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Abstract

We use market microstructure theory to derive the cross-correlation function be-
tween latent returns and market microstructure noise. The cross-correlation at zero
displacement is typically negative, and cross-correlations at nonzero displacements are
positive and decay geometrically. When market makers are very risk averse, the cross-
correlation pattern is inverted. The results may be useful for choosing among differ-
ent market microstructure models and estimation of noise-robust measures of realized

volatility.

1 Introduction

Recent years have seen substantial progress in asset return volatility measurement. In

particular, so-called realized variances and covariances (“realized volatilities”), based on
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increasingly-available high-frequency data, have emerged as central for several reasonsH
They are, for example, largely model-free (in contrast to traditional model-based approaches
such as GARCH), they are computationally trivial, and they are in principle highly accurate.

A tension arises, however, linked to the last of the above desiderata. Econometric theory
suggests the desirability of sampling as often as possible to obtain highly accurate esti-
mates, but financial market reality suggests otherwise. In particular, the microstructure
noise (MSN) such as bid/ask bounce associated with ultra-high-frequency sampling sepa-
rates the observed and latent (“true”) prices, contaminating the standard realized volatility
estimator and rendering it potentially unreliable.

Early work (e.g., Andersen, Bollerslev, Diebold and Labys (2001), Andersen, Bollerslev,
Diebold and Ebens (2001), Barndorff-Nielsen and Shephard (2002a), Barndorff-Nielsen and
Shephard (2002b), Andersen, Bollerslev, Diebold and Labys (2003)) finessed the sampling
issue by attempting to sample often, but not “too often,” implicitly or explicitly using the
volatility signature plot of Andersen, Bollerslev, Diebold and Labys (2000) to guide sampling
frequency, typically resulting in use of five- to thirty-minute returns

Much higher-frequency data are usually available, however, so reducing the sampling
frequency to insure against MSN potentially discards valuable information. To utilize all
information, authors such as Bandi and Russell (2005) and Zhang, Mykland and Ait-Sahalia
(2005) develop MSN-robust realized volatilities that use returns sampled at the highest
available frequency, under an assumption of independence of the latent price and the MSN.

The independence assumption is potentially problematic, however, because MSN is the
difference between observed and latent prices, so that a negative correlation between the
latent price and the MSN would be intuitively expected, unless the observed price adjusts
instantaneously to changes in latent price. Hence a new wave of research allows for correlation
between observed and latent prices while continuing to use returns sampled at the highest
available frequency, as for example in Ait-Sahalia, Mykland and Zhang (2005), Hansen and
Lunde (2006), Barndorff-Nielsen, Hansen, Lunde and Shephard (2006a), Barndorff-Nielsen,
Hansen, Lunde and Shephard (2006b) and Zhang (2006).

Motivated by this important recent financial econometric literature, in this paper we

explore the financial economics of the relationship between latent price and MSN. In par-

1Several surveys are now available, ranging from the comparatively theoretical treatments of Andersen,
Bollerslev and Diebold (2005) and Barndorff-Nielsen and Shephard (2007) to the applied perspective of
Andersen, Bollerslev, Christoffersen and Diebold (2006).

2The volatility signature plot shows average daily realized volatility as a function of sampling frequency;
when it begins to shoot upward, sampling is too frequent.



ticular, we characterize the cross-correlation structure between latent price and MSN, con-
temporaneously and dynamically, in several leading environments, including those of Roll
(1984), Hasbrouck (2002), Glosten and Milgrom (1985), Kyle (1985) and Easley and O’Hara
(1992)

The payoff is several-fold. Among other things, our analysis enables us to assess the likely
validity of the independence assumption, to offer explanations of observed cross-correlation
patterns, to predict the existence of as-yet undiscovered patterns, and to suggest improved
volatility estimation methods.

We proceed as follows. In section 2 we provide an overview of various market microstruc-
ture models and introduce our general framework, which nests a variety of such models, and
we provide a generic (model-free) result on the nature of correlation between latent price and
MSN. In sections 3 and 4 we provide a detailed analysis of models of private information. In
section 3 we treat models with quickly-vanishing value of private information, and in section
4 we treat dynamic models of market maker learning, with slowly-vanishing value of private
information. In section 5 we discuss the implications of our findings for the estimation of

realized volatility, and in section 6 we conclude.

2 The Basic Framework

2.1 Price and Noise Processes

Let p; denote the (natural logarithm of the) latent price of some asset in period ¢, and p;

the (natural logarithm of the) observed market price in period ¢.

Assumption 1 The latent pm’cﬂ process follows a random walk with drift and ARCH(1)

mnovations.

P =i+ i+ Ve (1)
hi = (1 —a)o? + ahy_167 (2)
g % (0,1). (3)

3For insightful surveys of the key models, see O’Hara (1995) and Hasbrouck (2007).

4We interpret the latent price p} as the price that an informed trader — more precisely the best-informed
trader in the market — considers as the “fair” price.

SWe could of course allow for more general forms of conditional heteroskedasticy than ARCH(1), which
would be more tedious but otherwise straightforward.



The somewhat nonstandard notation in (II) — (B]) is convenient in subsequent calculations, be-

cause it accounts for the conditional variance, h;, and the innovation, €;, by two independent

variables, and because it explicitly contains the unconditional variance, o?. Substituting

vi = Vhyer and w = (1 — a)o? maps ({l) — @) into the standard ARCH(1) process

P =Pt T (4)
hy =w+avf (5)
v~ WN(0, hy). (6)

Assumption 2 The probability density function f(gt) 1s symmetric around its zero mean,

monotonically increasing on | — 00; 0] and monotonically decreasing on [0; col.
Assumption 3 The drift i, the ARCH parameter0 < a < 1 and f(et) are public knowledge.

We define latent returns as latent price changes net of drift, i.e.

Apy =p; —piy — b= Ve (7)

The unconditional variance of latent returns is therefore Var(Ap;) = E(hy) = 0. Analo-

gously, the market returns, i.e. demeaned changes of the market price p;, are

Apy = pr — pr—1 — M/a (8)

where p' is the drift in market price. The effect of y’' has to equal the effect of p in the long
run, because otherwise the market price would diverge from the latent price over time. We
rule out bubbles and set 1/ = p.

Although the latent price is exogenous, the market price is the outcome of the market
participants’ optimizing behavior. In general, the market price depends on the information
available about the latent price. Let €2; denote all information available at time ¢. We assume
perfect memory, so that 2; C €, Vi < t. Further, we assume that given the information set
), the market participants’ optimizing behavior determines a unique, market price p(€)),

with corresponding market return Ap(€2;, Q;_1).



Microstructure noise (MSN) is the difference between the observed return and the latent
returnH defined as
Au, = Ap, — Ap;. 9)

In the presence of MSN, the realized variance is generally a biased estimate of the variance

of the latent return, because in the expression:
Var(Ap;) = Var(Ap; + Auy) = 0® + Var(Au,) + 2Cov(Ap;, Auy), (10)

the last two terms may be nonzero; see, for example, facts I and II in Hansen and Lunde
(2006). The second term reflects, for example, the bid-ask-bounce. The independent noise
literature accounts for this term but still ignores the covariance term. The third term cap-
tures asymmetric information, reflected in a simple (contemporaneous) dependence between
noise and latent returns. Serial correlation of noise, or equivalently, a cross-correlation be-
tween noise and latent returns at nonzero displacement, would additionally require the use
of robust estimators for both the variance and the covariance term. In this paper we deter-
mine what correlation and serial correlation market microstructure theory predicts, and how
market microstructure theory can be useful for obtaining improved estimates of integrated

variance.

2.2 Market Microstructure

In this section we provide a general setup, which contains most market microstructure models
as special cases. As we will see, the key determinants of the shape of the cross-correlation
function between latent returns and MSN are information and market structure.

Information matters in two ways: First, via its information content, and second, via the
length of the time period while it is not publicly known and the length of the time period
while it is valid. In this paper we discuss two polar cases: The case of short-lived private
information, where all private information becomes public information after one period, and
the case of persistent private information, where private information is revealed only after
many periods.

Market structure determines the price updating rule, i.e. how, and how quickly, market
prices respond to new information. Of particular importance is whether the market maker

can quote prices dependent on the direction of trade, i.e. whether he can charge a spread,

6We assume throughout that market prices p; adjust sufficiently fast such that the noise process Au; is
covariance stationary.



because a spread lets prices react instantaneously.

We analyze limit-order markets, populated by informed and uninformed traders. There
are many market makersH which are in perfect competition with each other, and which serve
as counterparty to all trades. The timing of information and actions in any given period, t,

which is infinitely often repeated, is as follows:

1. p; changes randomly.

2. The market maker observes €); which contains all public information at time ¢, at least
previous transaction prices and trades, and the conditional variance up to the current
period, i.e. {p;,q, hi,h} € Q Vi < t, where ¢; € {—1,0,1} is an indicator of the
direction of trade in period t.H Often €2; contains more information, in particular the
previous latent price , i.e. {p;_,} € Q. Further, €, may contain additional information

about the current latent price, Apy, denoted by Q,, for example, ), = {sgn(e;)}.

3. The market maker quotes a pricing scheme for period ¢, i.e. a mid price p/*¢ > 0 and a
spread 2s; > 0, which may be zero. The market maker is bound to this quoted pricing

scheme during period ¢ up to an exogenously given commitment limit |

4. Informed traders observe the latent price p; and the market maker pricing scheme

{pmid s}, If based on their private knowledge p; > p®* = p/*d +s,, then they demand
to buy an infinite amount, whereas if p; < pt = pid — g, they try to (short-)

sell an infinite amount. However, market makers fill the demand only up to their

commitment limit. If a transaction takes place, the transaction price is p, = p?** or

p; = pe, respectively. If neither buy nor sell is profitable, then informed traders don’t

trade.

5. Finally, uninformed traders trade randomly. For these traders buying at p?** and selling

at p?@ has equal probability, which allows market makers to earn the spread without
risk. Denote this constant income per period by m = 7(s;). Uninformed traders are
the only source of revenue of the market maker. Depending on the model, the share of
uninformed traders in periods of informed trading is either zero, exogenously given or

random.

7At least there needs to be one market maker and many potential competitors.
8¢, = +1 in case of buy, ¢; = —1 in case of a sell and ¢, = 0 if no trade occurs.
9Throughout this paper we will assume that this limit is transacting one unit at the quoted price.



6. If private information is valid for only one period, then p; becomes public information,
ie. {pj} € Q1 and the market continues with step 1. If private information is
persistent, no further information is revealed at this moment and the market continues

with step 2.

Having detailed the market microstructure, we now describe the behavior of the market

maker.

