observable marginal costs.

Once we analyze the response of the ex-ante real rate to a monetary policy shock,
it is natural to ask how different the estimates from the different models for this real
rate are. Why is this important? The ex-ante real rate gives us a measure of the
stance of monetary policy: values larger than the steady state (or 'natural rate’) imply
monetary policy that is tighter than in steady state and vice versa. Figure 6 depicts

the size of the shock.
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Figure 5: Real rate responses to a monetary shock

the estimated ex-ante real rate in deviations from steady state. We can see that there
is substantial variation across models (even though the real rates across models are
highly correlated, especially at lower frequencies) - the gray lines depict the medians
for each model.°

8 Conclusions

This paper describes an estimation procedure which has the potential to ameliorate
identification and estimation problems in DSGE models. We also demonstrate that
the procedure helps to robustify estimates of the structural parameters in a variety of
interesting economic problems and reduce misspecification.

The approach we propose is easy to use, works well in a number of relevant sit-
uations, produces estimators with nice small sample properties and, in its Bayesian
version we pursue throughout the paper, has an appealing sequential learning inter-
pretation and allows to make posterior statements about models featuring different

10Ag a check, we also computed the ex-post real rate, which is observable with our data set. Our estimate
of the ex-ante real rate is highly correlated with this ex-post measure
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Figure 6: Estimated ex-ante real rates

observables, if that is of interest.

By way of examples we highlight the properties of procedure. In particular, that it
can be used to i) obtain shrinkage estimates of the parameters appearing in multiple
(nested and non-nested) misspecified structural models; ii) improve the (sample and
population) identification properties of troublesome parameters, iii) provide a tractable
approach to address computational and singularity problems; iv) exploit information
coming from cross-section data or data obtained at different levels of aggregation; v)
produce stable estimates of parameters present in large scale models.
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Appendix A

Let y; be a sample from the density f(y;) with respect to some o-measure p. Suppose
a model with the density g(y, 1), where ¢ € ¥ C R™ is a vector of parameters, is used
and the log-likelihood is Ly(v) = >, log g(y¢, ). The model is misspecified because
fly) # glye, ), Yib. Let ¢pp be the maximum likelihood estimator, i.e. 1y =
supyLg(1p). Since T7'Ly(¢)) — E(logg(yt,¥)) by a uniform law of large numbers,
Yz will be consistent for ¢y = argmaxy Elogg(y:, 1), where the expectations are
taken with respect to the density f. If f is absolutely continuous with respect to g

Blog g(ui. ) — Bog 1) = — [ ) og {y(y) dn(y) = ~KL()  (47)

¥)
where K L(1) is the Kullback-Liebler divergence between f and g. Hence v is also
the minimizer of K L(1)).

Let s:(v) = %jf’w be the score of observation ¢ and let h(¢) = 8551(;1;). If the

maximum is in the interior ), s;(1)) = 0, and taking a first order expansion we have

g

0~ T 90 Z st(vo) + TO’5EI1(¢ML — ) (48)
t
where ¥ = —E(ht(1p)) = a;f;ﬁ)!wwo- Then, using a central limit theorem for

correlated observations we have that T7%(¢nr, — 1) ~ N(0,V) where V = %1355
and Yo = E(s:(¥)s:(v)").

In standard DSGE applications s¢(1)) are computed with the Kalman filter and are
function of martingale difference processes(the shocks of the model). Thus, the condi-
tion >, s¢(¢0) = 01is likely to hold. Further regularity condition (see, e.g. Mueller(2013))
need to be imposed for the argument to go through.

The composite likelihood is weighted average of different models g(y;, ;) each of
which is misspecified. Thus the resulting composite model is in general misspeci-
fied with density g(yi,¥1,...%x) = G(yt,0,m,...n%x). Repeating the argument of
the previous paragraph, the composite likelihood estimator ¢y minimizes the K L(0)
divergence between the g and f. Under regularity conditions 6cp convergences to
o,cr, and its distribution is normal with zero mean and covariance maatrix Vo =

Y1,c32,c31,cr where X9 o, = E(st,on(0,m, - .- nx)st.on(ye, 0,m, .. .nx)), 1o =

9st,oL(Y,0,m1,- MK ) _ 93(yt,0m1,..,nK)
20 and sy o, = 50 .

