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Abstract

In this paper, we study optimal tax policy in a dynamic private in-
formation economy. We describe e¢ cient allocations and competitive
equilibria. The standard assumption in the literature is that trades
are observable by all agents. We show that in such an environment the
competitive equilibrium is e¢ cient and that government consumption
can be �nanced by lump-sum taxation. We go on to consider an en-
vironment with unobservable trades in competitive markets. We show
that e¢ cient allocations have the property that the marginal product of
capital is di¤erent from the market interest rate associated with unob-
servable trades. In any competitive equilibrium without taxation, the
marginal product of capital and the market interest rate are equated,
so that competitive equilibria are not e¢ cient. Taxation of capital
income can be welfare-improving because such taxation introduces a
wedge between market interest rates and the marginal product of capi-
tal and allows agents to obtain better insurance in private markets. We
use plausibly calibrated numerical examples to compute optimal taxes
and welfare gains and compare results to an economy with a restricted
set of tax instruments, and to an economy with observable trades.
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1 Introduction

The main question this paper addresses is how should optimal tax and so-
cial insurance policy be designed when private insurance can be provided
by competitive markets. The presence of private insurance markets can sig-
ni�cantly change policy prescriptions common to the literature on optimal
taxation. In particular, we show that under assumptions common in the
literature, the only e¤ect of government policy is a crowding out of private
insurance without improvement in welfare. We then move on to identify
circumstances under which government policy can lead to better allocations
than those that can be achieved by competitive markets alone and the spe-
ci�c tax instruments that can bring such a welfare improvement.

We answer this question about the design of optimal policy in a dynamic
economy where workers receive unobservable skill shocks to labor supply and
can trade assets privately. We study two polar extremes. In one extreme,
individual asset trades are publicly observable. In this case, we show that
the amount of insurance provided by private insurance companies is e¢ cient
and gives agents the correct incentives to supply labor. Any attempt on
the part of the government to provide insurance only crowds out insurance
provided by private insurers and leaves allocations unchanged. At the other
extreme, asset trades are private information. We show that in this case,
private insurance schemes do not lead to e¢ ciency. Although each �rm takes
into account the e¤ects of the hidden asset trades of its policy holders, it
does not internalize the e¤ect of these trades on the incentives to supply
labor by agents insured by other �rms. Because of this externality, we
show that competitive equilibrium allocations can be improved upon by the
government. This improvement can be done by introducing a wedge, much
like a capital income tax, between the private rate of return on savings and
the marginal product of capital.

Our paper builds on the literature of government policy in private in-
formation economies stemming from the seminal paper of Mirrlees (1971).
Mirrlees showed that it is optimal to use distorting taxes to redistribute
income across agents with unobservable skills. More closely related to our
work are Green (1987) and Atkeson and Lucas (1992) who studied e¢ cient
allocations in dynamic, private information economies. However, rather
than assuming that the market structure is given and characterizing the op-
timal provision of insurance by the government (as is done in much of the
literature following Atkeson and Lucas (1992)1), we instead show that with

1See, for example, Hopenhayn and Nicolini (1997), Werning (2002), Albanesi and Sleet
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no exogenous restrictions on private markets there is no role for government
policy. Indeed, if all trades are observable and agents can sign binding con-
tracts with private insurers ex ante, the only e¤ect of public provision of
social insurance is the crowding out of private insurance. Thus, the welfare
gain from introducing public insurance is zero in this setting. This result
is reminiscent of that in Prescott and Townsend (1984) who show that the
First Welfare Theorem holds in a large class of economies with private in-
formation. Private insurers have the same incentives as the government to
insure agents, and hence, the equilibrium allocation is e¢ cient.

When asset trades are not observable, however, private insurance is not
su¢ cient for attaining e¢ ciency. E¢ ciency requires that the interest rate
at which agents can trade assets di¤ers from the marginal rate of transfor-
mation. This improves the labor supply incentives of agents. We show that
in a competitive equilibrium, competition among di¤erent insurers implies
that the interest rates at which agents trade are equated to the marginal
rates of transformation. Thus, privately provided insurance does not lead
to e¢ cient allocations in this setting.

The government can introduce a wedge between the interest rate and
the marginal rate of transformation by using distorting taxes, an avenue
not available to private insurers. We show that such policies are welfare
improving. Indeed, combining linear taxes on capital income with non-linear
labor income taxes allows the government to achieve the optimum.

It is worth noting that even in the environment with unobservable trades,
government insurance can crowd out private insurance by changing nature
of private insurance contracts. We show that the estimates of the size of
welfare gains from changes in public policy that do not take into account
private market responses can give very misleading results. Typically such
welfare e¤ects are smaller when private markets are endogenous. We study
an application of our theory to a quantitative model of disability insurance
to get some understanding of the magnitude of the crowding out e¤ect.
Our benchmark is e¢ cient allocations with hidden trades. We consider the
e¤ect of complete elimination of the optimally-provided public insurance
in two environments. In one environment private markets are exogenously
restricted and the only form of insurance available to agents is trades of a
risk-free bond. In the other environment we impose no restrictions on private
markets. We �nd that the welfare losses from elimination of public insurance
are 97% smaller in the economy where private markets are endogenous.

The papers most closely related to our analysis are those of Arnott and

(2003), Golosov and Tsyvinski (2003), Kocherlakota (2003b).
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Stiglitz (1986, 1990) and Greenwald and Stiglitz (1986). They showed that
in hidden action or moral hazard economies unobservable insurance pur-
chases cause the competitive equilibria to be constrained ine¢ cient. Bisin
and Guaitoli (2004) and Bisin and Rampini (2003) further develop this idea.
None of these papers consider hidden information environments, such as
those with unobservable skills. More importantly, we concentrate on the
e¤ect of asset trading on the dynamic incentives, an aspect that was not
considered in these earlier papers. Our paper is also related to the literature
on mechanism design with unobservable savings (see, for example, Diamond
and Mirrlees (1995), Cole and Kocherlakota (2001), Werning (2002), Kocher-
lakota (2003a)). In these papers, the authors assume that private insurance
markets do not exist and the rate of return on savings is given. If private
markets are unrestricted competitive equilibria are e¢ cient in those envi-
ronments. In contrast, we study an economy in which market interest rates
are endogenously determined.

Our results are also related to Diamond and Dybvig�s (1983) analysis
of bank deposits as means of risk sharing. Jacklin (1987) pointed out that
in their model risk sharing breaks down if agents are able to trade among
themselves unobservably. The government can improve upon equilibrium
allocations by restricting the deposit contracts that banks are allowed to o¤er
and forbidding private investments. Similarly to our model, competitive
equilibrium is not e¢ cient in that set up because a contract o¤ered by any
bank a¤ects incentives for the agents insured with other banks.

The rest of the paper is organized as follows. Section 2 describes the
environment. Section 3 considers the environment with observable trades
and establishes the e¢ ciency result. Section 4 analyzes the economy with
unobservable trades. We propose a concept of e¢ ciency in such an environ-
ment and provide a partial characterization of the e¢ cient allocations. We
show that competitive equilibrium is not e¢ cient and that positive taxes on
capital income are welfare improving. Finally, Section 5 presents numerical
results.

2 Environment

We consider an economy that lasts for T � 1 periods, denoted by t =
1; :::; T . In period 1 the economy is endowed with K1 units of capital. The
economy has a continuum of agents with a unit measure. Each agent�s pref-
erences are described by a time separable utility function over consumption
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of a private good ct; labor lt, and consumption of a public good Gt as follows

TX
t=1

�t(u(ct; lt) + u
g(Gt)):

In the above speci�cation, � is a discount factor and � 2 (0; 1): The
utility function is continuous, strictly increasing and strictly concave in con-
sumption of both private and public goods, and decreasing in labor.

Agents are heterogenous and in each period they have idiosyncratic skills
� that belong to a �nite distribution � = f�(1); :::; �(N)g where �(1) <
�(2) < ::: < �(N): These skills evolve stochastically over time. Formally, in
period one each agent gets an iid draw of a vector of skills for T periods from
the distribution �T with a common probability �(�T ): The t-th component
of �T is agent�s skill in period t: The probability �(�T ) is known but the
speci�c realization of it is not. Each agent learns about his realization of
�T over time. In period t, he knows only his skill realization for the �rst
t periods �t = (�1; :::; �t): No other agent in the economy can observe it.
We assume that the law of large numbers holds and in each period there
are exactly �(�t) agents with the history of shocks �t: Our structure implies
that there is no aggregate uncertainty.

An agent who supplies l units of labor and has a skill level � produces
y = �l units of e¤ective labor. The supply of labor is not observable. In the
paper we will use an interpretation that although it is possible to observe how
many hours an agent spends at his workplace, it is impossible to determine
if he works or consumes leisure there. This interpretation implies that in
checking incentive constraints we only need to consider the possibility that
agents underreport their skill level.

E¤ective labor is observable and is a factor of production. Production
in this economy is described by a function F (K;Y ); where K is the stock of
capital, and Y is the aggregate level of e¤ective labor Y =

P
� �(�)y(�):We

assume that F is continuous, increasing in K and Y and exhibits constant
returns to scale. The output can be divided into consumption of private and
public goods, and investment.

