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Abstract

In sharp contrast to its fabulous postwar growth, the Japanese economy stagnated for a long
time before World War II: perwar Japanese real GNP per worker remained about 40% of that of
the leader country, the U.S., at least since 1885, with no capital deepening. This paper identifies as
the main cause of the prewar stagnation a barrier that forced the number of persons employed in
agriculture to be constant at about 14 million throughout the prewar period. Our two-sector growth
model shows that the barrier-induced sectoral misallocation of labor accounts well for a virtual lack
of capital deepening and the depressed output level. Were it not for the barrier, the model predicts
that Japan’s prewar GNP per worker would have been about 50% to 60% of the U.S. level, roughly
where prewar Western Europe was. This higher output level comes about because an efficient use
of labor otherwise locked up in agriculture raises the economy’s overall production efficiency and
sparks a rapid capital deepening.
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1. Introduction

The Japanese miracle, which lifted the Japanese economy from the ashes of the World War II destruction

to the present-day prosperity, is well known. Also well known is the “lost decade” of the 1990s during

which growth languished. Much less well known is the decades-long stagnation before World War II:

Japanese real GNP per worker remained far below — about 60% below — that of the leader country, the

U.S., at least since 1885 (the first year of our dataset) until the war. This paper addresses the question of

why the Japanese miracle didn’t occur before World War II.

An amazing fact about employment in agriculture in prewar Japan is that it was virtually constant at

14 million persons (more than 60% of total employment in 1885) throughout the entire prewar period.

The constancy strongly suggests that there was a powerful barrier that prevented people from moving

out of agriculture.

This leads us to examine whether the barrier had a quantitatively important effect on the economic

development of prewar Japan. We do so by using a two-sector growth model with agriculture. Our

two-sector model builds on the long tradition of modelling the “dual economy” starting with Jorgen-

son (1961). Its more recent renditions are Echeverria (1997), Laitner (2000), Gollin-Parente-Rogerson

(2002), and others. They feature either non-homothetic preferences to accommodate Engel’s Law or a

decreasing returns to scale in the primary sector’s production technology or both.

On this two-sector model we superimpose the labor barrier to see to what extent the resulting sectoral

misallocation of labor can account for the prewar Japanese stagnation. It accounts well for the low output

level and the slow capital deepening. We then lift the labor barrier to predict what would have happened

to Japan’s GNP. We find that prewar GNP per worker would have been substantially higher, about 50 to

65%, not 40%, of the U.S. level.

The plan of the paper is as follows. The next section, Section 2, describes those facts about Japan’s

economic development in more detail. Section 3 advances our sectoral misallocation hypothesis and

summarizes our main results. This is followed by five sections of elaboration: a presentation of the

two-sector growth model in Section 4, asymptotic properties of the model in Section 5, a calibration of

the model in Section 6, and simulation results in Section 7. Section 8 (still incomplete and not included

in this version) will take up the issue of why there existed the barrier. Section 9 concludes.
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2. Accounting for Japan’s Economic Development Since 1885

The Postwar Miracle and Prewar Stagnation

We start out with a look at aggregate output since 1885. Figure 1 shows detrended GNP per worker

(GNP divided by working-age population) for Japan and the U.S.1 Detrending is done as follows. We

know from the data on the U.S. output per worker that the long-run growth rate is about 2.0% after

World War II and about 1.8% prewar. We set the trend level in periodt, denotedTREND t, growing at

1.8% in the prewar period, 4% during the war, and 2.0% after the war. Thus

TREND t+1

TREND t
=





1.018 for t = 1885, ..., 1939,

1.040 for t = 1940, ..., 1944,

1.020 for t = 1945, ...

(2.1)

Without a wartime growth rate of as high as 4%, detrended GNP per worker would be higher in the

postwar period than in the prewar period. Thesametrend is used to detrend both Japanese and U.S.

GNP. In the figure, detrended U.S. GNP per worker for 1885-2000 is normalized to unity.

There are three features that would catch anyone’s eye. The first is the fabulous growth in the post

World War II era, known as the Japanese miracle. There was a five-fold increase in Japan’s GNP per

worker in 25 years since 1947. The second is the prewar stagnation of several decades: between 1885

and 1940, Japan’s GNP per worker remained about 40% of the U.S. GNP per worker and about 50% of

Japan’s own detrended GNP for 1985-88. The third feature is the stagnation in the 1990s. We have dealt

with Japan’s 1990s elsewhere (Hayashi and Prescott (2002)). The question we address in this paper is

why the Japanese miracle didn’t take place until after World War II.