2.3 The Market Maker

Before trading occurs, the market maker has a belief about the distribution of p;. Let the
beliefs about p* be summarized by the (prior) probability density function f(p*) and denote
the corresponding cumulative distribution function with (). Let p and p denote the lower
and upper ends of the support of p* that the market maker has determined by previous

experimentation [,(-) denotes the market maker’s loss function

v

In(z) = —[z[", (11)

where n > 1 is the risk aversion factor. We define the market maker’s per period loss as a
function of disadvantageous differences between the latent price and the transaction price,
which occur in the periods of informed trading. In periods without any informed trading
the market maker’s loss is zero When the distribution of p; is expected to have a density
f(-) and support [p,p], the expected loss when the price is set at p; i

Ln(p,p:pt) = Ln (p.0pe F(-))
= E(l.(p: — 1))

= — [l nil i (12)

10T the first period, either p and p are known, or the market maker must set them to p = —oco and p = co.

UTn Figure [l we show the loss function () for various degrees of risk aversion. More comprehensive and
realistic loss functions are possible, of course. For example, the loss function may be defined over all market
maker income per period, not just over deviations from the income from uninformed trading. However, this
would add extra notation without changing the effect of risk aversion on market maker behavior.

12 L.(p,D, pt)l/” is related to the ¢, metric. However, it differs in that it is reweighted, and sums over
infinitely many elements. In particular, for n — oo we have

Ly—oo(p, 5, pe) /" = —sup {|pe — pi| .0 € {plp <p < B, f(p) >0} = —sup {|p: — 7,

pe—p|}-



Figure 1: Market maker loss functions

-1 (p-p*)

The figure shows the loss function —, () = |p — p*|™ for various degrees of risk aversion, n.

The expected loss, E (I,,(p: — p;)), depends crucially on the support of pj, i.e. on p and
P, and on the risk aversion parameter n. A well-known result is that the optimal choice for a
risk neutral market maker (n = 1) is to set p; equal to the median of F'(-), and for a modestly
risk averse market maker (n = 2) to the mean. Under extreme risk aversion (n — oo) the
expected loss is minimized at the price in the middle of the support of f(-), i.e. p; = I*%TD
If f(-) is unbounded on one side, this p, is infinite.

Between any two changes in the latent price the market maker chooses the pricing scheme

PP and p?** such that his discounted loss-adjusted profit

(1-6)> 6'n(ses)

1=0

H(Ea]_jut7F) =F +‘/;/(2_9t7]_?t7Ft> (13)

is maximized. J denotes the market maker’s discount factor, and V'(-) is the total expected
loss from trades with informed traders.

Assumption 4 Perfect competition among market makers implies that the market maker

earns zero expected profit on each transaction, which pins down the spread 2s; = p3s* —pbd =

1/n

13For n — oo ([2) degenerates to the sup norm. Ln—oo(p,D,pt) from footnote is maximized by

setting p; = Bzﬂ. Thus, by monotonicity, also Ly, (I, u,pt) is maximized at p; = ?. See appendix

8



2s(hy), and the market makers’ revenue m(s;) from transactions with uninformed traders. The

individual market maker takes this spread as given.

Under assumption [ the problem in (I3]) reduces to minimizing his expected loss from

trades with informed traders, which can be written in recursive form as

Vi P F) = 3 P(Qu) max | La(p,, 00" i)

4 pbldmask:
Qi1

bid

bid 17 p
5W+1(2t+1yp i P,

) (B (0™ = Faalp,,,))
ask ~ ~ .
Do) (Fin ") = Fon (0"))
5‘/2+1(pa5k71_?t+1a Ft+1|§f££) (Ft+1@t+1) - E+1(pa8k))

Ln(paSka Z_9t+17 pa5k7 Ft-i—l)] ) (14)

5Vt+1 (pbid; pGSk, Ft+1

+ o+ 4+ F

where Fy; is the Bayesian update of F, using information Q;, F (z)|32 is the distribution F

of x conditional on x € [z1,z5], P(f2) is the probability that the market maker observes the
signal 2, and p"* = p?idl (Btﬂaﬁtﬂa Fiy1) and p** = p‘tlﬂ <£t+17]_)t+17 Fii1).

If there is no signal €2, and the spread is constant during the interval between two latent
price changes, then the market maker’s only choice variable is the location of the spread

interval, p™, and the problem becomes independent of time. (I4]) simplifies to

V(Z_ja 2_9; F) :p%slx |:Ln (E? pmid _ S’pmz’d . S, F)

+ OV (pp™ = s, P ) (F (07 = 5) = F (1))
5V(pmid . S,pmid + S7F|§:ijz) (F(pmid + 8) o F(pmid _ 8))

+
+ oV (p B F ) (F () = F (07 +5))
+ L, (p™ +5,0,p™ + 5, F)], (15)

where p™ = p™i(p,p, F).

The recursive problem (I4]) encompasses most cases that we discuss in this paper. Un-
fortunately, (I4)) and even (I3H) are hard to solve — in general the policy functions p*(-) and
p®*(.) are not available in closed form

In the following sections we look at specializations of the general setup (I4]) and examine

YFor characterizations of the general solution see Aghion, Bolton, Harris and Jullien (1991) and Aghion,
Espinosa and Jullien (1993).



the effect of various model setups on the cross-correlation function. We begin in section
3 with the one-period case 6 = 0, a case where private information becomes public, and
worthless, after only one period. In contrast, in section 4 (6 # 0) private information never

expires, but also is not revealed until after many periods.

2.4 Cross-Correlations Between Latent Price and MSN

The focus of this paper is the cross-correlation between latent returns and noise contem-
poraneously and at all displacements Since latent returns, Apj, defined in (1) follow
an exogenous process, this cross-correlation is entirely determined by the market return,
Apy (2, 1),

Proposition 1 (General cross-correlations) Under assumption[dl the contemporaneous
cross-correlation is positive only if the absolute market return in expectation exceeds the

absolute expected latent return.
Corr(Ap;, Aus) > 0 < E(Api(Q, Qu1)Ap;) > Var(Ap;) (16)

The cross-correlation at displacement T > 1 is positive if and only if the market price moves

in expectation in the same direction as the latent price T > 1 periods before, i.e.
Corr(Ap;_ ., Auy) > 0 < E(Ap(Qy, Q_1)Ap; ) > 0. (17)

If assumption 2 holds and Q0 = {sgn(e;), p;_y, he}, then ‘pt — pf_l‘ = R(hy) > 0 and

Var(Apy)

Corr(Ap;, Auy) >0 E(R(hy)) > ———.
( yz t) ( (t)) E(|Ap2k|)

(18)
Proof: See appendix [Bl

The importance of Proposition 1 stems from its generality. Without referring to any
specific model of market participants’ behavior, it nevertheless isolates the conditions on

Ap (24, 2;_1) that determine the cross-correlation pattern.

15Throughout this paper, we refer to the “cross-correlation between latent returns and noise” simply as
the “cross-correlation”.

10



3 One-Period Private Information

Here we consider markets where p; becomes public information at the end of each period,
i.e. where p} ; is known when the market maker decides on p;. His recursive problem ([I4))
therefore reduces to a sequence of single period (§ = 0) problems. This restriction alone
allows us to partially characterize the cross-correlation function at displacements 7 > 1.

Because E(Ap;  Ap;f) =0 V7 > 1 we can write

Corr(Ap;_,, Au) = —Corr(Ap;_., Ap;) + Corr(Ap;_,, Apy)
= Corr(Ap;_., Ap), (19)

V7 > 1. Because p; ; is known at the beginning of time ¢, the market price in period ¢
is pf_, adjusted by the market maker’s reaction R(-) to information Q, about pf, i.e. p, =
p}‘_1+R(§~2t, h:). Because €, is unrelated to past latent price changes and Corr(Ap;_,, hy) = 0,
(I9) becomes for displacement 7 = 1

Corr(Ap;_,, Apy)
= —Corr(Ap;_y, Aug1) + Corr(Ap;_y, pr — pr—2 — Pj_1 + Pi_2)
= —Corr(Ap}, Auy) + Corr(Ap;_,pf, + R(Q4, hy) — i)
= —Corr(Ap;, Auy). (20)

Likewise, for displacements 7 > 1

Corr(Ap;_., Ap;)
= —Corr(Ap;__, Ap; | + R(Q, hy) — R(Q4_1, hi—1)) = 0. (21)

From ([9), (20) and (2I)) we conclude that in models of one-period private information the
cross-correlation at displacement one has the opposite sign and same absolute value as the
contemporaneous cross-correlation. Further, all cross-correlations at displacements larger
than one are zero. In order to characterize the contemporaneous cross-correlation, we now

turn to specific models.

11



3.1 Basic Bid-Ask Model Without Market Maker Information and
Without Market Maker Optimization

We start with a simple bid-ask model (Roll 1984) with an exogenous latent price process
(). This latent price process determines the (endogenous) trade process. At the beginning
of period ¢ the market maker knows the previous period’s latent price, p;_;, but has no
information about the latent price change, Ap;, i.e. he has no extra information, , = {}.
By symmetry of f (assumption B his optimal choice of pi™ is therefore the known latent

price of the previous period plus the drift

p;md =piq +p (22)

The bid and ask prices, p?™ and p**, follow

tra mid

Pt =+ s = Py e Seqr, (23)

where

Y

ptra _ p?zd Zf qy = -1
t Pt if =+l

and where ¢; is a direction of trade indicator. We assume that ex ante buys (¢ = +1) and
sells (¢ = —1) are equally likely, so that F(¢;) = 0 and E(¢/|h;) = 0. Because p; becomes
public after trading in period t, all trades are serially uncorrelated, i.e. E(q|q—1) = 0. We

therefore have
Proposition 2 (Cross-correlation with endogenous trading)

1 E (St\/h_t€tQt) —o?

Corr(Ap;, Auf) = — 7
( Yo t ) \/Eg\/E(S?) + 02 — 2E(stm€tQt)

(24)

Corr(Ap;_;, Aul™) = —Corr(Ap;, Aul™). (25)

Proof: We have
Apf = \/h_tgt (26)

Auim = 5:qt — St—1Gt—1 + \/ hi—160-1 — \/h_t€t (27)
Au;’f”d = v/ htflﬁtfl - \/Eéft (28)

12



and

Var(Ap}) = o? (29)
Var(Aul™) = 2B(s?) + 20% — 4E(s;\/hiesgy) (30)
Var(Au™) = 202 (31)

This implies for the covariance of transaction prices

COU(API, Auim) = F (\/h_tgt (StQt — St-1G—1 + \/ hi—160-1 — \/h_t&))
= E <3t\/h_t5tQt> — 0'2 (32)

and

Cov(Ap;_y, Au*) = E <\/ hi—160-1 <StQt — S 1qi—1 + V181 — \/E&:))
= —F (8#1 LV ht71€t71%71> + 0?

= —F (&;\/Egt%) +0? = —Cov(Ap;, Auy™), (33)

where we have used E(q|s, \/hi—1,6i-1) = 0, E(&¢|$i-1, Vhi; qi—1) = 0, E(g¢]e;—1) = 0 and
the independence of h; and &;. Using this we immediately obtain proposition 2 Q.F.D.
As the following proposition shows, the contemporaneous cross-correlation (24]) can be

bounded from above and below.