An allocation is a vector fct; yt; Gt;KtgTt=1 where ct : �t ! R+; yt :
�t ! R+; Kt; Gt 2 R+: Here, c(�t) is private consumption of an agent with
history �t; y(�t) is the amount of e¤ective units that such a person supplies,
and Gt and Kt are the level of public good and capital in period t: An
allocation is feasible if in every period t it satis�es the feasibility constraint
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given by X
�t

�(�t)c(�t) +Kt+1 +Gt � F (Kt;
X
�t

�(�t)y(�t)): (1)

We say that a history �j contains �i for j � i if the �rst i realizations of
�j are �i and we denote it �i 2 �j : We will also use a notation ct(�T ) which
is equivalent to c(�t) for �t 2 �T : The probability of history �t+1 conditional
of the realization of the history �t is denoted by �(�t+1j�t):

3 Observable consumption

We �rst consider an environment with dynamically evolving private infor-
mation where the consumption of each agent is publicly observable. This
makes our setup similar to those considered in a large literature on e¢ ciency
and dynamic optimal contracting with private information including Green
(1987), Atkeson and Lucas (1992), Phelan (1994), Golosov, Kocherlakota
and Tsyvinski (2003). We �rst de�ne an e¢ cient allocation and show that
in this environment private markets can provide optimal insurance. We
go on to analyze the nature of taxes when, in addition to insurance, the
government needs to �nance its purchases.

Under our notion of e¢ cient allocations, a social planner o¤ers each agent
a contract fc(�t); y(�t)gTt=1; where c(�t) and y(�t) are the functions of the
agent�s reported type. Each agent chooses a reporting strategy �; which is a
mapping � : �T ! �T :We denote the set of all such reporting strategies by
�. An agent who chooses to report �(�t) after history �t provides y(�(�t))
units of e¤ective labor and receives c(�(�t)) units of consumption from the
planner.

This setup has two interpretations. One interpretation is that the plan-
ner controls the consumption of an agent directly, and an agent consumes
goods that the planner allocates to him. Under the other interpretation, an
agent is able to enter observable contractual agreements with other agents
and trade various assets with them. The consumption allocations that the
social planner allocates can be conditioned on these trades. Since we im-
pose no restrictions on the allocations, the social planner can make any
additional contractual agreements unappealing to the agent such that he
consumes c(�(�t)) after each history �t:

The expected utility of the agent who is o¤ered a contract fct; ytgTt=1
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and chooses a strategy � is denoted by W (c; y)(�) and given by

W (c; y)(�) =

TX
t=1

�t
X
�t

�(�t)u(ct(�(�
t)); yt(�(�

t))=�t):

The strategy �� is truth-telling if an agent reveals his type truthfully
after any history: ��(�t) = �t for all t: The allocation is called incentive
compatible if the truth telling strategy yields a higher utility than any other
strategy

W (c; y)(��) �W (c; y)(�) for any � 2 �:

An allocation fct; yt;Kt; GtgTt=1 is e¢ cient if it solves the following plan-
ner�s problem

max
c;y;K;G

TX
t=1

X
�t

�(�t)�tfu(c(�t); y(�t)=�t) + ug(Gt)g

s.t
W (c; y)(��) �W (c; y)(�) for any � 2 �; (2)X

�t

�(�t)c(�t) +Kt+1 +Gt � F (Kt;
X
�t

�(�t)y(�t)) for all t:

The above program states that the planner maximizes the expected util-
ity of an agent subject to the incentive compatibility constraint and to the
feasibility constraint.

3.1 Competitive equilibrium

In this subsection, we de�ne a competitive equilibrium for the economy with
observable consumption described above when Gt = 0 for all t. Consider
an economy populated by ex-ante identical agents each of whom is endowed
with the same initial capital k1; so that the aggregate capital stock is K1:
There is a large number of �rms with the identical production technology
F (K;Y ): We assume throughout the paper that all activities at a �rm level
are observable. All �rms are owned equally by all agents. In the beginning
of period 1; before any realization of uncertainty, each �rm signs a contract
fct; ytgTt=1 with a large number of workers and purchases the initial capital
stock k1 from them. We interpret ct as the actual consumption of the agent.
Such a contract is feasible since consumption and all transactions of agents
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are observable. The price paid for the initial capital is included in the con-
tract2. The contracts are o¤ered competitively and workers sign a contract
with the �rm that promises the highest ex-ante expected utility. We denote
the equilibrium utility by U .

After the contract is signed the worker chooses a reporting strategy �,
supplies y(�(�t)) e¤ective labor and receives c(�(�t)) units of consumption
when his history is �t. The agents do not participate in any markets.

Each �rm makes new investments kt for t > 1; pays dividends dt to its
owners, and trade bonds with other �rms. The price of a bond bt in period
t that pays 1 unit of consumption good in period t+ 1 is qt: All �rms take
these prices as given. We consider equilibria where all �rms are identical,
and we study a problem of a representative �rm.

The maximization problem of the �rm that faces intertemporal prices qt
and the reservation utility U for workers is

max
c;k;d;y

d1 + q1d2 + :::+
T�1Y
i=1

qidT

s.t. X
�t

�(�t)c(�t) + kt+1 + dt + qtbt+1 � F (kt;
X
�t

�(�t)y(�t)) + bt;

W (c; y)(��) �W (c; y)(�) for any �; (3)

W (c; y)(��) � U:

In equilibrium, competition among �rms forces them to have zero pro�ts.
We now de�ne a competitive equilibrium.

De�nition 1 A competitive equilibrium is a set of allocations fct; yt; ktg;
prices qt, dividends dt; bond trades bt and utility U such that

(i) Firms choose fct; yt; dt; kt; btgTt=1 to solve �rm�s problem taking qt; U
as given;

(ii) Consumers choose the contract that o¤ers them the highest ex-ante
utility;

(iii) Firms make zero pro�ts;
(iv) The aggregate feasibility constraint (1) holds.

2Alternatively, we could assume that �rms rent capital from workers. Then the contract
would also specify the amount of savings of each agent. Our results are the same in this
case.
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It is easy to show that in equilibrium the prices are 1=qt = Fk(kt+1; Yt+1)
and dt = 0 for all t:

This construction closely follows Atkeson and Lucas (1992). One can
easily see that in equilibrium the representative �rm�s problem is dual to the
social planner�s problem and hence gives the same allocations. This result
allows us to prove that competitive equilibrium is e¢ cient in the absence of
public goods.

Theorem 1 Suppose in the e¢ cient allocations Gt = 0 for all t: Then the
competitive equilibrium is e¢ cient.

Proof. Suppose the competitive equilibrium is not e¢ cient. Consider an
optimal allocation fcspt ; y

sp
t ;K

sp
t gTt=1 with utility level U�. Such an allo-

cation is feasible for the �rm, satis�es incentive compatibility and delivers
workers a utility U� which is strictly higher than the equilibrium utility U:
This allocation also delivers zero pro�t for the �rm, as in the candidate com-
petitive equilibrium allocations. By standard arguments it is possible for the
�rm to o¤er another contract ~U; U� > ~U >U with strictly less resources.
It is possible to do so by reducing the consumption of the agent with the
lowest skill realization in the �rst period by ": This deviation preserves the
incentive compatibility, delivers the utility ~U and �rms have strictly positive
pro�ts ": We have a contradiction.

This theorem shows that ex-ante insurance can be provided privately in
competitive settings. There is no need for public intervention. This result
is in contrast with substantial literature3 that analyses how the government
can provide insurance optimally in these environments. Our analysis sug-
gests that the only result of such provision is crowding out of the private in-
surance. Suppose, for example, that the government introduces a lump sum
redistribution between agents T (�t) where in each period

P
�t �(�

t)T (�t) =
0: Such taxes leave the after tax allocations unchanged - �rms adjust their
contracts optimally so that the new payments to the workers fĉtgTt=1 re�ect
the taxes: ĉ(�t) = c(�t) + T (�t): The higher level of insurance provided by
the government is exactly o¤set by less insurance available through private
markets.

Since agents utility functions are strictly concave, e¢ cient allocations in-
volve redistribution of resources from agents with high productivity to agents
with low productivity. This redistribution introduces wedges, or inequali-
ties, between the marginal utilities of consumption and leisure, and between

3See, for example, Green (1987), Werning (2001), Golosov and Tsyvinski (2003), Al-
banesi and Sleet (2003), and Kocherlakota (2003b).
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the marginal utility of consumption and the marginal product of labor. Mir-
rlees (1971, 1976) used the result that, in the optimum, it is typically true
that uc(c; l) 6= ul(c; l)=w to provide a justi�cation for the government�s use
of distorting labor taxes to achieve e¢ cient allocations in the competitive
equilibrium settings.4 Golosov, Kocherlakota and Tsyvinski (2003) showed
that, in dynamic settings, there is also an intertemporal wedge since the
optimal allocations satisfy (assuming separable utility) for all t; �t

uc(c(�
t))

�E�tuc(c(�
t+1))

< Fk(Kt+1; Yt+1):

Golosov and Tsyvinski (2003), Albanesi and Sleet (2003), and Kocherlakota
(2003b) used this result to study optimal implementation via taxes. The
need for such taxes or wedges arises since one of the objectives of the plan-
ner is to provide insurance to the agents against idiosyncratic uncertainty.
The implicit assumption in these papers is that the government is the only
provider of such insurance available to the agents.

In the absence of governmental policy, �rms and agents can write con-
tracts that provide agents with insurance. The availability of such contracts
implies that the arrangement in which �rms pay the worker the marginal
product of his labor in each period may be suboptimal. Since the agents are
risk averse, they have incentives to enter into contracts with �rms before the
realization of uncertainty that provides them with some insurance against
low skill shocks. In our economy markets for insurance arise endogenously
to supplement or substitute for government insurance.