Appendix B

Let 0c1, be the maximum composite likelihood estimator of 6 and let 6, be the mode

of the prior p(#).Let h(0cr) = —ViCL(0cLly) and h(6,) = —V2logp(f,). Taking a

second order expansion of pcr(0]Y) we have

per(0Y) o {CL0eLly) — 050 — Ier) (hBor)(O — i) + Logp(0,) — 0.5(0 — 0, (h0,)(0 — 6,))
~ N(0,h(0cr,0,)"") (49)
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where 6 = h(0cr,0,) " (h(0cr)0cr + h(6,)0,) and h(Bcr,0,) = h(0cr) + h(6,).
Under regularity conditions, p(f) will vanish as 7" — oco. Then, almost surely, the
strong law of large number implies that

T 'h0cr,0,) — —E(V2CL(6|Y)) = H(6) (50)

0 = (T 'h(0cr,0,) (T h(0cr)0cr + T h(6,)0,) — 6o (51)

and thus por(0]Y) ~ N (0o, T~ H () 1).

Appendix C

We look for the predictive density solving the following problem
p = argmin KL(p(zly), f(2)) (52)

where z is any future sequence of y subject to

B, {log . ;Z(Ly))} — Eypy—,{log ! ;Z(Ly))} i=1,...,K (53)

and the normalization condition E,(1) = 1, where E, is the expectation with re-
spect to the density p(z|ly) and f(z) is any preliminary density of z, for example,
its marginal. In words, we seek for the predictive density which is closest in the
KL sense to any preliminary marginal density f(z) and reproduces the same condi-

tional expectation as the true density f(z|y) on log% . The solution is p(z|y) =

f(z)exp{>_, & log %}—Z(yi, &)} where Z(y;, €) is a normalizing constant, &; are the
Lagrange multipliers on the constraints (53). p(z|y) has an exponential tilting format:
we tilt f(z) in the directions spanned by log % If & > 0,),& < 1, then p(z|y)
is the composite predictive density previously derived with w; =&;, t =1,..., K and
wo = 1—7,& where wy is the weight on f(z). Note that in this setup, the weights w;

satisfy the following (score) equations:

OF.y_, log f,(Zly.
Wi

Thus, w; can be chosen to maximize the conditional expected logarithmic score.

"Y'When f(z) is disregarded, the problem becomes one of maximizing the entropy -E,[log p(z|y)], subject
to the constraints.
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Appendix D

Consider observations t=1 and t=2. From (34) and (37) we have

d = d (55)
dy = doy— 1fg2d1 (56)
o= pm (57)
5 = ¢ (58)

b2 = Pp2— W?l

Since HCCQ < (1_552+C2 Po puts more weights on p; relative to po than Jg does on d;
relative to d2. By induction, p; puts more weights on p;_;, j > 0 relative to p; than
does Jt on d;_; relative to d;. Thus, p; has a stronger memory than Jt.

Similarly, using (35) and (38), for t=1 and t=2 we have

g = 21+ (59)
2 4
@ = ot (60)
A= (1= B¢+ ¢ (61)
L+ e + s
)\2 — 0_2(1 _ BC)Q (1-8¢) % (1-8¢) (62)
1+ maep

Clearly A1 < ¢ and Ay < ¢3. Proceeding by induction, we have that \; < .
Thus, the model for f; implies larger weighs on p? relative to log \; while the model
for d; implies smaller weight on CZ% relative to log¢; at each t. Combining these two
results, we have that ¢ will be identified and estimated more from the serial correlation
properties of the data if p; is used to construct the likelihood function and more from
the variance properties of the data if dy is used to construct the likelihood function.