Proposition 3 (Bounds of contemporaneous cross-correlation under endogenous

trading)

- % < Corr(Apy, Aul™) < 0. (34)

Proof: Negativity can be seen as follows. For uninformed traders, which trade randomly
(E(qe|sev/(hi)es) = 0), we have E(si/hierq;) = 0. In contrast, informed traders buy (g; =
+1) only when v/he; > s, and sell (¢; = —1) only when /e, < —s;. Thus in a market of
only informed trades v/h.e:q; > s; > 0 Vt. Therefore we can write

0? = B(he?) = BE(heq?) > E(siv/heq) > E(s?) > 0, (35)

13



so in particular 6 > E(s;v/hieq;). Combining informed and uninformed trades we have

o > E<3t\/h_t5tQt)a (36)

which implies that the contemporaneous cross-correlation (24)) is negative.
Further, (24) is bounded from below by —1/4/2, which we prove by contradiction. Sup-
pose this was not the case, then from (24 3s(-), «, f(+) such that

E <st\/h_tqt5t> —o’ < —U\/E(s%) + 02 — 2E(si\/ huuer). (37)

Squaring both sides and simplifying gives the condition

[E <st\/eq5t>r > o2 E(s?). (38)

Using (B)) we obtain the condition
Cov (S?, ht) > Var (st\/h_tqt6t> ) (39)

Let X; = s;v/hy be an arbitrary sequence. Then ([B9) can be written as Cov <st2, )8(—52) >
t
Var (Xiqiei). Given X, sy = /h; maximizes the lefthand side, without affecting the right-

hand side. To see this, note that by the definition of the covariance

X2 X?
Cov (3?, 5_5) < \/Var (s?)Var (S—;) (40)
t t

For our choice s; = v/h; (@) holds with equality, so we have indeed found the s, which

maximizes the covariance. Hence for (39) to be satisfied, it is necessary that

Var (hy) > Var (hyqey) . (41)
Using (B)) we obtain the equivalent condition
E (htqtgt) > 0'2. (42)

([@2) cannot be satisfied, because for s; = /h; the decision rule for the informed trade
becomes g, > 1 for a buy and &, < 1, i.e. independent of h;. Therefore Cov(hy, ge;) = 0 and

14



thus
o’ = E(ht) > E(ht)E(‘EtD > E(ht)E<Qt€t) = E(thté“t) - COU(huCIté“t) = E(thtEt)7 (43)

which contradicts (42)). Q.E.D.

Note that the lower bound holds with equality for mid prices (s = 0) The contem-
poraneous cross-correlation is therefore less pronounced for transaction prices than for mid
prices. The contemporaneous cross-correlation for mid prices is negative, because p™® does
not react at all to the change in the latent price in the same period. It differs from negative
one because market prices move in adjustment to the latent price change one period earlier.

Lagged cross-correlations are

1 ) (St\/h_té?t%) +0?
V20\/E(s2) + 0% — 2E(siv/heerqy)

Corr(Ap;_y, Auy™) = = —Corr(Ap;, Aul").  (44)

Since there is no further information to be revealed, all higher order cross-correlations are

zero. We summarize these results in the upper two rows of table [l

Table 1: Cross-correlations p, = Corr(Ap;_., Au;) under one period private information, no
market maker information (£2; = {})

exogenous price 00 1 Pr
process T>1
any pmid _\/LE \/Li 0
price  p"* —1\/% <po < (1) —po 0
trade  p"™ | —Z5<p<5 —p O

165 = 0 must also hold by assumption [, if the market consisted only of uninformed traders.

17This is an instance of the price stickiness that Bandi and Russell (2006a) show to generate “mechanically”
a negative contemporaneous cross-correlation.

15



3.2 Bid-Ask Model with Market Maker Optimization under In-

complete Information

In the previous subsection the market maker set prices without any information about the
change in the latent price in period ¢. Under an exogenous price process we conclude that
then the contemporaneous cross-correlation would have to be negative. Now suppose that
the market maker observes a signal about the sign of Ap#, namely €, = {sgn(e,)}, before
setting his price pi™@. This enables him to change p** before any informed trader reacts to
the latent price change. Suppose that the latent price process again follows (Il). With the
signal {sgn(e;)} the market maker updates his prior belief p; ~ (p;_; + u, hy) summarized
by the distribution f UL\/%:_M) The updated distribution f(-) differs from f(p}) in that
it is truncated from below or above at p; = p; ; + p when sgn(e;) > 0 or sgn(e;) < 0,
respectively

Figure 2: Expectation of latent price by market maker after a buy by an informed trader
(normal distribution case)

0.8

0.7

The figure shows the density of the upper halfnormal distribution f(p) = 2¢ (%), plotted with
pr_l +/l =0 and ht =1.

Example 1 Suppose that without an observed signal latent price changes are normally dis-
tributed, i.e. /hiet|he, pi_, ~ N (0,hy). Then, conditional on the signal sgn(s;) = +1 the

18We assume that the market makers’ beliefs make proper use of the available information, i.e. f(-) has a
unique maximum at p;_; + g, and is monotone on | — co; p;_; + p] and on [pi_; + p; 00).
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market maker’s expected latent price density is the upper half-normal, i.e. pf ~ HN(p;_; +
i, hy), which is a normal distribution truncated from below at pi | + p. In Figure [ we show

the corresponding probability density function

fpy) =2¢ (]i\/%_g : (45)

with support restricted to [p; | + p,00[, where ¢ is the standard normal probability density
function. Note that the knowledge of sgn(e;) radically changes the market maker’s belief.
The distribution underlying his belief on the latent price is now highly skewed. It is this

asymmetry that makes the price setting of the market maker dependent on his risk aversion.

After observing this signal and the outcomes of period t—1, in particular p; ,, the market

maker quotes a bid and an ask price for the following period, i.e.
P = piy + e+ 51qe 4 R(sgn(ey), he). (46)

R(-) reflects by how much the market maker adjusts the mid price in response to the extra
information sgn(e;). R(-) depends on the market maker’s risk aversion n The spread, s,
is again taken as given by the market maker.

The problem of choosing p/* = p(n) based on loss function ([I2) can be approximated

pio) = ssgms— [ o= 1000 = [ 00— sy )

9The extra information of the market maker disconnects the direction of the latent price change and
the direction of trade. If the informed trade, then it must be that p; > p?** or that p; < pl?. When
R(-) = 0, as in the previous subsection, the sign of the innovation, &;, pinned down the trading direction.
For example, &; > 0 implied p; > p?** in periods of informed trading. In this subsection, once the market
maker observed sgn(e;), his mid price quote, p/*‘¢ already takes into account the expected change in pj.
Because his expectation of p; could both be too high or too low, the sign of €; does not pin down the trading
direction in periods of informed trading. Uninformed trades occur no matter what p}, p?** and p%? are.

20This approximation is exact for s = 0 or, more generally, for

p(n) p(n)+
/ (p(n) —p*)" f(p*)dp* + / (p* —p(n)" f(p*)dp* = 0.

p(n)
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For all densities f(-) which have all moments we can apply Leibnitz’s rule and obtain the

first order condition

p(n) P
/ (p(n) — p")" ' f(p*)dp* — /( ) (" —p(n)" ' f(p)dp* =0 (48)

For some values of n, explicit solutions to ([f]) are available, which we list in proposition IZI
Proposition 4 (Optimal Mid Price)

1) = Median(p;) (49)
2) = Ep) (50)
p(oo) = Midsupport(py). (51)

Proof: The first two equations are simply the well-known result that the median is the best
predictor under linear (absolute) loss, whereas the mean is the best predictor under squared
loss. (&) follows by rewriting (48]) as a metric

p(n) o=
lim (/ (p(n) —p*)" f(p*)dp*>

n—oo

= lim ( /p ’ (p*—p(n))"lf(p*)dp*)l/(n1), (52)

n—oo (TL)

which after taking the limit becomes

su (pSOO) —p") =sup (p"—p(0)). (53)
p*€[p,p(c0) p*€[p(c0),p
Hence 45
pT+p
p(oo) = =5 (54)
Q.E.D.

For distributions with finite support p(co) is a finite number. Otherwise, it is positive or

negative infinity for one-sided distributions or does not exist for distributions with positive

21'We assume n > 1 throughout, because this implies realistic market maker preferences. However, (@T)
can be solved for any n > 0. In particular, p(0) is the mode of f(-) (when s = 0) or the highest density
(connected) region (when s > 0).
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density over the entire real line. In example [[] we would get p(co) = —|—oo.

Figure 3: Optimal predictor p(n) under a half normal distribution as a function of risk
aversion n

2.5+

05 1 1 1 1 1 ]

The dotted line marks E(Apj), the dashed line marks ‘;’I(T(AApf ‘t*)).

As risk aversion, n, grows, p(n) moves monotonically from the median of f(-) to the
. Figure [ illustrates this for right-skewed distributions f(-)

with infinite support such as the halfnormal distribution used in example [Il p(n) increases

midpoint of the support of f(-)

in n, starting from the median for n = 1, monotonically without bound. If f(-) has finite
support, p(n) increases from the median monotonically toward an asymptote p(co).

Analogously, for left-skewed distributions with infinite support, p(n) decreases in n from
the median monotonically without bound, and with finite support toward an asymptote
p(c0). The asymptote is clearly visible in figure [ in which we plot p(n) for the triangular
distribution defined on [0, 1] shown in figure [l

Therefore, for any p(n) < E%TJ there is a risk aversion level n such that market makers
will — after observing the signal sgn(e;) — quote this price as pi"@. Hence for all distributions
f(+) which satisfy

p+p _ VargApy) o2
> 7 B (M) BB (55)

22For n ¢ {1,2,00} no explicit solution exists, and for n > 25 even obtaining numerical solutions creates
difficulty for non-trivial distribution functions f(-).
23Gee appendix [ for a proof.
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Figure 4: Expectation of latent price by market maker after a buy by an informed trader
(tent distribution case)
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The figure shows the density of the right-skewed triangular distribution f(p}) = % with support

[pi_; + w, D] plotted with pf_; + p=0and p =pi—1 + p+ V18hy = 1.

a sufficiently large n gives

Varfv(Ap;‘)

E (| R(sgn(e:), he)|) > Ef( Api)

(56)

which by proposition [l implies a positive contemporaneous cross—correlation For low risk
aversion levels !Ap?‘id‘ is small and thus the contemporaneous cross-correlation is negative.

We have therefore shown

Proposition 5 (Cross-correlation under endogenous trading and market maker
information) If Q0 = {sgu(e:),p;_;, he} and assumption[d, [2 and[3 hold, then the optimal
E (|R(sgn(etr), he)|) strictly increases in risk aversion, n > 1, without bound. If the dis-
tribution of innovations f induces beliefs with support [p, D] satisfying condition ([53), then
dng > 1 such that Vn > ng  Corr(Ap;, Auy) > 0.