3.1.1 Provision of public goods

Consider next an economy with public goods. The competitive equilibrium
is no longer e¢ cient if there is a need to �nance government expenditures
such as positive consumption of a public good G: However, these public
expenditures can be �nanced in non-distorting ways. Suppose fGspt gTt=1 is
the optimal amount of public good. One can easily see that competitive
equilibrium with lump sum taxes Tt = G

sp
t is e¢ cient. Indeed suppose each

agent is required to pay some lump sum tax Tt: The incentive constraint in
the �rm�s problem (3) becomes

W (c� T; y)(��) �W (c� T; y)(�) for any �:
4See also Diamond (2003) for an application of these ideas to the analysis of the design

of the social security system.
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The �rm�s allocation of consumption fcf (�t)gTt=1 re�ects the lump sum
taxes that consumers pay. One can see that the allocation fcf (�t); yf (�t)gTt=1,
where cf (�t) = csp(�t) + T (�t); yf (�t) = ysp(�t) is feasible and allows to �-
nance the public good Gt: Thus the competitive equilibrium with the lump
sum taxes Tt is e¢ cient.

Proposition 1 In an economy with no trades among agents (observable
consumption) it is optimal to �nance a public good Gt with lump sum taxes
Tt = Gt in all t:

The presence of private information is often cited as an explanation why
non-distorting taxes are not feasible. In this economy they are not only
feasible but also optimal. The equilibrium insurance o¤ered by the �rms
takes into account the taxes that agents have to pay, and this insurance is
provided optimally.

This analysis suggests that optimal allocations can be achieved without
distorting government interventions. It abstracts from many possible sources
of ine¢ ciencies. For example, by allowing agents to sign insurance contracts
before any realization of uncertainty we abstract from issues arising because
of adverse selection. We also assume that the contracts are binding and nei-
ther the employer nor the agent can renege on them. However, the analysis
above suggests that the existence of private information about individual�s
skills per se does not justify distorting taxes by the government.

4 Unobservable trades

In the previous section we have shown that competitive equilibria are e¢ -
cient if all trades are observable. In such an environment each �rm has the
power to be the sole insurer for any agent and can preclude agents from
trading with other �rms and agents. This power to preclude requires that
the �rm possesses full information about agents�consumption and assets.
In this section we relax the assumption of full observability of trades. We
still maintain the assumption that an agent�s e¤ective labor y is publicly ob-
servable. The agent can, however, trade assets and consume unobservably.
We assume that T is �nite and describe the extension to the in�nite period
economy later.

4.1 Retrading market

Consider an environment where all agents have access to a market in which
they can trade assets unobservably. We call this market a retrading market.
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In this market agents trade a security called a risk free bond. A purchases of
this security entitles the holder to one unit of consumption in the following
period. In the appendix we show that in a large class of environments it is
the only security traded in equilibrium.

All trades at period t occur at pricesQt: The prices are such that the mar-
ket for bonds clears each period. We assume that all trades are enforceable
so that agents cannot default on their liabilities. This assumption precludes
agents from borrowing more than they can ever repay in the future.

A social planner o¤ers a contact fc(�t); y(�t)gTt=1 to all agents, where yt
is the amount of e¤ective labor that the agent has to provide, and ct is the
endowment of consumption goods that agent receives. Unlike the environ-
ment described in the previous section, the amount of consumption goods
allocated by the planner is not necessarily equal to the actual consumption
of an agent, since the planner has no possibility to preclude an agent from
borrowing and lending on the retrading market.

An agent takes the contract o¤ered by the planner and the equilibrium
prices fQtgTt=1 as given and chooses his optimal reporting strategy � together
with holdings (possibly negative) of a risk free security st : �t ! R+: Total
resources available to the agent are the endowment of consumption good
c(�(�t)) he receives from the planner and his asset holding from the previous
period. The actual consumption after retrading is xt : �t ! R+:

The agent maximizes his ex-ante utility:
Agent�s Problem

max
�;x;s

TX
t=1

�t�1
X
�t

�(�t)u(x(�(�t)); y(�(�t))=�t)

s.t. for all �t; t

x(�(�t)) +Qts(�(�
t)) = c(�(�t)) + s(�(�t�1));

s(�0) = 0;

where s(�0) are the initial asset holdings of the agent before realizations of
the shocks.

We denote the value of this problem at the optimum by V (fc; yg; fQg):
Sometimes we will need to compute a value for an arbitrary reporting
strategy � and we denote ex ante utility from following this strategy by
V (fc; yg; fQg)(�):

Equilibrium in the retrading market requires that in each period the
total endowment of consumption goods should be equal to the total after
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trade consumption:X
�t

�(�t)x(�(�t)) =
X
�t

�(�t)c(�(�t)): (4)

We can de�ne equilibrium in the retrading market.

De�nition 2 An equilibrium in the retrading market given the contract
fc(�t); y(�t)gTt=1 consists of prices Q; strategies � and allocations fx(�t); s(�t)gTt=1
such that

(i) Consumers solve Agent�s Problem taking fc(�t); y(�t); QtgTt=1 as given;
(ii) Feasibility constraint on the retrading market (4) is satis�ed.

We assume that for any contract fct; ytgTt=1 that the social planner o¤ers
there exists a unique equilibrium. The ex-ante utility of an agent in the
equilibrium in the retrading market is denoted V̂ (fc; yg):

4.2 E¢ ciency with unobservable trades

The social planner chooses the allocations fct; yt;Kt; GtgTt=1 that maximize
the ex ante utility of agents. Using the revelation principle it is easy to
show that the social planner o¤ers a contract fct; ytgTt=1 so that all agents
choose to report their type truthfully to the planner and do not trade on
the retrading market.5

De�nition 3 An e¢ cient allocation fcspt ; y
sp
t ; G

sp
t ;K

sp
t gTt=1 is the solution

to the following Social Planner problem

max
c;y;G;K

TX
t=1

X
�t

�(�t)�tfu(c(�t); y(�t)=�t) + ug(Gt)g

s.t. for all t; �tX
�t

�(�t)c(�t) +Kt+1 +Gt � F (Kt;
X
�t

�(�t)y(�t));

TX
t=1

X
�t

�(�t)�tu(c(�t); y(�t)=�t) � V̂ (fc; yg): (5)

5 The retrading market here is a constraint on the social planner�s problem. The idea is
similar to that in Hammond (1987) who studied a static environment with multiple goods
and side markets where agents can trade unobservably. He showed that for any incentive
compatible allocation, side markets must be in a Walrasian equilibrium. Guesnerie (1998)
used that set up to study optimal taxation.
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The market for hidden trades imposes a stricter constraint (5) than the
incentive constraint with observable asset trades (2). We show this by �rst
showing that any allocation that satis�es (5) also satis�es (2). Consider
an allocation fc(�t); y(�t)gTt=1 that satis�es (5). Suppose there exists some
reporting strategy � for which the incentive constraint (2) is violated. Con-
sider the same strategy � on the market with hidden trades. The allocation
fc(�(�t)); y(�(�t))gTt=1 is feasible for the agent, and he can further improve
upon it by trading bonds. Therefore the strategy � also violates the con-
straint imposed by the market for hidden trades (5).

The reverse relationship does not hold in general - it is typically not true
that an allocation that satis�es (2) also satis�es (5). First, it is known that
agents�marginal rates of substitution (MRS) de�ned by

uc(c(�
t); y(�t)=�t)

�
P
�t+1 �(�

t+1j�t)uc(c(�t+1); y(�t+1)=�t+1)

di¤er for di¤erent histories �t under e¢ cient allocations with observable
trades6. On the opposite, in the environment with hidden trades agents�
MRS are necessarily equated. For any reporting strategy � the allocations
fx(�(�t)); s(�(�t))gTt=1 that an agent chooses on the retrading market must
satisfy the following conditions for all �t

x(�(�t)) +Qts(�(�
t)) = c(�(�t)) + s(�(�t�1)); (6)

Qtu
0(x(�(�t))) = �

X
�t+1

�(�t+1j�t)u0(x(�(�t+1)); (7)

s(�T ) = 0: (8)

Condition (7) implies that agents equalize their MRS in each period for all
histories �t:

Another di¤erence between the two environments is a possibility for
agents to use a double deviation - agents choose not only a deviating re-
porting strategy but also hidden asset trades that maximize the utility of
the deviation. The possibility of such deviations implies that even if agents�
MRS were equalized for an allocation that satis�es (2), such an allocation
would not necessarily satisfy (5).

To illustrate this point we rewrite social planner�s problem.

6See for example Golosov, Kocherlakota and Tsyvinski (2003).

14



Lemma 1 An e¢ cient allocation fcspt ; y
sp
t ; G

sp
t ;K

sp
t gTt=1 together with the

corresponding equilibrium prices on the retrading market fQtgTt=1 is a solu-
tion to the problem

max
c;y;G;K;Q

TX
t=1

X
�t

�(�t)�tfu(c(�t); y(�t)=�t) + ug(Gt)g

s.t. for all t; �tX
�t

�(�t)c(�t) +Kt+1 +Gt � F (Kt;
X
�t

�(�t)y(�t));

TX
t=1

X
�t

�(�t)�tu(c(�t); y(�t)=�t) � V (fc; yg; fQg)(�) for any �; (9)

Qtuc(c(�
t); y(�t)=�t) = �

X
�(�t+1j�t)uc(c(�t+1); y(�t+1)=�t+1): (10)

Proof. We show that any allocation satisfying (5) also satis�es (9) and (10),
and vice versa.