Appendix E

There are various alternatives to draw candidate weights w;, ¢ = 1,..., K. If only
few submodels are considered (say two), then using an independent Dirichlet proposal
works well. When the number of submodels is large, one could first employ a logistic
transformation for the weights and then use a random walk proposal on the transformed
weights. This approach has the disadvantage that the proposal for the weights is
no longer a multivariate random walk (in particular, it is no longer symmetric) and
this needs to be taken into account when computing the acceptance probability in
Metropolis-within-Gibbs algorithm. Furthermore, one needs to compute the Jacobian
of the mapping induced by the logistic distribution, which may be tedious to code and
may lead to numerical issues because of the non-linear transformation of parameters.

Our preferred approach is to use a proposal density which directly operates on the
weights. We call this proposal a random-walk Dirichlet’ since the expected value of

36
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the proposal is the last accepted draw. Denote by w?ePted the last accepted vector of
weights, by wP"P?% a proposal draw, and by scaling > 0 a (scalar) scaling variable,
which determines the variance of the proposal. The proposal density is Dirichlet,
denoted by pp (wProposal|yaceepted | seqling) with parameter scalingxw®*P**?. The mean
of this proposal is independent of scaling and equal to w?cePtd  The variance of any
element of wP™Po%% is a decreasing function of scaling. In an initial adaptive phase
where draws are discarded before computing posterior quantities of interest, we adjust
scaling so as to achieve a reasonable acceptance probability. This proposal density is
not symmetric, but no Jacobian needs to be computed.

Appendix F

The optimality conditions used in each of the five models we consider in are as follows.
a) Small scale New Keynesian models

Yo = Ewipr — o (re — EtApeia + Ergira — gt) (63)

y = ar+(1—0)n (64)

mey = Wy — Py N — Yt (65)
mrs; = %yt + N — Gt (66)
re = prri—1 4+ (1= pe) [y Ape + vyue] + 2 (67)

W —pr = Wi—1 — Pi—1 + 0wy — Opy (68)
ag = paai-1+ € (69)

gt = pegi-1+e€l (70)

2 = € (71)

N o= & (72)

Apr = BEApii1 + kp (mee + M) (73)
wy— Py = Mrs; (74)
Apt = WApi—1 + v EtApiia + H;, (meg + Ar) (75)

In the sticky wage model, the wage equation (74) is replaced by:

—~
N
D

~

Awy = BEAwi 1 + Ky [mrsy — (wg — pr)]

B) Medium scale New Keynesian model

37
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y—+ F

[al%t +(1—a)l (77)
Wy + Ly — ky (78)
Oéﬁt + (1 - Oé) Ti)t (79)
VBT + Wwhi—1 + KBS + KApy (80)
hpBeY e’ + h?pB heY R
% — C _ 1
e LG R G T [ DR R T T et K
hBe'p, —he? € —hBpp;
b 82
€@ —hB) (e —n) ' e —ng (82)
Rt + B <;\t+1 — Zt41 — 7ATt-|—1) (83)
XU (84)
(1—-6)Be "By (ﬁf;tﬂ - 2t+1> + (1= (1-6)Be) E; P\tJrl — Zi41 + P (85)
br 4+ Gy — 278" (iy — Ly—1 + %) + BV S"E, [ztﬂ — i+ étﬂ} (86)
U + fﬂt—1 — % (87)
(1 =8)e™ (ki = 2) + (1= (1= 0) ™) (@ + ) (88)
1 B
Dy — —F wGw
1 5wt 1+ 115 tWi1 — KwGuw,t + (89)
lw . 1+ Biw B A

_ FE 90

1 57&14— 1+57Tt+1+6 tTt+1 + (90)
L 1+ By — pfB “

o P T PP S, 91
1+ 145wl (91)
’th — (Vﬁt + lA)t - j\t) (92)
prBi_1 + (1= pR) [$nfre + dx (80 — 27)] + Gax (@ — #1—1) — (3] — 37_1)] + %9B)
N k
Yt — &Ut (94)

y
1 k
— gt + *Ct + *Lt + &Ut (95)
g Yy Yy Yy
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c¢) model with search and matching frictions