By the considerations at the beginning of section 3, the cross-correlation at displacement

one has the opposite sign of the contemporaneous cross-correlation, and cross-correlations

24Note that condition (5H) is not satisfied for F following a tent distribution, which leads to a belief with
triangular distribution as in figure[dl The condition is satisfied for more dispersed F', such as for the normal
distribution.
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Figure 5: Optimal predictor p(n) under triangular distribution on [0, 1] as a function of risk
aversion n

0 1 1 1 1 1 ]
5 10 15 20 25 30
n

The dotted line marks F(Ap;), the dashed line marks ‘;E?T(Aii?\:))' The solid line is the solution to

) = argms— [ (@) F")dp" — / o — 2" F )y

z€[p,pl

Evaluated at p = 0 and p = 1 for the triangular distribution on [0, 1], the problem reduces to

T 1
() = agmax— [ 200 ")~ )" = [ 200" — )",
T ’ 0 x

which has the solutions p(1) = Median(p;) = 0.29, p(2) = E(p;) = 0.33, lim p(n) = 0.5.

n—oo
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at all higher displacements are Zero We summarize these results in table

Table 2: Cross-correlations p, = Corr(Ap;__, Au™?) under one period private information
and incomplete market maker information (€; = {sgn(e;)})

Po P1 pr, T>1
high n, dispersed F'| po >0 p; <0 0
otherwise po<0 pp >0 0

Even though the contemporaneous cross-correlation can be positive for high risk aversion
levels, the more realistic case is that it is negative. For the halfnormal distribution in figure
[, for example, we need n > 8; i.e. to generate a positive contemporaneous cross-correlation
the risk aversion must be rather high. Clearly though, changes in risk aversion of the market
maker have a fundamental impact on the cross-correlation. Hansen and Lunde (2006) note
as their “Fact IV” that “the properties of the noise have changed over time.” Since they
base this observation on a comparison of year 2000 with year 2004 it is possible that the
underlying cause is a change in risk aversion.

The link between properties of noise and risk aversion offers itself as a way to estimate the
time path of risk aversion from the market price cross-correlation patterns. In stable periods
with low risk aversion the contemporaneous cross-correlation is negative, but as uncertainty
increases, contemporaneous cross-correlation increases as well. In periods of crisis this can
lead to the extreme case of an inverted cross-correlation pattern that we have described in
this section. The negative contemporaneous cross-correlation in Hansen and Lunde (2006),
for example, indicates that during their sample period the risk aversion of market makers
was rather low.

Note that if h; is not observed by the market maker, then from his point of view all
periods are identical. Every period the market maker gets the same type of new information
(sgn(e;) = 1, or sgn(e;) = —1), thus s; is the same in every period.

A small change in the model allows for time variation in spreads (Demsetz 1968). Based
on our assumptions the information event sgn(e;) = 0 occurs with zero probability. If —

contrary to the maintained assumptions — we assign nonzero probability mass to this event,

25Because the spread s is given to the market maker, p?*® and p?**¥ have the same cross-correlation pattern

as piid.
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then observing this information event ensures the market maker of no informed trading in this
period. Therefore, the competitive spread in this period is zero. A subsequent sgn(e;) = +1
then not only triggers a shift in p/*@ but also an increase in spread. Thus, allowing for
sgn(e;) = 0 amplifies the market price reaction and increases the likelihood of a positive

contemporaneous cross-correlation.

3.3 Bid-Ask Model with an Exogenous Trade Process

In the previous section informed traders acted rationally, trading only if it was profitable
for them based on the observed latent price. Popular models turn this causality around:
the latent price process is endogenous, determined by an exogenous trading process ¢;, ¢; €
{—1,+1}. With this modification the latent price equation (Il) becomes

Pr = DPioi e+ MG+ V hies, (57)

where the parameter \ > 0 captures the adverse selection effect, i.e. it measures how much
private information is revealed to the market by a trade. This trading process itself may be
driven by some private information about fundamentals, but also by any other rational or
irrational cause. The total latent price change is thus Ap; = \g; + Vhés.

This setup is closely related to the bid-ask model in Hasbrouck (2007). The drift, puq,
is time-varying, which can be interpreted as publicly available information and ¢; as the
result of unobserved private information. &; is now unobserved by all market participants,
E(qtlet) = 0 and E(q¢|pn:) = 0. Further we assume that trades are not serially correlated,
i.e. E(q|qi—1) = 0. At the time when s, is determined, ¢, is still unknown, thus F(g;s;) = 0.
The transaction price process is given by ([22]) and (23]). Using (57) equation (@6 becomes

tra

Pt = Pt et s
= pi+ (st = Nar — Ve,
pi" = pf— Ve (58)
Typically, the adverse selection parameter, A > 0, is assumed to be a publicly known
constant. This type of model does not contain an utility maximizer, and all transaction

price changes are hard-wired with the latent price and the direction of trade.

The cross-correlation pattern for transaction prices is given in the following proposition.
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Proposition 6 (Cross-correlation in the generalized Roll model) In the generalized

Roll (1984) model the contemporaneous cross-correlation is

ME(s;) — ) — o

Corr(Apf, Aul™) = , 59
(Bi, Bu™) V2V + 02/ E(s?) — 2)\E(s;) + A2 + 02 (59)
where )
|Corr(Ap;, Auy™)| < 7 (60)
The cross-correlation at displacement one equals
Corr(Ap;_,, Aul™) = —Corr(Ap;, Aul"™). (61)

All cross-correlations at higher displacements are zero.

Proof: See appendix [Dl

The cross-correlation with transaction prices is positive if E(s;) is sufficiently larger than
the adverse selection parameter \, i.e. if the transaction price reacts more strongly to a trade
than the latent price. In particular, the spread effect has to exceed the negative covariance
component caused by the random price change ;. Note, however, that with F(s;) > A the
average trader in expectation incurs a loss with every transaction. As Hasbrouck (2007)
suggests, this may be justified by trader’s liquidity needs.

Setting s, = 0 V¢ in proposition [l we obtain a negative cross-correlation for the mid price,

Corr(Ap;, Aumd) = —\%. Further, without random price shocks (0 = 0) the competitive
: * tray __ A(s=A) _ 1 _
spread is constant s. Then Corr(Ap;, Aui™) = — Ve = 75sgn|s — Al and all that

matters about the spread is whether it is bigger or smaller than A. If s = X or if A = 0 then
all cross-correlations are zero. As Diebold (2006) notes, for s sufficiently large the model
predicts a positive contemporaneous cross-correlation. We summarize the results in the first
and third row of table[Il The upper panel of figure [l illustrates the cross-correlation function
for a sufficiently wide spread (s > A > 0), and the lower panel does so for a small spread
(0<s<A).

The exogenous trade model takes the spread s;, the sequence of trades ¢; and the adverse
selection parameter A\ as exogenously given. We need therefore some additional theory to
pin down the sign of (BJ)). If X is observable, a rational market marker could block all
trade involving a loss for him by setting s; = A V¢. This would guarantee him a profit of
m(A) > 0 per period, which would violate the zero profit condition, i.e. assumption ().

Therefore s, < A for at least some ¢, which by (B9) implies a negative contemporaneous
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Figure 6: Cross-correlation function p(7) of the transactions price in a generalized Roll-type
model
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The upper panel shows the typical cross-correlation pattern under a wide spread (s > A > 0), the lower
panel for a small spread (0 < s < A). In both panels o = 0.
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cross-correlation.

The situation changes if A is stochastic. Consider a market as in the previous section, but
with A\; > 0 being stochastic and, for simplicity, without any other latent price innovations,
i.e. & = 0Vt, and with constant variance o3 and constant spread s. That is, (57)) is replaced

by

p; = Di_y + e+ M,
)\tQt ~ (O: Ug)a (62)

where \yq; follows a symmetric probability distribution which is monotone on | — 0o, 0] and
[0,00[. Conditional on the trade direction ¢, the distribution of A\;q; is truncated at zero,
thus A; alone follows a highly skewed distribution. (62)) resembles (Il) with &, replaced by
Atq:. The latent price process (B7) implies that exogenous reasons unrelated to p; drive the
traders’ trading plans, for example liquidity needs, and that because of these reasons they
are willing the trade at any price. At the same time, their joint actions (¢;) change the latent
price by A. Then, by the reasoning of section B.2] there exists a minimal risk aversion level
no such that all n > ng generate a spread E(s) > % = #%M) Thus there exists ng such
that all n > ny generate a positive contemporaneous cross-correlation and a negative cross-
correlation at displacement one. Note that unlike in section B.2] positive contemporaneous
cross-correlation obtains even though the market maker does not observe a signal.

In summary, positive contemporaneous and negative lagged cross-correlations occur for
sufficiently high risk aversion (1) under an exogenous latent price process if a signal is ob-
served, and (2) under an exogenous trade process. Thus, whereas a negative cross-correlation
is not “inevitable” as Bandi and Russell (2006a) rightly wonder, a positive contemporaneous
cross-correlation is indeed not likely. Various market arrangements and sampling speeds
can dampen the negative cross-correlation to zero, but the sign maintains except in the two

aforementioned cases.

4 Persistent Private Information

The previous section considered a sequence of one period problems. In this section we focus
on the effect of multiple periods, when the latent price changes infrequently. Now private
information about the latent price is no longer automatically revealed after one period.

The market maker can learn this private information by setting prices and observing the
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resulting trades. As the market maker “learns by experimentation” over time, the value
of private information of the informed trader slowly vanishes. Although there are many
possible interactions of strategic actions by market participants, we will see that they all
share the same cross-correlation sign pattern and differ only in the absolute value of the
cross-correlation.

We assume in this section that market makers are risk neutral (n = 1) and limit our
discussion to the mid price in order to study the learning effect in isolation. In all models
in this section there is only one single latent price change at a known time from an initial
publicly known level, e.g. at the beginning of the day which allows studying the effect of
one latent price change in isolation. Otherwise the timing is as described in section 2.2l

In general we work with the latent price process as in ([{l). With § # 0 the recursive
problem (I4]) is hard to solve, and in particular there are in general no closed form pol-

bid ask

icy functions p;** and p¢*". Therefore we follow the market microstructure literature by

discussing interesting polar cases, which can be solved because f(p;) is degenerate.

4.1 Signal Certainty

We start with a dynamic model where as in section [3 the signal is always correct and
strategic considerations are ruled out. As before, the market maker does not observe pjf, but
only signals which allow him to narrow down the range of the current p; level. Unlike before
private information is persistent, so p; is not revealed at the end of period ¢. The market
maker observes the response of traders to his previous price quote and uses this signal to
revise his quote. Because the latent price does not move after the initial jump, the market
maker can use the entire sequence of signals to learn the latent price p; over time. His
optimization task is to quote prices that minimize his losses by learning about p; as quickly
as possible.