Suppose fct; ytgTt=1 satis�es (5) and the equilibrium prices on the retrad-
ing market are fQtgTt=1: Then the Euler equation (10) is satis�ed otherwise
the truth telling agent can improve his utility along some history and (5)
would not hold. Similarly (9) is also satis�ed. Otherwise, if it did not hold
for some strategy �0 6= ��; this strategy would also be optimal on the retrad-
ing market and the original allocation would not be incentive compatible.

Suppose fct; yt; QtgTt=1 satis�es (9) and (10). We need to show that
on the retrading market in equilibrium agents choose to reveal their types
truthfully, do not trade and consume their consumption allocations c(��)
and the equilibrium interest rates are equal to Q: An agent who faces prices
Q chooses the truthful revelation because of (9). The Euler equation (10)
guarantees that the agent optimally chooses to buy no bonds along this truth
telling path. That implies that the feasibility condition on the retrading
market (4) is satis�ed and Q are indeed the equilibrium prices.

In this problem the social planner chooses the prices Q on the retrading
market directly. Although the planner has no control over transactions on
that market, he has enough power to determine these prices. By the revela-
tion principle, a social planner chooses allocations such that each agent re-
veals his type truthfully and never re-trades from the allocations he receives.
The truth telling agent does not retrade if his marginal rate of substitution
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for consumption between the periods t and t+1 is exactly equal to the inter-
est rate. In other words, these intertemporal rates of substitution determine
the prices of risk free bonds. The incentive constraint should ensure that a
deviating agent cannot achieve a higher utility by retrading at those prices.

The possibility of trading assets and using double deviations implies that
constraint (9) is stricter than the incentive constraint (2). For any strategy
� the allocation fc(�(�t)); y(�(�t))gTt=1 is feasible, but the agent can further
improve upon it using hidden trades.

Although the economy with unobservable retrading typically has lower
welfare than the economy with observable trades, we can identify one situ-
ation in which the allocations and welfare in both economies are the same.
It is the economy analyzed extensively in Werning (2001) where all the un-
certainty about skill shocks is realized after the �rst period.

Proposition 2 Suppose that all uncertainty is realized after the �rst period,
so that in each period t for each history �t there exists some history �t+1 such
that �(�t+1j�t) = 1. Suppose that the utility function is separable between
consumption and leisure. Then the e¢ cient allocations in the economy with
and without observable trades are the same.

Proof. Let � be the skill shock in the �rst period. Since all uncertainty
is realized after the �rst period, it determines the future path of skills. It
is a well known result from Werning (2001) and Golosov, Kocherlakota and
Tsyvinski (2003) that when trades are observable, the optimal allocations
satisfy for all �; t

u0(ct(�)) = Fk(Kt+1; Yt+1)�u
0(ct+1(�)):

We show now that these allocations are also feasible in the economy
with unobservable retrading. Suppose prices on the retrading market are
Qt = 1=Fk(Kt+1; Yt+1): Consider an agent who sends an arbitrary report
�(�) about his �rst period skill: Since all uncertainty is realized after the
�rst period, in all the following periods the agent receives the allocations
fct(�(�)); yt(�(�))gTt=1 that depend only in his report in the �rst period.
Since allocations received from planner satisfy the Euler equation, it is opti-
mal for the agent to consume these allocations without any additional trades:
xt(�(�)) = ct(�(�)) for all t: Hence e¢ cient allocations in the economy with
observable trades are still incentive compatible if there are hidden retrad-
ing markets. It remains to verify that the constructed Qt�s are indeed the
equilibrium prices. Since with such prices for all t; � the following equality
holds

xt(�) = ct(�);
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the feasibility constraint (4) is satis�ed.
When all uncertainty is realized in the �rst period, there is no longer

any gain from double deviations. Any asset trading occurs after agents have
revealed their type to the planner. The possibility of hidden trade does not
improve the value of any deviation and the incentive constraints in the two
economies become identical.

Our economy di¤ers from standard problems with unobservable sav-
ings such as Diamond and Mirrlees (1995), Werning (2002), Doepke and
Townsend (2003), and Abraham and Pavoni (2003) where the rate of return
on hidden trades is assumed to be exogenous. In our environment the social
planner can choose the rate of return by choosing allocations fct; ytgTt=1: This
additional instrument is important for the planner because it allows to a¤ect
the return from double deviations. We show below that since competitive
environments typically lack this instrument, competitive equilibria are not
e¢ cient. This result is di¤erent from the environments with the exogenous
rate of return in which competitive equilibria are e¢ cient.

4.3 Competitive equilibrium

In this subsection, we consider a decentralized version of this private infor-
mation economy with unobservable trades. As in the section on the economy
with observable trades, we assume that before any uncertainty is realized
an agent signs a long term contract with a �rm which is binding for both
parties. The environment is identical to the one described in Section 3, but
now �rms need to take into account that agents are able to retrade their
allocations on the retrading market.

The retrading market is identical to the one in the social planner�s prob-
lem. Every agent who has a contract fct; ytgTt=1 with a �rm chooses his
reporting strategy and asset trades optimally taking prices Qt for the risk
free bond on the retrading market as given. Prices Qt are the equilibrium
prices on the retrading market. For the retrading market to be identical to
that in the social planner�s problem, we do not allow agents to trade with
other �rms directly. However, we will show below that allowing such trades
does not a¤ect competitive equilibria.

The contracts o¤ered by �rms take into account the possibility that
agents may retrade. Firms may choose to provide such allocations that
agents retrade from them along the truth telling path. The incentive con-
straint for the �rm has the form V (fc; yg; fQg)(��) � V (fc; yg; fQg)(�) for
any � 2 �:

The problem of the representative �rm is similar to the problem de-
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scribed in Section 3.1. Each �rm is a price taker, it chooses a contract
o¤ered to workers fct; ytgTt=1; investments kt, dividends dt and bond trades
bt to maximize pro�ts.

Firm�s Problem 1

max
c;k;d;y

d1 + q1d2 + :::+

TY
i=1

qidT

s.t. for all tX
�t

�(�t)c(�t) + kt+1 + dt + qtbt+1 � F (kt;
X
�t

�(�t)y(�t)) + bt;

V (fc; yg; fQg)(��) � V (fc; yg; fQg)(�) for any �; (11)

V (fc; yg; fQg)(��) � U:

The �rst constraint in the �rm�s problem is feasibility. The second is
the incentive compatibility. The last constraint says that the �rm cannot
o¤er a contract which delivers a lower expected utility than the equilibrium
utility U from contracts o¤ered by other �rms: In equilibrium all �rms act
identically and make zero pro�ts.

The �rm�s problem in this economy is very similar to the �rm�s problem
in the economy with observable trades. The only di¤erence comes from
the fact that the incentive constraint (11) now has to take into account side
trades that are not observable. The de�nition of the competitive equilibrium
is parallel to that in the economy with observable trades.

De�nition 4 A competitive equilibrium is a set of allocations fct; yt; ktg;
prices qt, dividends dt; bond trades bt, utility U and prices Qt such that

(i) Firms choose fct; yt; dt; ktgTt=1 to solve Firm�s problem taking qt; U
as given;

(ii) Consumers choose the contract that o¤ers them the highest ex-ante
utility;

(iii) For any fct; yt; QtgTt=1 agents choose their reporting strategy and
asset trades optimally as described in Agent�s Problem;

(iv) Firms make zero pro�ts;
(v) The aggregate feasibility constraint (1) holds;
(vi) The retrading market for the contract fct; ytgTt=1 is in equilibrium

and Qt are the equilibrium prices.
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It is easy to see that the interest rates in the economy must be equal to
the marginal product of capital, so that 1=qt�1 = Fk(Kt; Yt) for all t. The
prices that �rms and agents face are also equalized, qt = Qt for all t: Suppose
it were not true, so that for example 1=Q1 < Fk(K2; Y2): It is optimal for all
�rms to postpone any payments of the �rst period wages until the second
period. Workers are able to borrow at the interest rates Q1 and repay from
the wages they make in the second. But since all the �rms are identical,
they all choose to pay no wages in the �rst period, and then Q1 can not be
the equilibrium interest rate. In other words, if qt 6= Qt �rms can use agent�s
ability to borrow and lend at rate Qt to create arbitrage opportunities. We
can summarize this result in the following proposition.

Proposition 3 In the competitive equilibrium 1=Qt = Fk(Kt+1; Yt+1) for
all t:

This result suggests that competitive equilibria typically are not e¢ -
cient when asset trades are unobservable. From the maximization problem
described in lemma 1, the social planner has the power to choose the inter-
est rates on the retrading market 1=Q and usually these interest rates are
di¤erent from Fk(K;Y ): It is di¢ cult to characterize the e¢ cient allocations
in this general set up, and we will consider them for two special cases in the
next sections.

Although the competitive equilibrium is not e¢ cient it is generally not
true that no insurance is provided by �rms. In the numerical section below
we show that this privately provided insurance can be very signi�cant. This
�nding stands in contrast with the environments where agent�s endowment
is not observable such as environments studied in Allen (1985) and Cole
and Kocherlakota (2001). There, no insurance is possible when agents can
borrow and lend at the rate equal to Fk: When agent�s e¤ective labor y
is observed, insurance can be provided despite the possibilities of hidden
trades.

4.4 E¢ cient allocations with iid shocks and separable utility

To simplify the analysis we assume that the utility function is separable
between consumption and leisure.

Assumption. u(c; l) = u(c) + v(l).
In addition we assume that the skill shocks follow an iid process.
Assumption. �(�t) = �(�t) = �(�) for � = �t for all �t:
We showed that any equilibrium allocation in the retrading market sat-

is�es conditions (6), (7) and (8). When � is iid, the Euler equation (10)
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becomes
Qtu

0(c(�(�t))) = �
X
�

�(�)u0(c(�(�t); �)); (12)

where c(�(�t); �) denotes the allocation to the agent who sent report �(�t)
in period t and revealed his realization of the shock in period t+1 truthfully.