S {/):t—&—l +j:5\t+€? - ﬁt—H}
~ o

So= T (@ede)
m, = vrE: {ﬁt—H} + Wri—1 + Kpmey
T/TL\Ct = IBtL
my = &g+ (1 -8
~ m
ng = (1=9)n1+ mt 1
~ u
o= 1 fuut
@ = M=
gt - mt —at
— —~ —~ 1 R
T+ = Ar+of - el
i'\tL‘l‘Et = (a—l)/ﬁt:ﬂj\t
wy = vy {@t—l — ﬁt} + (1 =) wy
SF - 1 I~
o = [1—5(1—19)7][1_awf+1_a(3:t +zt)]

—a .. N . . N R
+ 6(1_19)7Et{104 [w;_w:+1 _Ht+1:| +5£r1+>\t+1 —At}

AW - —« /\* ]' o ~
VeV = 1_aUJh[ ~ Wy + 7 a(xf+2t)]
—1 ( 1)(1+<P)A 1+ A
_ 1_amrsh[1_ * )\—1—1_ @ +7z)
BL-9)y ( a )2 (1+49)
+ wh — ——~mrsh
= B-0)7 |\I—a 1o
+ 5(1—19)’75WEt{/)\\t+1—/)\\t+3\tV_V,_1}
= h
JIF = %[_a@;mfmt]
B(L-1)y = .
{40

+ 8= IE R =N+ Tra )

(108)

~k A~k =
£y {wt — Wiy — Ht+1}

(109)

(110)
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AA*t =

1 AL~

1 1 N ~ N ~
——mrsh [—HO (—wr + Tk + %) — )\t}
o

14+ 1-—
ﬁ1_19’7 « 1 A~k - A~k
1_;(1 _)19)7 1_OéU)h— mmrsh Et {wt+1+]:[t+]_ — Wy
Bys a
w
1-81-Y)y|[l-« 1 -«

(1— 49— 5) BAE, {Xm N+ A;H}
BASS;

By
1-B(1=19)y
BJE; {/)\\t-i—l - /)\\t + jt*ﬂ}
cCt + ggr + KV + Pnny

2:+aht+ﬁt

whk; {’L/L}Z(_H + ﬁt+1 — @;}

l-a =
B L PN
E [ e
vrRi_1 + (1—="r) [kﬁ?q + ﬁﬂt} +€ "
12 12
i
pbg?—l +§7€)7 22’2\' (070_5)
id
pZ o +&, & N N(0,02)
id
Pbﬁf_l + &7, th’Z\J N (0’03)
P, SN (0,02 00,)
~ ~ ~ 1
Jem 5 = Bem 5 - g
-
BB+ (o= )R = ap"
—o —Q _en 1 L . ~
:1—awh 1—awt + T~ a (.CUt +zt)
-1 -1 (1 N ~ 1
l—«o l—«o 1-—

~ wh N ~ ~
ij’n :F [—Oéwtem + .’I}f + Zt]

+ 81 =9) TE N1 = N+ T )

}

1 ~
h — mrsh] E, {fu\;rl + 1 — @f}

(123)

(124)



9 REFERENCES

R 1 . L~
AAY" :whli [—aw;™ + zF + %]
-«

1+(P ~E.1M ~L ~ >
——mrsh | —— (—w,”" + T/ +2z) — A
+ [ ( t t t) t

l—«o

+ (1 —ﬁ—S)IBAEt {/)‘\H-l — 5\\15_‘_3:;_1}
- ﬁAS/S\t

K~ 3 N Tn
—gqt = BJE; {)\t+1 -\t + Jt—l—l}

@ = (1 —0) Bf + 9@

d) Model with financial frictions

ki1

N4l

n

gt
at

Ot it G v T v + ¢/
YTy Tyt t
—11 + By {ci}

Nep1 + -+ @

Tt — V[ — (@ + k)]

(L =€) (Ye+1 — ki1 — T-1) + €qe1 — @
@ (it — ke)

a; + aky + (1 — a) Qhy

he + ¢ + ¢ + 77_1ht

Ey{kp (—x¢) + vfmer1 +vme-1}
0ig 4+ (1 —0) Ky

RK
’YT (rf—n) bt 4 of
privy + (1= p)sm—1 + €

Pggi—1 + €
Pali—1 + €

(125)

(126)

(127)
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