The market maker’s learning speed depends on the reliability of the signal. Let us start
with a situation where the signal is known to be free of noise and strategic manipulation by
market participants. To learn as much as possible the market maker minimizes the length

of the interval in which p; may be located. In the special case of a constant spread during

26 Aghion et al. (1991), Aghion et al. (1993)

2"With “day” we mean the average time between two changes in the latent price, which could be a few
hours, or several days. Engle and Patton (2004) and Owens and Steigerwald (2005), for example, find
evidence of multiple information arrivals during a calendar day.
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the interval between two latent price changes he solves (IH]) with n = 1:

pmidis '
V(p,5 F) =max |- / (i — s — ") (")
p

p

+ OV (pp™ = s, P (F (0 = 5) = F (1))
+ V(P — s, p s, FITa ) (F(pm o+ s) — F(pm — s))

+ oV (p 5,5 F ) (F () = F (07 4 5))

4
- /p mm+s(p* —p"—s)f (p*)dp*} : (63)
The key difference relative to the market maker problem in section B is that (63) is forward
looking

Our simplifying assumptions force the contemporaneous cross-correlation to be negative.
For s = 0 it is negative one by construction, because p; cannot react instantaneously to pj.
Note that if we allowed for high risk aversion and a signal {sgn(e;)}, or for high risk aversion
and a truly exogenous trading process, then just as in section [3 a positive contemporaneous
cross-correlation would obtain.

Because p; by assumption does not change during learning and because learning takes
several periods, the contemporaneous cross-correlation is larger in absolute value than lagged
cross-correlations. Likewise, the sign of cross-correlation at lag one and higher is positive,
because the more the market maker learns, the closer p, gets to p;, and the more noise
shrinks to zero. Compared to section 3 the absolute value of the cross-correlation at lag one
is dampened toward zero, because the information is not fully revealed. This is picked up
by cross-correlation at higher order lags, which are now strictly positive and which decrease
toward zero as the displacement increases. We summarize these qualitative results in the
first row of table Bl The key difference of persistent private information relative to quickly-
vanishing private information is the slowly decaying cross-correlation function.

A special case obtains if the market maker needs more than one period (d > 1) to process
the signal he observes. For example, suppose that the market maker needs d = 2 periods to
react to a signal. Further suppose that the latent price changes every T-th period, and label
the period of the latent price change with ¢ = 0. Then the market market will change his
quotes for the first time in ¢t = 2, and then, assuming that traders react without any delay,

again in t = 4, t = 6, and so on. Because his quote in the interim period is unchanged,

Z8For a solution of (63) see appendix [Fl and Aghion et al. (1991), p. 637.
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Table 3: Cross-correlations p, = Corr(Ap;_., Au™®) with persistent private information,
risk neutrality

signal  traders 00 p1 Or
strategic T>1
certain  no po <0  Jpo|>p1>0 >0
. 1 (7€7T+1)2 (767’”—4’677‘(7—71))2
noisy- 1o VX (1) VX (1) VX(r,T)
. _ 1 1 1
noisy  yes T Y )

the trading activity in these periods does not provide any additional information. The noise
pattern is therefore —Apy, 0, Aps, 0, Apy, . ... Whereas the variance of Ap} is unchanged, the
(unconditional) variance of noise is smaller, but more than half of the variance of the standard
d = 1 case. The cross-correlation function (p, p}, ph, - - .) is then (apo, 0, ap1,0,apy . . .), where

a > 1 and pog, p1, ... refer to the first row of table Bl

4.2 Noisy Signal and Non-strategic Traders

None of the models so far accounts for signal uncertainty and strategic behavior. Here we
do so. We discuss three standard models and characterize their implied cross-correlation
patterns.

Consider first a market in which the market maker observes only a noisy signal of whether
p; has changed, but in which traders do not yet behave strategically. The market maker then
has to learn both about the quality of the signal and about the latent price. Glosten and
Milgrom (1985) describe a market maker who does not know whether he is trading with an
informed or an uninformed trader and thus cannot tell whether his (only) signal of the latent
price change, the direction of trade ¢;, contains any valuable information. For example, the

)

market maker cannot tell whether a “buy” originates from an informed trader, in which
case it would indicate an increase in the latent price, or whether it is just a random trade
of an uninformed trader. Thus, this noisy “buy” increases the likelihood of an increase in
the latent price less than a “buy” in the environment of section L1l Because of the lower
information content in the signal, the initial reaction of the market maker to the signal is

smaller.
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Glosten and Milgrom (1985) show that if learning is costless, the expectations of market
makers and traders converge as the number of trades increases Because the uncertainty
of whether a trade reflects the information of the informed traders or not, the market maker
adjust only partially to the price indicated by this signal. Therefore, whereas the cross-
correlations have the same signs as under signal certainty of section 1], all absolute values
are dampened toward zero. The correlation is less than one even if s = 0.

Easley and O’Hara (1992) additionally consider the information conveyed by periods
of no trading. Their model is more abstract, but gives the same cross-correlation pattern
as Glosten and Milgrom (1985), and has the advantage that this pattern can be derived
explicitly. Suppose at the beginning of the trading day randomly a new latent price p;
is drawn. Let this price be either high (p) or low (p), each with probability 389 The
unconditionally expected latent price is therefore E(p*) = ;7%5. The two possible latent price
levels, p and p, and their probability 1/2 are publicly known, but the actual realization is
not. A publicly known percentage of traders is watchful and occasionally observes — jointly
as a group — the latent price p}, thereby becoming informed traders.

Informed traders always trade, because p®* < p and p*¢ > p- In periods when watchful
traders do not observe any information, they do not trade, thus their trade share is zero.
Uninformed traders trade randomly; in any given period they randomly either buy, sell or do
not trade at all. The direction-of-trade signal, ¢, in this model is thereby uncertain in two
ways. Not only does the market maker not know if a specific trade originates from informed
traders, thereby being informative; the market maker does not even know if there are any
informed traders. Since the market maker loses in every trade with an informed trader, he has
an incentive to find out the latent price. To do so, he updates in a Bayesian manner his belief
about the probability that nobody observed a signal, and that some traders observed a high
latent price or a low latent price, using his information set of all previous quotes and trades,
Q= A{a,pt, @t—1,Pt—1, - - -, qo, o} Even non-trading intervals contain information about p*,
because they lower the probability that watchful traders have observed the latent price at
the beginning of the trading day and therefore the probability of informed trading>1 Easley
and O’Hara (1992) show that transaction prices converge to the latent price in clock time at

exponential rates. Denote (3; 5y the belief at time ¢ that a high latent price has been observed,

29But see Aghion et al. (1991) for situations in which learning stops before reaching p*. In that case the
cross-correlations cut off at some 7 > 1 despite persistent private information.

30The case discussed here corresponds to § = 0.5 and V* = # in Easley and O’Hara (1992).

31 A variation of this is the model of Diamond and Verrecchia (1987), where short selling constraints cause
periods of no trading to be a noisy signal of a low latent price.
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Br.{p} the belief that a low latent price has been observed and 3, 3 the belief that nobody has
observed any signal, all conditional on €, 1 U {¢;}. For the case of informed traders having
observed the low latent price p, the market maker sets under perfect competition

bid _ p+p

P =p = Bl =Bup)p+ O (L = Bup)p + =5~ —p

B, _
(ﬁt,{p} + tT{} (P - 22) ) (64)
with (3, 5y = exp(—rit), Be gy = exp(—rat) and ry, 75 > 0. Hence for large ¢ the bid price p}™®

converges to (p) almost surely at the exponential rate r = min(ry,72) in clock time.

) (65)

An analogous result applies to the convergence of the ask price to p.

Note that there are fewer trades during trading days in which no trader has observed
the latent price than during trading days in which some have, because the watchful traders
do not trade without information. Hence the results strictly apply only to calendar time
sampling (CTS). With tick time sampling (TTS) we miss the no-trade periods, which reveal
information to the market maker, too. Since T'TS effectively compresses time by dropping
periods without a trade, the convergence rate will be higher, but exponential convergence to

the true value still obtains.

Proposition 7 (Cross-correlations in Easley-O’Hara model)

The contemporaneous cross-correlation in the Easley and O’Hara (1992) model is

Corr (Apy, Auj"?) = 1

>_L (66)
X(r,T) V2

where X (r,T) is decreasing in both r and T and has a minimum at 2.

Likewise, the lagged cross-correlation (1 <1 < T') is positive, even for T > 1.

Corr (Ap;_., Auj"™)

32

X(’I“, T) =1 _|_e—2r(€r _ 1)2(

. . o 2
The variance of the noise Auy"? is - X (r,T).
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(_6—7'7' +€—r(r—1))2
X(r,T)
(_e—'rT +€—r(r—1))2

V2

< (67)
Proof: See appendix [Gl

Unsurprisingly because of the assumption of risk neutrality, the contemporaneous corre-
lation is negative, and approaches its minimum for large r and T". For T" = 1 the contempora-
neous cross-correlation is equal to the cross-correlation with one period private information

and zero spread. Furthermore, for 7 > 1,
Corr (Ap;_,, Auj™?)

1 ! * mid
= (@) Corr (Ap;_y, Auj™) . (68)
That is, the cross-correlation decays geometrically to zero. After T the information about
Ap{ becomes public, thus for 7 > T we get Corr (Ap,’{ff, Au;md) =0.

In Figure [1 we graph this cross-correlation function. We show the cross-correlation pat-
tern for a convergence rate of r = 1 in the upper panel, and for a convergence rate of r = 2

in the lower panel.

4.3 Noisy Signal and Strategic Traders

Because the informed trades are not directly visible, and private information does not au-
tomatically become public after one period, informed traders can act strategically. The aim
of strategic behavior of informed traders is to make the signals about p; conveyed by their
orders as noisy as possible, while still executing the desired trades. By mimicing uninformed
traders they keep the market maker unaware of new information, i.e. unaware of the change
in p;. Since the market maker observes order flow imbalances — and possibly other variables
such as order size —, and uses this to detect informed trading, the informed traders stretch
their orders over a long time period such that detecting any significantly abnormal trading
pattern becomes difficult. The market maker will, of course, notice the imbalance in (large)
trades over time by sequentially updating his belief about p* based on the history of trades.
In this way the market maker still learns about p;, but, because of the strategic behavior of
traders, at the slowest possible rate.

Markets of this type have been described in Kyle (1985) and Easley and O’Hara (1987).
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Figure 7: Cross-correlation function p(7) of the mid price in a Easley and O’Hara (1992)-type
model
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The upper panel shows the typical cross-correlation pattern under adjustment speed r = 1, the lower panel
for adjustment speed » = 2. In both panels X = 1.
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In the following we discuss the cross-correlation function implied by the Kyle (1985) model
under zero spread (s = 0). Suppose the latent price jumps in every T-th period, and remains
constant for the next 7'— 1 periods. Likewise Ap{ remains private information for 7" periods,

after which it becomes public knowledge. The jumps follow the distribution
Ap; ~ (0,0%). (69)

p* can be interpreted as the liquidation value of the asset at the end of the trading period
T, with p* = p(0) + Apj. Informed traders observe p* perfectly, but the market maker and
unformed traders do not. Knowing the end-of-day latent price, the informed traders trade
whenever it is profitable during the day; that is, they buy whenever the market price is above
the end of day value, and they sell otherwise. The prices can move up and down during the
day because uninformed (noise) traders buy and sell randomly at any price for exogenous
reasons. Thus the informed traders accumulate profit during the trading time, at the cost
of the market maker and uninformed traders.