We also assume that consumption allocations are monotonic so that
agents who report higher types receive weakly higher consumption. This
assumption appears to be very weak and it holds in all the numerical exper-
iments we conducted.

Assumption (monotonicity). For any �t; and any �0; �00 such that �00 > �0

it is optimal for the planner to choose consumption allocations such that
c(�t; �00) � c(�t; �0):

We prove that in the e¢ cient allocations the interest rates on the re-
trading market are lower than Fk; which formally stated in the following
proposition.

Proposition 4 In the e¢ cient allocations Fk(kt; Yt) > 1=Qt�1 for at least
one t.

To prove this result we �rst present a sequence of lemmas. We show
that any deviating strategy � 6= �� involves positive saving after some his-
tory, and never borrowing. This result implies that the planner would want
to decrease the return on deviations by lowering the interest rates on the
retrading market.

Consider the optimal asset trades and consumption on the retrading
market fx(�(�t)); s(�(�t))gTt=1 for a given strategy �: They must satisfy (6),
(7) and (8).

Lemma 2 For any strategy � consider the allocation fxt; stgTt=1 that satis-
�es (6), (7) and (8). This allocation must satisfyP

� �(�)u
0(x(�(�t; �)))

u0(x(�(�t)))
�
P
� �(�)u

0(c(�(�t; �)))

u0(c(�(�t)))
(13)

for all �t:

Proof. By the monotonicity assumption and the assumption that the only
possible deviations are those in which an agent reports a lower type, it must
be true that c(�(�t); �) � c(�(�t; �)) for all �t; �; �: Here we use a notation
�(�t; �) to denote a report of the agent after history (�t; �) who uses strategy
�:
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Equation (12) implies then that for any �t

Qtu
0(c(�(�t))) � �

X
�

�(�)u0(c(�(�t; �))):

Combining this inequality with (7) we obtain the lemma.
The intuition for this result is simple. The marginal rate of substitution

of a truth telling agent is equal to the price of a risk free bond. When an
agent reports a lower type, he gets lower consumption allocations. When
shocks are iid that implies that consuming these allocations without any
additional asset trading increases agent�s MRS above the bond price Q;
since fewer resources are available in the next period. However it is optimal
for the agent to retrade his consumption allocations to equalize his MRS
with bond prices. This implies inequality (13).

Since future deviations imply fewer resources, it is optimal for the agent
to save in the anticipation of those deviations, and borrowing is always
suboptimal. The following lemmas formalize this intuition.

Lemma 3 For any strategy � consider the allocation fxt; stgTt=1 that satis-
�es (6), (7) and (8). Suppose s(�(�t)) < 0 for some �t: Then x(�(�t)) <
c(�(�t)) and s(�(�t�1)) < 0 for �t�1 2 �t:

Proof. Suppose that x(�(�t)) � c(�(�t)): This implies thatP
� �(�)u

0(x(�(�t; �)))

u0(c(�(�t)))
�
P
� �(�)u

0(x(�(�t; �)))

u0(x(�(�t)))
:

Combining this with (13) we obtainX
�

�(�)u0(x(�(�t; �))) �
X
�

�(�)u0(c(�(�t; �))):

This inequality implies that there must be at least one � such that
x(�(�t; �)) � c(�(�t; �)): Then from (6) it follows that s(�(�t; �)) < 0: Us-
ing the previous argument since x(�(�t; �)) � c(�(�t; �)) it must be true
that there exists some node �0 such that x(�(�t; �; �0)) � c(�(�t; �; �0)) and
s(�(�t; �; �0)) < 0: Continuing this induction there exists a node �T such
that x(�(�T )) � c(�(�T )) and s(�(�T )) < 0: But this is impossible since in
the last period it must be true that s(�(�T )) = 0 for all �T : A contradiction.

Negative assets in the previous period s(�(�t�1)) < 0 for �t�1 2 �t

follow from the budget constraint (6) and x(�(�t))� c(�(�t)) < 0:
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It is easiest to understand the intuition for this result in the case when
consumption allocations that an agent receives along his deviation strategy
� satisfy the Euler equation, i.e. (13) holds with equality, since inequality
further strengthen this intuition. Agent�s actual consumption x also satis�es
the Euler equation. This implies that an agent chooses to have a higher
consumption x(�t) than his endowment c(�t) only if his consumption is also
higher in the future. This is possible only if an agent starts with a positive
amount of assets and saves some resources for the next period.

The previous results imply that it is optimal for an agent to borrow
only if he borrowed in the previous period. But then borrowing can never
be optimal since each agent has a zero initial asset position. The next
proposition formalizes this intuition.

Proposition 5 Consider any strategy � together with trades and after-trade
consumption on the retrading market fxt; stgTt=1: If s(�(�t)) < 0 then there
exists another pair fx̂t; ŝtgTt=1 that is feasible and gives a higher utility.

Proof. Consider any reporting strategy �: The optimal consumption/saving
pair fxt; stgTt=1 should satisfy (6), (7) and (8). The previous lemma showed
that if s(�(�t)) < 0 for some �t than s(�(�t�1)) < 0. Continuing this
backward induction we obtain that it must be true that s(�0) < 0 which
violates the initial condition s(�0) = 0: Therefore there is no node in which
it is optimal to borrow.

In the solution to the social planner�s problem in lemma 1, the incentive
constraint (9) binds for some strategies �: The next proposition shows that
such strategies imply savings in some states and never borrowing.

Proposition 6 The only binding incentive constraints in the Social planner
problem are those where s(�(�t)) > 0 for some �t:

Proof. Consider any deviating strategy � together with consumption/saving
pair fxt; stgTt=1 that binds in the social planners problem. We established
before that for such allocations it must be true that s(�(�t)) � 0 for all
�t: We will show that the inequality is strict for some �t: The allocations
along the truth telling strategy �� are such that the optimal saving behav-
ior is s(��(�t)) = 0 for all �t: For any other strategy there exists some �̂

t
so

that c(�(�̂
t
)) 6= c(��(�̂t)): But then (6) and (7) can not hold simultaneously

with zero savings in each node, therefore there must be some �t such that
s(�(�t)) > 0:

The previous propositions showed that if an agent decides to deviate, he
always optimally chooses to have positive savings. A decrease in the interest
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rates reduces returns on savings and lowers the utility from deviations. The
next proposition shows that the social planner chooses interest rates to be
lower than the return on capital.

Proposition 7 Let T be �nite. In the optimum Fk(kt; Yt) > 1=Qt�1 for at
least one t.

Proof. Suppose Fk(kt; Yt) � 1=Qt�1 for all t: Consider the following per-
turbation. Choose prices Q̂t > Qt for all t close to the original prices Qt
and consumption allocations su¢ ciently close to the original allocations
ĉ(�t) = c(�t) + "(�t) such that new bond prices are consistent with the
perturbed allocations for all �t:

Q̂tuc(ĉ(�
t)) = �

X
�t+1

�(�t+1j�t)uc(ĉ(�t+1)); (14)

and the present value of consumption for any history �T remains the same
under Qt :

ĉ1(�
T ) +Q1ĉ2(�

T ) + :::+
YT

i=1
QiĉT (�

T ) (15)

= c1(�
T ) +Q1c2(�

T ) + :::+
YT

i=1
QicT (�

T ):

where ct(�T ) denotes consumption in period t of the person who had a
history �t 2 �T : In the appendix we show that such a perturbation is feasible
if Fk(kt; Yt) � 1=Qt�1 for all t. Substituting expression for ĉ(�t) in (15) we
get that for all �T

"1(�
T ) +Q1"2(�

T ) + :::+
YT

i=1
Qi"T (�

T ) = 0. (16)

The expected utility of consumption under the new allocations is

TX
t=1

�t�1
X
�t

�(�t)u(ĉ(�t))

=
TX
t=1

�t�1
X
�t

�(�t)u(c(�t)) +
TX
t=1

�t�1
X
�t

�(�t)u0(c(�t))"(�t):
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Applying (10) to the last term we get

TX
t=1

�t�1
X
�t

�(�t)u0(c(�t))"(�t)

= �T�1
X
�T

f�(�T )("T (�T ) +Q�1T "T�1(�
T ) + :::+

TY
i=1

Q�1i "1(�
T ))g

= 0;

where the last equality follows from (16). From this we can see that the
utility from consumption under the perturbed allocation is the same as under
the original allocation.

We want to show that the perturbed allocations relax the incentive con-
straint for the planner. Then there exists a way for the planner to further
improve upon them.

First, suppose that truth telling is an equilibrium. From (14) the price
of a risk free bond in such equilibrium is Q̂ and no agent wants to retrade
from the allocations fĉtgTt=1:

We can show that no agent chooses to deviate from the new allocations.
Suppose there exists such a deviation � and the associated asset holdings
s(�): According to proposition 6, s(�(�t)) � 0 for all �t with a strict in-
equality for at least one history.