Here, the market maker does not maximize a particular objective function, he merely
ensures market efficiency, i.e. sets the market price p(t) such that it equals the expected
latent price p*, given the observed trading volume from informed and uninformed traders.
The only optimizer in this model is the (risk neutral) informed trader who optimally spreads
his orders over the day to minimize the (unfavorable) price reaction of the market maker.
Thereby he maximizes his expected total daily profit using his private information and taking
the rule Ap,(€2;) market makers use to set prices as given. Effectively, the informed trader
trades most when the sensitivity of prices to trading quantity is small. The key feature of the
Kyle (1985) model for our purposes is that market prices pick up information at a constant
rate, and that all information is reflected in the price by the end of the trading day.

Under the assumption of linear reaction functions for demanded quantity and prices,
Kyle (1985) shows that the market price approaches the latent price linearly, compared
to exponential decay in Easley and O’Hara (1992). The reason for this difference is that
the market maker in Easley and O’Hara (1992) updates his believes in a Bayesian manner,

whereas in Kyle (1985) the market maker’s actions are constrained to market clearing.

Proposition 8 (Cross-correlations in Kyle model)

The contemporaneous cross-correlation in Kyle (1985) is

- 1
Corr (Ap;, Auj™) = — /1 — T (70)
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and the cross-correlations at displacements T > 1 are

Corr (Ap;_., Au™?) = ﬁ (71)
Proof: See appendix [H

The constant cross-correlations at displacements 7 > 1 stem from the strategic behavior
of traders, which spreads their information equally over time. This maximizes the time
it takes the market maker to include the entire latent price change in his quotes. The
more periods, the more pronounced is the negative contemporaneous correlation, and the
smaller are the lagged correlations. After period 7' the information about Ap§ becomes
public; thus for 7 > T we get Corr (Ap;_., Auj*@) = 0. In Figure B we plot these cross-
correlation functions. We show in the upper and lower panels the cross-correlation function
under frequent changes in the latent price (T' = 2), and for less frequent changes (T' = 5),
respectively.

In Table[Blwe compare the market microstructure models with persistent private informa-
tion. Markets with nonstrategic traders display decaying lagged cross-correlations (row 2).
Conversely, markets with strategic traders display constant lagged cross-correlations (row
3).

4.4 Frequent Price Changes and Slowly Vanishing Private Infor-

mation

So far in this section we have discussed stylized models, where the old latent price becomes
public information at the beginning of the trading day before any new permanent latent
price shift. In general, however, the latent price may change again permanently before the
old latent price becomes fully publicly known. In this case, if the latent price process follows
(@), the old p;_, still contains information about the new p;. As p;_, itself is not precisely
known as well, the entire history of prices contains information about p;.

The contemporaneous cross-correlation is unaffected by frequent latent price changes, in
particular it is not affected by a future latent price change, so the results for contemporaneous
cross-correlation remain valid.

Cross-correlations at nonzero displacements, however, are affected. If as before the mar-
ket maker’s signal is sgn(p; —p; ), and Corr(p;, Ap;__) > 0, then €, contains new information
about p; _ beyond €;_;. By (7)) the signs of the cross-correlations at nonzero displace-

ments remain unchanged even if p; changes frequently. But the more often p; changes
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Figure 8: Cross-correlation function p(7) of the mid price in a Kyle (1985)-type model
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The upper panel shows the typical cross-correlation pattern under frequent changes in the latent price
(T' = 2), the lower panel for less frequent changes (T = 5).
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during [t, ¢t — 7], the closer to zero is the correlation Corr(p;, Ap;_.), and likewise the cross-
correlation between latent returns and noise. Overall, slowly decaying private information
keeps the cross-correlation sign pattern unchanged, but dampens the absolute values toward

Zero.

5 Econometric Implications

We have already drawn econometric implications insofar as we have shown that market
microstructure models predict rich cross-correlation patterns between latent prices and mi-
crostructure noise (MSN), which have yet to be investigated empirically. Quite apart from
suggesting avenues for new empirical exploration, however, our results have important im-

plications for “traditional” volatility estimation, on which we focus in this section.

5.1 Effect of Sampling Frequency

We have thus far focused primarily on sampling at exactly the rate taken by the market
maker to react to new information in the previously sampled price. In practice, the sampling
speed of the market maker is unknown. In general, tick time seems to be the best choice
for estimation that accounts for correlation between noise and latent returns (Griffin and
Oomen 2006)

The differences in performance of sampling methods are largely caused by market mi-
crostructure effects as well, and it is therefore not surprising that the choice of the sampling
method affects the cross-correlations. If we sample m times during an interval of no changes
in both latent and market prices, then we record each latent return - noise pair m times.
The cross-correlation function is then a step function, but it still has the shape obtained
at slower sampling speeds. For example, the cross-correlations up to displacement m — 1
all share the sign of the contemporaneous cross-correlation. Since all models predict a sign
change in cross-correlations between displacement zero and displacement one, observing a
cross-correlation at displacement one with the same sign as the contemporaneous cross-
correlation is evidence of sampling faster than prices evolve, so the sampling rate should be
reduced.

A longer sampling interval dampens cross-correlations toward zero. As an example sup-

pose that in the model with one period private information of section 3.3 we sample only

33Under an independent noise assumption, transaction time sampling is more reliable (Oomen 2006b).
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every n-th tick, denoted by p;, and pj,,. Let p;;, i =1,...,n — 1 be the unsampled market
prices of the omitted ticks, and p;; the corresponding latent prices. For ease of exposition
set @ = 0 and thus s; = s. Then (B7)) is replaced by

Ap; = Z Apy; = Z AQei + i + e, (72)
i=1 i=1

and from (97) the noise is

Adf = > Aue
i=1
= (s =AM (@n — @-1,0) + Et—1,0 — Etm- (73)
The covariance Cov(Ap;, Aul™) = A\(s—\)—oc? and noise variance Var(Ad;) = 2(s—\)?+202

are therefore unchanged. However, the variance of latent returns increases to Var(Ap;) =
n(\? + ¢?). Thus

As—A) —o?
V2nVAZ + 02\ /(s — N\)? + o2

%COTT(AP:, Aul™). (74)

That is, reducing the sampling rate shrinks the contemporaneous cross-correlation toward

Corr(Ap;, A4l =

zero. The same result applies to lagged cross-correlations.

As discussed at the beginning of section [3, the cross-correlations at displacements zero
and one have opposite signs. As equation ([74]) shows, combining several ticks into one sample
blurs this sign change. Hansen and Lunde (2006) find a negative contemporaneous cross-
correlation between returns and noise in their data. This effect fades with the number of
ticks that are combined into one market price sample, which suggests that lagged correlations
indeed work in the opposite direction, i.e. being zero or positive. Increasing the sampling in-
terval averages the initial market price underreaction with later price readjustments, thereby
dampening the cross-correlation to zero.

Overall, then, the sampling frequency does not change the sign pattern of cross-
correlations, but can severely impact its absolute values. At very slow sampling rates the
cross-correlations become empirically indistinguishable from zero, which can be useful when
analysis is being done on the assumption of independent noise. At higher sampling frequen-

cies the cross-correlation of noise needs to be taken into account. In the next subsection
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we show that this can be done parsimoniously using the structure imposed by market mi-

crostructure theory.

5.2 Implications for Volatility Estimation

In the introduction we highlighted the key issue of estimation of integrated volatility using
high-frequency data, the potential problems of the first-generation estimator (simple realized
volatility) in the presence of MSN, and subsequent attempts to ”correct” simple realized
volatilities (RV).

In a leading development, for example, Hansen and Lunde (2006) suggest making re-
alized volatility robust to serial correlation via HAC methods. If ¢ terms are included in
the calculation of this estimator, then it is exact for any MA(q) process. Whereas this ap-
proach is very flexible, it might be inefficient in the context of market MSN. Because of the
often unsatisfactory performance of these nonparametric estimators, especially in finite sam-
ples, Bandi and Russell (2006b) suggest sophisticated ways to improve their finite sample
properties.

Here we suggest a different approach, utilizing market microstructure theory. As we have
seen, dynamic market microstructure models imply that noise decays geometrically over time
after displacement one, with two polar cases of immediate decay (as in section [B]) and no
decay (as in section [I3]). We suggest using this knowledge to construct a superior estimator
of integrated volatility, using the parameter restrictions on the moving average coefficients
obtained from the market microstructure models.

Suppose Ap, follows an MA(0o) process in the innovations for the latent price,

(e.9]
Apy = aper + g Z aser .. (75)
T=1
This form of Ap; accommodates very persistent cross-correlations, similar to the idea behind
the sequence of examples in Oomen (2006a). We can decompose latent returns into market
returns and noise .
Ap: = Apt -+ (1 — Oé()) Et — (1 Z 0672—515_7— = &. (76)
=1

Using this, we have a simple formula for the integrated volatility (/') of latent returns,

IV = E [(Ap;})?] = E [(Ap: — Awy)®] = E(Ap}) + (1+ ap)(1— o) IV —af ¥ a3"IV. (77)

T=1
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Solving for IV, using > >0  a3"

- 1??1%, and Slmphfylng yields

2

IV =
aj(l —a3) + afaj

- E(Apf). (78)

Standard RV is consistent for E(Ap?); hence a consistent estimator for IV is

R 1— A2
IV = -RV, (79)
(1 - a2) "’ alaz

where &g, & and &s are consistent estimators. Such estimators are easily obtained, for
example, in a GMM framework using three moments.

The upshot thus far is that exploitation of market microstructure theory delivers a simple
consistent estimator of integrated volatility. One might of course counter that so too does
the purely statistical approach of Hansen and Lunde (2006). However, although a thorough
exploration is beyond the scope of this paper, we conjecture that our economic estimator is
more efficient, because its correction to RV involves estimation of only three parameters.

The result is even simpler in the framework of Easley and O’Hara (1992),
Ap, ~0-¢e + Z (—e e ) g =(e" = 1) Z e e s (80)
T=1

This is an approximation because we have assumed throughout that the latent price is
revealed after T periods, suggesting an MA(T') process, whereas in (80) we use MA(00). It
follows that the integrated variance can be consistently estimated by

. 1— 672?

IV = - - 1
4 1_2€—r+e—2r RM (8)

which requires a consistent estimator of only one parameter, the rate of learning r.

The expression for the integrated variance (8I]) offers a structural interpretation to es-
timates of noise and integrated variance, such as the results reported in table 3 of Hansen
and Lunde (2006). The Easley and O’Hara (1992) model predicts that the noise decreases
as the learning rate of the market maker increases. Slow learning implies a very persistent
cross-correlation between noise and latent returns, and hence persistent autocorrelation of
noise, so that fluctuations in noise tend to dominate the integrated variance.

Figure [ provides some indication for this relationship. It is based on the noise-to-

integrated-variance ratios reported by Hansen and Lunde (2006), which are unfortunately
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derived under the assumption of independent noise. The ratio of noise to integrated variance
shrinks with the number of price-changing quotes per day. If the number of times that the
market maker changes his price quote during a trading day is indicative of his speed of
learning, then MSN indeed decreases as the learning rate of the market maker increases.
Thus, even though these ratios may not be directly applicable, they seem to support the
Easley and O’Hara (1992) model.

Further, since the bias of realized variance due to noise seems to have declined over
recent years (Hansen and Lunde’s fact I1I) the learning rate r must have increased. Meddahi
(2002)’s finding that the standard deviation of this bias is large relative to the integrated
variance suggests that the learning rate itself fluctuated considerably around its increasing
trend.

Figure 9: Relationship between noise-to-integrated-variance ratio and number of quotes per
day
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The vertical axis measures the noise to signal ratio as 100 times noise divided by integrated variance under
the assumption of independent noise. The horizontal axis is the number of quotes per day with a price

change. Data is for the year 2000 for 30 stocks listed on NYSE and NASDAQ. Data are from Hansen and
Lunde (2006), Tables 1 and 3. The solid line is a fitted power trend line.

6 Concluding Remarks

The recent realized volatility literature provides statistical insights into microstructure noise

(MSN) and its effects. In this paper we have provided complementary economic insights,
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treating MSN not simply as a nuisance, but rather as the result of financial economic deci-
sions, which we seek to understand. In that regard, we derived the predictions of economic
theory regarding correlation between latent price and MSN; we characterized and contrasted
the entire cross-correlation functions corresponding to a variety of market environments,
with a variety of results.

Some results are generic. In particular, cross-correlations between latent price and MSN
at displacements greater than zero have sign opposite to that of the contemporaneous cor-
relation.

Some results are not generic but nevertheless quite robust to model choice. In particular,
almost all models predict negative contemporaneous correlation between latent price and
MSN, so long as the risk aversion of market makers is not too high.

Finally, some results are highly model-specific. In particular, the cross-correlation pat-
terns and absolute magnitudes depend critically on the frequency of latent price changes, the
presence of bid/ask bounce, the timing of information and actions, and the market maker’s
degree of risk aversion.

We believe firmly in the interaction of theory and data, with each beneficially disciplining
the other in the advancement of science. We hope that the results of this paper will prove
useful in both directions. In particular, we have argued that data-based cross-correlation
patterns between latent price and MSN should help determine (if not definitively resolve)
the comparative merits of various economic microstructure models, and conversely, that our
theoretical cross-correlation results may lead to improved volatility estimators.

Looking to the future, we can envision some novel uses and extensions of our results.
For example, the rate of decay of cross-correlations might be used to assess the extent
to which strategic traders are active in the market, and the sign and size of the contem-
poraneous correlation might be used to allow one to assess the degree of market maker
risk aversion. Indeed market maker risk aversion might be time-varying, with associated
time-varying cross-correlation structure between latent price and MSN. During crises, for
example, market makers may be more risk averse, as borrowing and hedging possibilities
are reduced. If so, the “normal pattern” of negative contemporaneous cross-correlation and
positive higher-order cross-correlations might switch to a “crisis pattern” of positive contem-
poraneous cross-correlation and negative higher-order cross-correlations. Such possibilities

await future empirical exploration.
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A Proof: Risk Aversion Increases in n

Because I,(z) defined in () is concave Vn > 1, the loss function satisfies the Jensen
inequality and hence represents risk averse preferences.

Further, risk aversion increases in n, because there exists a concave function 1 such that
ln+1($) = ¢[ln(x)]a namely
U(y) = —(=y) (82)

restricted to y < 0. It follows that [, 1(z) is more risk averse than [,,(z).

B Proof of Proposition 1: Model-free Cross-

Correlations

For determining the sign of the cross-correlation it is sufficient to look at the cross-
covariances, which by definition have the same sign. The contemporaneous cross-covariance

between latent returns and noise is

Cov(Apf, Auy) = Cov(p; —pj_y — p, Pt — Py — Pe1 + Di—y)
= E(Ap; (Api(Q, Q1) — Apy))
= E(Ap(Q, Q—1)Ap;) — E(Ap )
= E(Ap(Q, 1) Ap)) — Var(Ap)) — (BE(Ap;))°
= E(Ap(Sh, Q—1)Ap;) — Var(Apy), (83)

which immediately implies the first part of proposition [Il

A more specific expression can be derived for the case of symmetric f(-) (assumption [2))
and Q, = {sgn(e;),p;_y, he}. This implies that |p, — pj_;| = R(h;) > 0 V¢, where R(h) is a
function of only h;. After Ap; > 0 we have Ap; = —p;—1 + p;_; + R(h:), and after Apf <0
we have Ap, = —pi—1 + p;_, — R(h:). Therefore

1
E(ApAp)) = SE((=pi1+ v + B(he)) Ap} |Ap; > 0)
1
+ 5B ((=p1 +pi = R(h) Apj |Ap; < 0)
1 1
= S E(R(h)Ap; |Ap; > 0) + S E (—R(he) Ap} | Ap; < 0)

= E(R(h)) E(|Ap;]) (84)
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Plugging (84)) into (83]) gives
Cov(Ap;, Auy) = E (R(h)) E ([Ap;]) = Var(Apy). (85)

Thus in this special case the contemporaneous cross-covariance is positive if

Var(Apy)

ELRR) > F 1))

(86)

Similarly, the lagged cross-covariance between latent returns 7 > 1 one period ago,

Ap;_, =pi_; —Pi_r1 — tu—r—1, and noise, Auy = py — p; — pr—1 +pj_y, I8

Cov(Ap;_., Auy)
= Cov(pj_; — Pi—rey — Ht—r, Pt — P} — Pt—1 + Di_1)
= E(Ap;_(Ape — Apy))
= E(Ap;_.Ap(S0)) — E(Ap;_Ap;)
= E(Ap_;Ap()), (87)

which implies the second part of proposition [Il

C Proof: Increased Risk Aversion Moves Optimal
Price Toward the Midpoint of the Support of f()

In this appendix we show that if f(-) is without loss of generality right-skewed then p(n) is
increasing in n, Vn > 1. First, note that p(n), p(n) € [l,u] is continuous, because if (p) or
(p) are infinite, we can always replace these bounds with a function of n, thereby making the
domain of p compact. As f(-) and all components of the integral are continuous functions,
the theorem of the maximum gives continuity of p(n).

Next, to evaluate how the optimal price p(n) responds to changes in risk aversion n, take

the total differential of (48]) and rearrange to obtain

p(n)
dpn) 1) / (p(n) = p")"" I (p(n) — p*) f(p")dp’

dn n—1
1

47



p(n
p(n) u
/ (p(n) — p")" 7 f(p*)dp* + / (" = p(n)"~* f(p")dp” ¢ . (88)
l p(n)

In the following argument we will use that f(-) is monotone. As in example [Il we will
assume without loss of generality that f(-) is monotonically decreasing. This means f(-) is
right-skewed on [[, u], which occurs if the market maker has some information that the latent
price has increased. Under this assumption (88) is positive. To see this, note first that both
terms in denominator are positive. To economize notation we replace p = p(n), d = p(n) —

and z = p*. The numerator can be broken up into three parts:

p u

= [ e -0 f@ist (@ p T - p) fa)de

- 71(]9 —2)" 'In(p — ) f(z)dz + 7d(x —p)""'In(z - p) f(x)dx

- /p (p—a)" " In(p—2) f(z)dz + 71@ —p)" ' In(z - p) f(z)de

+ /“ (¢ —p)" " In(z = p) f(x)de. (89)

The first term, which exists only for d > 1, gives

- [ - -0 f@de+ [ o - p) Fla)ds
= — / (z—p)" 'n(x —p) f(2p — x)dx
[ @-p - p) f)da
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p+d

B / (x—p)" 'In(z—p)[~f2p—2) + f(z)]dx

p+1

> [ p @£ o) + @) ds
p+1p—1 p+d
= - / (p—2)" 'n(d) f(x)dx + / (z —p)" 'n(d) f(x)dz. (90)
p—d p+1
The second term is for d > 1
- [ - -0 @ [ @ e p) S

p+1

= [ @-p =) ) - f2p - ) ds 20, (91)

P
For d < 1 the last inequality of the calculations for the second term be replaced by

p+1

/ (r—p)" Iz - p) [f () — f(2p— )] de

> [ = )~ f2p - o) deln (@) 2 (92)

p

And for the last term we can write

- [y e p >~ [y ) S (93
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Using ([@0), (@) and (@3)), (89) becomes

B®) > |- p/_l(p — )" f(a)de + /“ (= p)"" f(z)dz| In(d)
> |- p/_l(p — )" f(z)dz — /p (p—2)"" f(x)dz
ped ro1
+ 71(96 —p)"" flz)dr + /“ (¢ = p)"" f(z)dz | In(d)
» e
= [ /p (p— )" flw)de + /“ (¢ —p)"" f(x)dz | In(d)
_ 0 p (99)

where the inequality follows from the monotonicity of f(-), and the last equality follows from
the first order condition (48]).

Likewise, for d < 1 we have

) > |- / (0 — )" f(a)d + / (z — p)" f(2)de| In(d)
_ 0 ’ (95)

Therefore the numerator is positive and

dp(n)
dn

>0 (96)

for right-skewed distributions. Combining this with the fact that p(1) = Median(p*) and
p(00) = Midsupport(p*) we conclude that p(n) monotonically increases from the median to
the midpoint of the support of latent price distribution f(-), if f(-) is right-skewed. Analo-
gously, for left-skewed f(-), p(n) monotonically decreases from the median to the midpoint

of the support.
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D Proof of Proposition 4: Correlation in the General-
ized Roll (1984) Model

i From the setup of the generalized Roll (1984) model (Hasbrouck 2007), given by (57)) and
(58)) the noise (@) is

Auim = Stqr — St—1Qt—1 — )\ Qt — Gt 1 — Ve +Vhio1gi,

Aurid = —\/he, 4+ /hi1e1-1. (97)

The cross-covariance for the transaction price is therefore

Cov(Apy, Auim) = kK ((/\Qt + \/h_t€t)(5t9t — si—1q—1 — M@ — qi—1) \/_€t + /1821 )
= AME(s) — \) — o2 (98)

Further, the variances are

Var(Ap!) = Var(Ag + Vhe) = EQG) + E(ue?) — (E(vhier))? = A2 + 02 (99)

Var(Aul™) = 2E(s?) — 4 \E(s;) + 2\ + 202 (100)
o ANE A 2 1

Corr(Ap;, Aul™) = (Els) =X —0 < (101)

V2V N2+ 02\ /E(s?) — 2AE(s;) + A2+ 02 — V2
where we have used that trades are not serially correlated.

|Corr(Ap;, Aul™)| < \/iﬁ can be shown by squaring both sides. After some algebra we
obtain —AVar(s;) < 02F(s?), which holds for any path of s;. In particular, for s; = 0 V¢ we
have Corr(Apf, Aul™) = _\/Li‘

The contemporaneous cross-correlation is positive if and only if A €
E(st)—+/(E(st))2—402 E(st)++/(E(st))?—40?