Because of (15) under original allocations fctgTt=1 any agent could also
choose allocations fĉtgTt=1: Moreover, that agent would be able to carry out
the same deviation �. Since under the original allocations the interest rates
were higher, Q�1t > Q̂�1t for all t; the return on savings would be strictly
higher. Therefore utility from the deviation � would be strictly higher un-
der the original allocation fctgTt=1 than under the new perturbed allocation
fĉtgTt=1: Since the original allocation was incentive compatible, this devia-
tion gives no higher utility than

PT
t=1 �

t�1P
�t �(�

t)u(c(�t)): Therefore the
utility from any deviation under the perturbed allocation will be strictly less
than

PT
t=1 �

t�1P
�t �(�

t)u(ĉ(�t)) and the incentive constraint is relaxed.
Although the proof is lengthy, its intuition is quite straightforward. If

Fk(kt; Yt) � 1=Qt�1 in all periods it is possible to transfer resources from
the last periods back to the �rst periods in such a way that it gives the
same utility to the agent who chooses the truthful reporting strategy. Such
a transfer lowers the interest rates in the economy since transfers become
more frontloaded. Lower interest rates decrease the return on savings that
agents do when they deviate, and this relaxes the incentive constraints.
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In the competitive equilibrium it is true that the interest rates on the
retrading market and the marginal product of capital are equated. This
implies that the competitive equilibrium is not e¢ cient.

Theorem 2 The competitive equilibrium is not e¢ cient.

Proof. Follows from propositions 3 and 7
Intuitively, the competitive equilibrium is not e¢ cient because a con-

tract o¤ered by one company to its workers a¤ects the return on trades and
thus incentives to reveal information truthfully for agents insured by other
companies. Individual �rms can not internalize this e¤ect. Competition
between di¤erent insurers implies that interest rates at which agents trade
are equated with the marginal rates of transformation. The planner is able
to choose the interest rates optimally. Thus, privately provided insurance
does not lead to e¢ cient allocations in this setting7. In the next section we
will explore how distortionary taxes can introduce the wedge between the
equilibrium interest rates on the retrading market and the marginal product
of capital.

4.4.1 Tax policy with iid shocks

We showed in the previous section that e¢ ciency requires that the interest
rates on the retrading market are lower than the marginal product of capi-
tal. In the competitive equilibrium without government interventions they
are equated and the equilibrium allocations are not e¢ cient. Government
interventions in a form of distortionary taxes on capital can reintroduce this
wedge in competitive equilibrium. In this section we show that such policy
improves welfare.

We proceed as follows. First, we re-write the �rm�s problem in its dual
form. The dual form is convenient to use since it maximizes total utility
of agents similar to the social planner�s problem. Second, we show that
positive linear taxes on capital income improve the welfare when agent�s
optimal deviations involve oversaving.

Consider a dual version of the Firm�s problem. Since all the �rms are
making zero pro�t in equilibrium, their problem can be rewritten in the
following form.

7See Greenwald and Stiglitz (1986) for a discussion how economies with private infor-
mation are similar to the economies with externalities. Arnott and Stigliz (1990) discuss
how unobservable insurance purchases create externality-like e¤ect in static moral hazard
models.
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Firm�s Problem 2

max
c;y;k

TX
t=1

X
�t

�(�t)�tu(c(�t); y(�t)=�t)

s.t. for all t

TX
t=1

X
�t

�(�t)�tu(c(�t); y(�t)=�t) � V (fc; yg; fQg)(�) for any �;

X
�t

�(�t)c(�t) + kt+1 � F (kt;
X
�t

�(�t)y(�t)):

Claim 1 In a competitive equilibrium, the solution to Firm�s Problem 1
coincides with the solution to Firm�s Problem 2.

Proof. First we will show that w.l.o.g. we can use utility of the consumerPT
t=1

P
�t �(�

t)�tu(c(�t); y(�t)=�t) instead of the indirect utility function
V (fc; yg; R)(��): Consider any solution to Firm�s Problem 1 fct; ytgTt=1 and
the resulting equilibrium allocations of consumption fxtgTt=1: For each his-
tory �T the present value of �rms�payment and agent�s consumption must
be the same

x1(�
T ) +Q1x2(�

T ) + :::+
YT

i=1
QixT (�

T )

= c1(�
T ) +Q1c2(�

T ) + :::+
YT

i=1
QicT (�

T ):

>From proposition 3 1=Qt�1 = Fk(t) for all t, which implies that the
cost of providing fxtgTt=1 directly to agents must be exactly the same as
the cost of providing fctgTt=1: Therefore w.l.o.g. we can assume that �rms
provide each agent with x directly so that the truth telling agent does not
retrade.

Finally, since in equilibrium �rm�s pro�ts are zero, dt = 0 for all t and
�rm�s problem 1 can be re-written in its dual form as in problem 2.

This result allows to directly compare the Firm�s problem and the So-
cial planner�s problem. These two problems are very similar. The planner
however has an additional choice variable - prices on the retrading market
Q. The social planner choosing e¢ cient allocations takes into account how
these allocations a¤ect the interest rates in the economy. The competition
among �rms makes the interest rates on the retrading market equal to the
marginal rate of transformation.
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Unlike the economy with observable asset trades, distorting taxes are
welfare improving in this environment. Consider a simple linear tax � im-
posed on capital income Rk; where R � Fk(K;Y ). The revenues from this
tax are distributed equally among all agents. As argued in proposition 1
such a lump sum distribution has the same e¤ect as returning lump sum
rebates directly to �rms. In the following proposition we show that such a
tax system is welfare improving.

Proposition 8 There is a positive tax � on capital income together with the
lump sum rebate T that improves the welfare in the competitive equilibrium.

Proof. >From proposition 6 the only binding incentive constraints in the
�rm�s problem must be those constraints that involve savings only. Let t be a
time period for which there exists a binding strategy � and a history �t such
that s(�(�t)) > 0:We know that for all other �̂; �̂

t
savings are non-negative:

s(�̂(�̂
t
)) � 0:

Consider a linear tax � on the return on capital Rk in period t+1: The
tax revenues are rebated in the lump sum amount T to the �rms. Let k(� ; T )
denote �rm�s investment in period t as a function of (� ; T ): The feasibility
constraint for the government is �Rk(� ; T ) = T: Using the implicit function
theorem we obtain

T 0(�) =
Rk(� ; T )� �Rk� (� ; T )

1� �RkT (� ; T )
:

LetW (� ; T ) be the value of the objection function in the Firm�s problem
2 when the �rm faces taxes T and � : It coincides with the ex-ante utility of
agents and represents welfare in the economy. Consider the derivative dW
of this function at zero capital taxes

dW (� ; T (�))j0 =W� (0; 0) +WT (0; 0)T
0(0) =W� +WTRk:

All the variables on the right hand side are evaluated at zero taxes.
Let 
ic be the Lagrangian multiplier on the incentive constraint, and 
t

be the multiplier on the feasibility constraint in period t in Firm�s Problem
2. From the envelope theorem

WT = 
t+1;

W� = �
t+1Rk � 
icVQ
@Qt
@�

:
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In equilibrium 1=Qt = �Rt+1; therefore @Qt=@� = �Rt+1=�2 < 0: By
proposition 6 any deviation involves savings and higher interest rates in-
crease return on savings, therefore VQ < 0: Combining these e¤ects we see
that capital taxes are welfare improving:

dW (� ; T (�))j0 = �
icVQ
@Qt
@�

> 0:

Similarly to the economy with observable trades, lump sum taxes have
no e¤ect on the insurance agents receive. Taxes on capital income have two
e¤ects. On the one hand, they distort investment decisions of �rms and
create a deadweight loss. On the other hand, they also lower the return
on savings in the retrading market. This improves the incentives of agents
to reveal their private information truthfully and �rms are able to provide
better insurance �private markets change endogenously in response to gov-
ernment policy. At least for small capital taxes the second e¤ect dominates
the �rst one, and welfare improves.

The capital taxes alone are not su¢ cient to achieve the e¢ cient outcome
in the competitive settings. To see this, suppose taxes were set in such a
way that the after-tax return on capital were equal to the interest rates
on the retrading market under the e¢ cient allocations, 1=Qsp. Then the
�rm would have the same incentive constraint (11) as the social planner.
The feasibility constraint would be di¤erent however. While the planner�s
decisions are undistorted, �rms�savings are a¤ected by distorting taxes. In
general the government has to impose additional non-linear taxes on labor
income to achieve the e¢ cient allocations.

4.5 Extension to the in�nite period economy

In this section we outline the extension of our results to the in�nite period
economy that is similar to Aiyagari (1994, 1995).

The problem of the agent who is o¤ered a menu fct; ytg1t=1 is similar to
the one in the �nite case. However, we need to impose an additional upper
bound B on the asset holdings to prevent Ponzi schemes. This bound is
arbitrarily large but �nite. In the economy with any �nite number of agents
such a bound can be enforced since agents observe their individual asset
trades with any other agent. The su¢ cient condition in such an economy
to rule out a Ponzi scheme is that each agent bounds the amount of asset
trades he does with any other agent. This condition is more di¢ cult to
ensure when there is a continuum of agents, since each agent has a measure
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zero. However, we will assume that there exists mechanisms that rule out
Ponzi type asset holdings.

Agent�s problem in the in�nite period economy

max
�;x;s

1X
t=1

�t�1
X
�

�(�t)u(x(�(�t)); y(�(�t))=�t)

s.t. for all �t; t

x(�(�t)) +Qts(�(�
t)) = c(�(�t)) + s(�(�t�1));

s(�(�t)) � �B;

s(�0) = 0:

As before, the prices Qt are such that asset markets clear in each period.
The de�nition of the e¢ cient allocations and equilibrium in the retrading
market remains unchanged.

It is generally not known when e¢ cient allocations converge to a sta-
tionary distribution in a limit. Green (1987), Thomas and Worrall (1990),
Atkeson and Lucas (1992) showed that in the economies with no asset trades
there is typically no stationary distribution - expected utility for each agent
converges to zero with probability one. The economy converges to a steady
state if an additional lower bound on promised utility is imposed on the
planner�s problem as in Atkeson and Lucas (1995). There are no similar
results for the economies with asset trades in this context. However, we can
show that if a stationary distribution exists in which the aggregate interest
rates Qt, aggregate capital Kt and e¤ective labor Yt converge to constant
values, the interest rates are lower than the marginal rate of transformation
Fk(K;Y ):

8 The proofs of the next two lemmas follow closely Aiyagari (1995)
and Ljungqvist and Sargent (2000).

Lemma 4 In a stationary equilibrium Fk(K;Y ) = �
�1:

Proof. The FOCs forGt andKt imply that ug0(Gt) = �Fk(Kt+1; Yt+1)ug0(Gt+1):
Since in a stationary equilibrium Gt; Kt; Yt are all constant, we immediately
get that Fk(K;Y ) = ��1

Lemma 5 In a stationary equilibrium Q > � if var(c(�)) > 0:

8Similar assumption are made in the steady state analysis in Ramsey problems. See
Chamley (1986) and Aiyagari (1995).
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Proof. Any allocation in stationary equilibrium should satisfy Qu0(ct) �
�Etu

0(ct+1): If we de�neMt = (1=Q)
t�tu0(ct) this equation can be re-written

as Et(Mt+1 �Mt) � 0: Supermartingale convergence theorem implies that
Mt !M a.s. Chamberlain and Wilson (1984) showed that for �=Q � 1 that
would imply that u0(ct) ! 0 or ct ! 1: This is possible only if kt ! 1;
but this implies that Fk = 0 in the stationary equilibrium. But it can not
be true by the previous lemma. Therefore the only possibility is Q > �:

In the in�nite horizon economy the competitive equilibrium is not e¢ -
cient since it necessarily has 1=Q = Fk(K;Y ):

The consumption-saving decisions of agents in our environment are sim-
ilar to those in Bewley (1986) and Aiyagari (1995). In Bewley�s model,
labor income of agents follows an exogenous stochastic process. In our econ-
omy the endowments of the agents are determined by the planner. This
has important consequences for determining the optimal tax policy. Taking
informational constraints into account allows us to �nd the optimal policy
without imposing restrictions on the tax instruments as done in Aiyagari
(1995). Although the result that savings should be distorted in the steady
state is the same in both models, these models produce very di¤erent qual-
itative and quantitative tax policy recommendations along the transition
path. We return to this point in the next section where we discuss optimal
taxation in numerical examples.

5 Numerical example

In this section we compute optimal allocations and tax policy in economies
with observable and unobservable asset trades. As a benchmark, we will
use a disability insurance environment analyzed in Diamond and Mirrlees
(1978, 1995) and Golosov and Tsyvinski (2003). We consider three types
of experiments. First, we compute the e¢ cient allocations in an economy
where private trades are observable. In particular, we study the pattern
and the size of intertemporal wedges. Second, we compute the optimal
allocations for the economy where agents are allowed to trade unobservably.
We �nd that the intertemporal wedge in this economy is smaller than in
the economy with observable trades. We then compare the welfare losses
from the unobservability of trades. Third, we compute the competitive
equilibrium in the economy with unobservable trades. We compare welfare
in the competitive equilibrium to welfare of the optimal allocation with
unobservable trades and with a version of Bewley�s economy where the only
form of insurance available to agents is trading of a risk free bond. We �nd
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that, even in the environment with unobservable trades, private markets
can achieve allocations that are nearly optimal. This result indicates that
the large welfare gains from introducing government insurance found in the
literature on optimal dynamic contracting may be misleading as they treat
private markets exogenously. To a large extent, public provision of insurance
crowds out private insurance9.

We consider an economy that lasts for ten periods. In each period agent�s
skill is drawn from a two point distribution � = f0; 1g: The state � = 0
is absorbing. Any agent who receives a zero productivity shock in any
period, has zero productivity in all the subsequent periods. The production
function is F (K;Y ) = rK + wY: We assume that there is no utility from
the consumption of the public good G:

In the numerical exercises described below each period is assumed to
be �ve years. We choose the following parameter values: � = 0:8; r =
��1; w = 1:21: Each agent is endowed with k1 = 0:69 units of initial capital.
The parametrization is described in Golosov and Tsyvinski (2003). We
adjust those parameters to represent a �ve year time period. The stochastic
process for skills is shown in �gure 1. It matches disability shocks among
the US population for 20-65 year old. The utility function is u(c; l) = ln(c)+
1:5 ln(1� l).

5.1 Observable trades

In this subsection, we compute optimal allocations and intertemporal wedges
for an economy where trades are observable.

It is well known that in the economy with private information without
hidden retrading, savings decisions of each agent are distorted. In particular
optimal allocations satisfy for all �t the following inequality:

u0(c(�t)) � �r
X
�t+1

�(�t+1j�t)u0(c(�t+1)):

This inequality is strict if var(c(�t+1)) > 0: We de�ne the wedge �(�t)
that each agent faces as

�(�t) = 1� 1

r � 1

�
u0(c(�t))

�
P
�t+1 �(�

t+1j�t)u0(c(�t+1))
� 1

�
: (17)

9Crowding out of private markets by government policies also occurs in Attanasio
and Rios-Rull (2000) and Krueger and Perri (2001) who study economies with limited
commitment.
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The wedge is de�ned to be consistent with a wedge from a linear tax
imposed on the net capital income (r � 1)k: The standard Euler equation
with linear taxes on capital income is

u0(ct) = � [(1� �)(r � 1) + 1]Etu0(ct+1);

and we use this expression to de�ne the savings wedge � :
This wedge is history speci�c: agents who had a di¤erent history of

shocks �t face di¤erent wedges. The wedge is equal to zero for the agent
whose current skill is zero (since it is an absorbing state) and is strictly
positive for the other agents. In the computed example the wedge of the
agent who has positive productivity increases over the lifetime and reaches
8%. See �gure 2.

5.2 Unobservable trades

In this subsection, we compute the optimal allocation for the economy where
trades are unobservable. We compare the welfare for this economy to that of
the economy without private information and to the economy with private
information but observable trades. When agents can trade assets unob-
servably, e¢ ciency requires that equilibrium interest rates on the retrading
markets are lower than r: Although the stochastic process for skills is not iid,
it is straightforward to modify the proof of proposition 6 to show that for any
binding deviating strategy �, savings are always non negative: s(�(�t)) � 0
with a strict inequality for some �t: It implies that proposition 7 holds in
this economy.

We de�ne the wedge in the same way as we de�ned it in (17) for the
economy with observable trades. This wedge is not history speci�c - for every
period t all agents face the same wedge � t. Figure 3 shows the computed
wedge in this example. Note that it is strictly positive in each period but
smaller than the wedge in the economy with observable trades. It never
exceeds two percent.

The ex ante utility of agents is lower in the economy with unobservable
trades than in the economy with observable trades. When trades are not
observable the set of incentive compatible allocations is smaller, and the
provision of insurance to agents is more di¢ cult.

We use the following measure to compare welfare in the two economies.
Let fcnot ; ynot gTt=1 be the allocations that solve the social planner�s problem
with non-observable consumption. The ax-ante utility of such allocations
is
PT
t=1 �

tP
�t �(�

t)u(cno(�t); yno(�t)=�): If ex-ante utility in the economy
with observable trades is Uo; we �nd such a number �; that increasing
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consumption of each agent by �% would make the ex-ante utility of the
agent equal to Uo; i.e.

TX
t=1

�t
X
�t

�(�t)u((1 + �)cno(�t); yno(�t)=�) = Uo:

We �nd the welfare losses from unobservable retrading to be 0.2%. The
small absolute magnitude of this number is not surprising since the proba-
bility of zero productivity shock is low. The welfare loss compared to the
�rst best outcomes - the economy with no private information - is 1.1%.

5.2.1 Crowding out

In this subsection we address the question as to what extend private markets
are able to provide insurance in such an environment. We �nd that most
optimal provision can be done privately with very small gains from public
interventions. This contrasts with a large body of literature that studies
social insurance when private markets are absent or exogenously restricted.
For example Hansen and Imrohoroglu (1992), Wang and Williamson (1996),
Hopenhayan and Nicolini (1997), and Alvarez and Veraciero (1998) and
many others found large welfare e¤ects of public policy when markets are
exogenously incomplete. In this section, we show that this private provision
of insurance, though not e¢ cient, is a signi�cant improvement over the
autarkic allocations with self-insurance.

Consider an economy where there is no private provision of insurance.
In the absence of taxes each agent is able to borrow and lend at the interest
rate r; and, if he has a positive productivity, supplies labor at the wage rate
w: This setup is equivalent to that in Aiyagari (1994). The agent�s problem
is

max
c;y;k

TX
t=1

X
�t

�(�t)�tfu(c(�t)) + v(y(�t)=�t)g

s.t. for all �t

c(�t) + s(�t) = wy(�t) + rs(�t�1);

s(�0) = k1:

where we use a convention that if � = 0 then v(y(�t)=�t) = v(0):
Thus, similarly to Bewley (1986), Huggett (1993) and Ayiagari (1994)

the only insurance available is a self-insurance with a risk-free bond.
We �nd that competitive equilibrium allocations provide welfare which is

1.08% higher than welfare in the economy where a risk-free bond is the only
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form of insurance available to agents. Welfare under e¢ cient allocations is
1.11% higher. These �ndings show that competitive equilibrium without
government interventions provides about 97% of the optimal insurance.