5 : 5 A necessary condition for this is E(s;) > 20.

Further, if there is no random noise (o0 = 0), then the contemporaneous cross-correlation is
positive if 0 < A\ < E(s;).

Cross-covariances at nonzero displacements are as before

Cov(Ap;_y, Aulr)

= E((A¢t—1 + Vhicig—1)(siq — se—1q—1 — M@ — qi—1) \/_8t +Vhi_164-1)

o1



= —A(E(s;) = A\) + 0? = —Cov(Ap;, Aul™), (102)
and for displacements 7 > 1 we have

Couo(Api, Aufr)
= E((Ag—r + Vhi—rei—r)(8:qt — St—1Gt—1 — M@t — ¢1—1) — \/Egt +  hi—1ee-1)) =003)

E Zero Profit Condition under Perfect Competition

If the market maker can quote bid and ask independently, he can effectively condition on ¢;
and therefore sgn(Ap;). Choosing p™? and s independently is equivalent to choosing p®

and p®* independently. For the ask price the problem is

u
o) = axgmax— [ =) f7)d (104)
which is maximized at p?**(n) = oo, because absent any competition the market maker has
no incentive to do any loss-bringing trades with informed traders. But competition with
other market makers drives profit down to zero. Assuming that the zero profit condition
must hold in expectation for each buy and sell independently, the spread 2s; from (I2]), (I3))
and (I4)) is determined b

- L0 s ) =0 (105)
Clearly, as in section 3.2 as n — oo the ask price p®* grows as well, without bound if
f(+) has unbounded support. The expression for the bid price is analogous; the bid price
falls with n. Because bid and ask price just offset one another, Ap™? = 0, and thus
Corr(Ap}, Auy™d) = —1. The optimal |Api™| is strictly increasing in the risk aversion n
without bound. For uninformed trades, buys and sells are equally likely, thus for these trades
Corr(Ap;, Aul™) < 0. Rational informed traders trade only when p* > p®* and p* < pb?;
thus for them Corr(Ap;, Aul™) < 0 as well. Overall, Corr(Ap}, Aul") < 0 Vn.

In the following we show that s is uniquely determined as a competitive outcome. For

simplicity, we assume risk neutrality n = 1. Under perfect competition the zero profit

34We assume here 7(s) = 7. Later in the appendix we consider the more general 7(s) case and show that

p*F is unique.
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condition says that the market maker’s losses by trades with informed traders are exactly
offset by the spread earned from trades with uninformed traders. An increase in the spread
benefits the market maker in two ways: it increases his spread income from uninformed
traders and reduces his losses to the informed traders. This can be written as

bid

_/p (p* _pbid) F*)dp* +/oo (pask —p*) F*)dp*

—00 pask

pask ask __, bid
- ( / f(p*)dp*> ety (106)
pbz‘d 2

Using the symmetry of the expected density f(p*) around p™, (I06) becomes a problem of

setting p™? and s.

mid —3 mid

- /p (P = p™ "+ 5) F(p*)dp* = (/p f(p*)dp*> s. (107)

—00 mid_ g

Then, with F' denoting the cumulative density function of f (whose expected value is

assumed to exist)

= (F(p™?) — F(p™?* —s)) s (108)

where E(p*)

interval [—oo, p] (but f(+) is in no way required to be positive on the entire interval). p

|” o denotes the expectation of p* over the distribution f(p*) restricted to the
mid ;
is

given by the optimal learning rule. Then (I0§]) is one equation in the one unknown s.

mi " mid_ ¢ SF pmid
P —E@p) [P " = )

—00 = m (109)

The left-hand side (LHS) is monotonically increasing in s from some positive number to
positive infinity. The right-hand side (RHS) is monotonically increasing in s, from 0 to
positive infinity. It can be shown that the RHS increases faster than the LHS and that
this difference in slope does not go to zero as s becomes larger. Differentiating (I07) using

Leibnitz’s rule, we get:
mid

_ <pmid _ s _pmid+ S) f(pmzd . 8) <—71> B /p 5% (p*)dp*

—0o0
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< —f(™ —s) <_71) s+ % </pj:i f(p*)dp*) (110)

—F(pmi—s) < gf (P = s) + F(p™) — F(p™? — s)
0 < sf(pmid —s)+ F(pmid) (111)

(IIT)) is a true statement. So (I11]) shows two things: Firstly, the RHS in (I07) is increasing
faster than the LHS. And secondly, the difference in slope is always at least F'(p™4) > 0.
Hence we have proven that there is a single crossing and s is determined uniquely.

If the LHS in (I09) is very small because the support of the distribution became very
small by learning, then s must be small as well. Hence, as market makers learn, the spread s
in the market shrinks. Clearly, if one market maker learned too slowly relative to his peers,

he would make losses at least until the next change in p*.

F Example of Optimal Learning

Assuming no discounting (6 = 1), risk neutrality (n = 1), zero spread (s = 0) the general

recursive problem ([IH)) simplifies to,

mid

p

V(l,u) = max [— /lp (™ = p*) f(p")dp*
+ V(Lp™YF@E™) + V(™) (1= F(p™)

- / N —pmid)f(p*)dp*} : (112)
pml

To simplify the problem further, we assume as in the example in Aghion et al. (1991) that

f(+) is uniform. Then, the position of the interval [[,u] does not matter, only the interval

length, m = u — [, is relevant. (I12]) becomes

Vim) = max - %%(Ozm)Q + V(m)a
— (= a)m) V)1~ a)

= max V(m)—%(a2+l—2a+o¢2)

«

o4



«

1
= max V(m)—m (a2 —a+ 5) . (113)
From the first order condition we find the maximum
a=1/2 (114)

thus optimal learning is achieved by repeated bisections.

This result just a special case of f(+) in (I12]) being symmetric. By symmetry, the term in
brackets in (I12)) is symmetric around the symmetric point of f(-). Further, by monotonicity
of f(+) on each side of the symmetry point we have that the optimal p™ equals the median,
and midpoint of support of f(-). For asymmetric f(-) the solutions are specific to the shape

of f(+) and have to be determined numerically.

G Cross-Correlations in a Easley and O’Hara (1992)
Model

The latent price process switches between two states of equal probability

. u with P(pf =u) = 1/2 (115)
| with P(pr=1) = 1/2

Therefore,
u—1 with P(Apf=u—1) = 1/4
Apy = 0 with P(Ap;=0) = 1/2 (116)
l—u with P(Apf=1l—u) = 1/4
Denoting the number of periods through which new information remains private by T

and assuming zero spread (s = 0) we can write

E(Ap;) 0 (
E(Ap™ —Ap)) = 0 (
BARY) = (u—l l—u))%:(u—l) _0 (119

) 0 (

E(Ap; Apy™
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The contemporaneous cross-covariance (7 = 0) is

Cov (Ap}, Au™) = B (Ap;(Apj™ — Apy))
— B (Ap ) — B (ApAp)
0.2
- -Z (121)

Using the result from Easley and O’Hara (1992) that transaction prices converge to the

latent price at an exponential rate we get for 1 <7 < T

Cov (Apt ‘ruAumld) = E(Apt A(Apd — Ap:))
= E(Ap;_.Ap[™) — E (Ap;_,Ap;)

2
_ %(_e—r7+e—r(T—l))2_ (122)

The variance of the noise Au’md is

B ((Apy™ — Ap;)?)
= (A i ) 2E (Ap]™Ap;) +E((API)2)

-1

o o~ | o1 2,-2r(T—1
2 T2
— ? 1+ 6727"(67" . 1)2 TZ:O (6721")7 + e2r(T1)]
0_2 ) 2(6_2T)T_1 -1 )
- —2r(,r __ )= —2r(T-1)
= 7 [1 +e (e —1) g +e } . (123)

Denoting the term in brackets by X(r,7) we get for the contemporaneous cross-

correlation

Corr (Ap;, Auj™) = L

= — > —— (124)
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and for the lagged cross-correlation

(_ —r7+6—r(7 l))2
\/; 102 T T
( —rT +e—r T— 1)
X(r,T)
(_6—7"7' 4 6—7“(7'—1))2

V2

Corr (ApLT,Augmd) = T

(125)

H Cross-Correlations in a Kyle (1985) Model

In this section we derive cross-correlations for the model of Kyle (1985). In order to present
a closed form solution we use continuous time, ¢ € [0, 7], but note that Kyle (1985) discussed
the discrete time case as well.

Suppose every 1" periods the latent price jumps, and remains constant for the next T
periods. Apj remains private information for 7' > 1 periods, after which it becomes public

knowledge. The jumps follow the distribution
Apy ~ (0,0%). (126)

p* can be interpreted as the liquidation value of the asset at the end of the trading period
T, with p* = p(0) + Ap§. Assuming a zero spread (s = 0) from the continuous auction

equilibrium in Kyle (1985) the market price change at time ¢ in absence of noise trading i

zigw—mmﬁ:—i%ﬁ—ﬂmﬁieﬁﬂ (127)

T—1
where o(t) = (T — t)o? measures the informativeness of prices. Hence,

dp(t) 1 1 1

. S Pl = = (). (128)

This simple inhomogeneous linear differential equation of degree one has the solution

p(t) = p(0) + = (5" — p(0)), (129)

7t

35This uses the assumption of Kyle (1985) that the reaction functions for quantity demanded and prices
are linear. There may exist nonlinear solutions as well.
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and so

Ap = (0" = p(0)) = ZAp.
Further,
E(Apy) = 0
E(Ap™ —Ap;) = 0
2 o’
E((ApF = —
(y) = %
* mid 02
E(AptApt ) = ﬁ

The contemporaneous cross-covariance (7 = 0) is therefore

Cov (Ap;, Au:”id)

and the lagged cross-covariance (1 <

Cov (Ap;_., Au™?)

([I36) equals

for T'> 7 > 1, and zero otherwise.

The variance of the noise Au™ i

= E(Ap;(Ap[™ — Ap}))
= E(Ap;Ap[™) — E (Ap; Ap;)

. 0'2 0'2
T2 T
o2 (1
= —(=-1
(71
T<T)

= (E(Ap;_(Ap — Ap)))
= E(Ap_Apjd) — E (Ap;_,Ap})

1 *
.y (AprTTApo)

S

E ((Ap™ — Ap;)?)

1 2
B ((TApz; - o) )

o8

(130)

(131)
(132)

(133)

(134)

(135)

(136)

(137)



A —2 (L)
Corr (Ap:, Au;md) I T
o2 o2 1
FVFO-7)
— ot
and for the lagged cross-correlation for T'> 7 > 1
0_2
* mid _ T2
Corr (Ap;_,, Au") = =7 -
VT (-7
1 1
= < —=.
T(T-1) 2

29

(138)

(139)

(140)
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