This example suggests that it is important to consider responses of pri-
vate markets to changes in the government policy. Consider the environment
we described where the optimal insurance is provided by the government.
Since there are no gains from additional insurance, all private insurance
markets are absent. To an outside observer such an economy appears to be
identical to Aiyagari�s economy where the only private asset available is a
risk free bond. Taking exogenous such a structure of private markets would
suggest that the removal of public insurance decreases welfare by 1.11%.
This argument however does not take into account that private markets
may emerge and the actual welfare losses would be much smaller.

The analysis above assumes that private markets function perfectly. In
such circumstances most of the optimal insurance can be provided with no
government interventions. One may argue that legal restrictions or mar-
ket imperfections decrease the amount of insurance available privately, and
public insurance is needed in such circumstances. The size of crowding out
depends on the particular form of the assumed imperfections, and additional
work would be needed to compute it. In general, unless such imperfections
are assumed to be very severe, the welfare e¤ects of the optimal public policy
may be small.

6 Conclusion

This paper studies dynamic optimal taxation in an economy with infor-
mational frictions and endogenous insurance markets. Existence of private
information is commonly used to justify government interventions via taxes
to achieve optimal redistribution or insurance. We derive two sets of results.
First, we show that, if private trades are observable, as commonly assumed
in the existing literature, there is no role for government intervention. Com-
petitive markets provide the optimal amount of insurance. The only e¤ect of
government policy is a crowding out of private insurance without improve-
ment in welfare. Second, we relax the assumption of observable trades and
study environments where trades are unobservable. We show that compet-
itive equilibria are not optimal. A government, even the one that has the
same information as private parties, can improve upon any allocations that
can be achieved by markets. A linear tax levied on �rm�s capital income
a¤ects the rate of return in hidden asset markets and improves the insurance
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provided to agents by insurance �rms.
The main economic message of our paper is twofold. First, understand-

ing the interaction of private insurance markets and public tax policy may
have very important implications for the design of optimal taxation and
social insurance. Second, we �nd a speci�c tax instrument that can af-
fect the insurance provided through private markets and lead to the welfare
improvement over any allocation achieved by private markets alone.
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7 Appendix

7.1 Absence of shock-speci�c securities

The assumption that agents can trade only a risk free bond is not restrictive.
In many environments risk free bonds emerge as the only asset traded in
equilibrium. Consider a market structure described in Section 4.1. Suppose
each agent observes the identity of the agent he transact with, but not private
characteristics of that agent. In these settings no Arrow-type securities,
for which the payment depends on the reports of the agents, are traded in
equilibrium. The structure of securities markets is similar to the one studied
in Bisin and Gottardi (1999). Let ai(�) be a security that pays one unit of
consumption good if an agent i reports � to the planner in the next period,
and zero otherwise. For simplicity we assume that the lowest skill, �(1); is
strictly positive, so that no agent incurs in�nite disutility from reporting
any other type.

Claim 2 There is no equilibrium where securities ai(�) are traded. Only a
risk free bond is traded in equilibrium.

Proof. We will show that, for any price qi(�) for a security ai(�), either
an agent i can make an in�nite return or has a higher return on a risk free
security. Since, in the bilateral trades, agents can see each other�s type, the
price for each security may be di¤erent depending on whether the agent,
who controls the outcome of it, buys or sells the security.

Case 1. An agent wants to buy a security that pays one unit of con-
sumption good if he sends report � in the next period.

We show that a price for such a security will be qi(�) � Q: Suppose
on the opposite that qi(�) < Q: Under such prices the agent could buy
in�nitely many securities that pay in state � and sell a risk-free debt for this
amount. Then, in the next period, he claims the state �: Since an agent
incurs only �nite disutility from providing y(�) units of labor if his type is �̂,
this strategy yields an in�nite utility for the agent. The seller of the security
incurs losses, so it cannot be the equilibrium price.

If qi(�) � Q an agent prefers not to sell such a security since it pays 1
unit of consumption in only one state �; while risk-free bond pays one unit
of consumption in all states and is cheaper.

Case 2. An agent wants to sell a security that pays one unit of consump-
tion good if he sends a report � in the next period.

The price of such a security is zero. Suppose not. Then the agent can
sell in�nitely many of such securities and in the next period claim any state
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other than �: The agent makes in�nite pro�ts and utility. Thus, this case is
also not possible.

The intuition for the proof is simple. An agent can choose which skill
to report in the next period. As long as there are gains from reporting
any state �; he will report it with probability one. But that makes such a
security ai(�) equivalent to a risk free bond, hence no type-speci�c securities
are traded in equilibrium.

7.2 Feasibility of the perturbation

Here we will prove that the perturbation discussed in proposition 7 is feasi-
ble. First, we need to consider several intermediate results.

Lemma 6 Suppose that for some �t ĉ(�t) < c(�t): Then there exists a his-
tory �T with �t 2 �T such that ĉk(�T ) < ck(�T ) for t � k � T:

Proof. >From (10) and (14) it follows that if ĉ(�t) < c(�t) that there
is at least one �t+1 > �t such that ĉ(�t+1) < c(�t+1): The rest follows by
induction.

Lemma 7 For any two nodes �T 0 and �T 00 that follow the same history �T�1

it must be true that cT (�T 0)� ĉT (�T 0) = cT (�T 00)� ĉT (�T 00) > 0:

Proof. Equation (16) shows that for any two histories �T 0 and �T 00 that
have the same initial history �t in common (i.e. �t 2 �T 0 and �t 2 �T 00) it
must be true thatYt

i=1
Qi"t+1(�

T 0) +
Yt+1

i=1
Qi"t+2(�

T 0) + :::+
YT�1

i=1
Qi"T (�

T 0) (18)

=
Yt

i=1
Qi"t+1(�

T 00) +
Yt+1

i=1
Qi"t+2(�

T 00) + :::+
YT�1

i=1
Qi"T (�

T 00):

This immediately implies that if �T 0 and �T 00 have a common history �T�1

then "T (�T 00) = "(�T 0) and cT (�T 0)� ĉT (�T 0) = cT (�T 00)� ĉT (�T 00): Suppose
"T (�

T 0) > 0 so that cT (�T 0)� ĉT (�T 0) < 0: The Euler condition (10) implies
that "T�1(�T 0) > 0: From (16) there must by some i such that "i(�T 0) < 0:
Pick such i that for any j > i "j(�T 0) � 0: Consider this node �i: From the
previous lemma there is a history �T 000 that contains �i so that "j(�T 000) < 0
for all j > i: However �T 0 also contains �i and "j(�T 0) > 0 for all j > i: This
contradicts (18). Therefore it must be true that "T�1(�T 0) = "T�1(�T 00) < 0
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Lemma 8 Consider the sequence f"(�T )g for any history �T : Then there
exists a sequence �t(�T ) < 0 for t = 2; 3; :::T s.t.

"t(�
T ) = �t(�

T )� �t+1(�T )Qt for t > 1; (19)

"1(�
T ) = ��2(�T )Q1: (20)

Proof. Let �T (�T ) = "T (�T ): By the previous lemma it is negative. De�ne
�T�1(�

T ) such that (19) holds. Suppose �T�1(�T ) � 0, so that "T�1(�T ) � 0:
Then (16) holds only if there is some t�; 1 � t� � T � 2; so that ct�(�T ) >
ĉt�(�

T ); i.e. "t�(�T ) < 0: Let�s pick t� closest to T � 1: That means that for
all i; t� + 1 � i � T � 2 "i(�T ) � 0: By lemma 9 there is some history �T 0
that follows �t so that for all t � t� "t(�T 0) < 0: De�ne

D �
Yt�+1

i=1
Qi"t�+1(�

T 0) + :::+
YT

i=1
Qi"T (�

T 0):

>From (16) it should also be true that

D =
Yt�+1

i=1
Qi"t�+1(�

T ) + :::+
YT�1

i=1
Qi"T�1(�

T ) +
YT

i=1
Qi"T (�

T )

=
Yt�+1

i=1
Qi"t�+1(�

T ) + :::+
YT�2

i=1
Qi"T�2(�

T ) +
YT�1

i=1
Qi�T�1(�

T ):

Combine these equations for histories �T and �T 0

0 >
Yt�+1

i=1
Qi"t�+1(�

T 0) + :::+
YT

i=1
Qi"T (�

T 0)

=
Yt�+1

i=1
Qi"t�+1(�

T ) + :::+
YT�2

i=1
Qi"T�2(�

T ) +
YT�1

i=1
Qi�T�1(�

T )

� 0:

The left hand side of this equation is negative since all the elements are
negative. The right hand side is positive since �T�1(�T ) � 0 and all other
elements are non-negative. This is a contradiction, therefore it must be true
that �T�1(�T ) < 0:

By backward induction we establish the same result for all �t(�T ): Finally
(20) holds from (16) and construction of �:

Proposition 9 The perturbation in proposition 7 is feasible if 1=Qt�1 �
Fk(t) for all t:
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Proof. By the previous result we can represent

"1(�
T ) +

1

Fk(2)
"2(�

T ) + :::+
YT

i=1

1

Fk(i)
"T (�

T )

= ��2(�T )Q1 +
1

Fk(2)

�
�2(�

T )� �3(�T )Q2
�
+ :::+

YT

i=1

1

Fk(i)
�T (�

T )

= �2(�
T )

�
1

Fk(2)
�Q1

�
+
�3(�

T )

Fk(2)

�
1

Fk(3)
�Q2

�
+ :::+

YT�1

i=1

�T (�
T )

Fk(i)

�
1

Fk(T )
�QT�1

�
� 0:

The last equality is true since all � � 0 and 1

Fk(t)
� Qt�1:
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