Growth and Level Accounting

A standard way to account for a country’s growth is to define the TFP (total factor productivity) as

TFP t ≡ Yt

Kθ
t (ht Et)

1−θ
, (2.2)

whereYt is aggregate output in periodt, Kt is aggregate capital stock,Et is employment,ht is average

hours worked per employed person (sohtEt equals total hours worked), andθ is capital’s share of

aggregate income. It easily follows from this definition that GNP per worker can be decomposed into

1See Appendix 1 for data sources and how real GNP was constructed from the data.
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four factors:
Yt

Nt
= TFP

1
1−θ

t ×
(

Kt

Yt

) θ
1−θ

×
(

Et

Nt

)
× ht, (2.3)

whereNt is working-age population.2 This formula shows that, in the long run where the capital-output

ratio (Kt

Yt
), the employment rate (Et

Nt
), and hours worked per employed person (ht) are constant, the

trend in GNP per worker (Yt

Nt
) is given byTFP

1
1−θ

t .

For present purposes, it is more convenient to work with the detrended version of the formula.

Dividing both sides of (2.3) byTREND t, we obtain

Yt

Nt

TREND t
=


 TFP

1
1−θ

t

TREND t


×

(
Kt

Yt

) θ
1−θ

×
(

Et

Nt

)
× ht, (2.4)

The left-side, GNP per worker relative to the trend, has been shown in Figure 1. Figure 2 plots the

detrended TFP factor (TFP
1

1−θ
t

TRENDt
) with θ = 1/3 (for now, ignore the series labelled “without barrier”

in the figure).3 Table 1 reports the average annual growth rate of detrended per-worker GNP and its

four factors shown in (2.4) for prewar and postwar Japan.4 For the high-growth period of 1960-73,

despite a 1.4% (=-0.8%-0.6%) decline in the average hours worked per worker, a high per-worker GNP

growth rate of 6.9% (or 4.9% when detrended) is brought about by a high TFP growth of 7.4% and,

less importantly, by capital deepening (a 0.8% growth in
(

Kt

Yt

) θ
1−θ

). For the prewar period, the TFP

growth rate is much lower and, surprisingly, there was no capital deepening: between 1885 and 1940,

the capital-output ratio actually declined.

The prewar figures in Table 1 show that the factors on the right hand side of (2.4), including the

detrended TFP factor, are more or less stationary. It is therefore meaningful to take the averages of their

levels over the whole prewar period and compare the averages for 1985-88, the period during which the

Japanese economy was in a steady state (as argued in Hayashi and Prescott (2002)). The ratio of the

two averages for each factor as well as for detrended GNP per worker is shown in Table 2. Thus a ratio

that is greater than unity means that the factor’s value for 1985-88 is greater than its prewar average. It

is clear from the table that the huge difference in the standard of living represented by the ratio of 2.13

for detrended per-worker GNP is mainly due to the difference in productivity.

2This formula has been adopted by King and Levine (1994), Hayashi and Prescott (2002) and others.

3We assume that farmers during the off season work outside agriculture and those off-season working hours are not recorded

in the data. Hours worked here includes our estimate of those unrecorded hours. See footnote 5 for more details.

4Here the initial year for the postwar period is 1960 because the capital stock data for the early 1950s seems unreliable. The

average annual rate of change of the capital intensity factor
(

Kt
Yt

) θ
1−θ for 1950-1973 is -0.5%.
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Table 1: Growth Accounting

Average Annual Growth Rate (in percents) of
Yt
Nt

TRENDt

TFP
1

1−θ
t

TRENDt

(
Kt

Yt

) θ
1−θ Et

Nt
ht

1885-1940 2.1%−1.8% = 0.3% 2.5%−1.8% = 0.7% −0.3% −0.4% 0.3%

1960-1973 6.9%−2.0% = 4.9% 7.4%−2.0% = 5.4% 0.8% −0.8% −0.6%

Note: Yt = GNP,Kt = capital stock,Et = employment,Nt = working-age population,ht = average hours per employed
person. See (2.2) for the definition ofTFPt. θ = 1/3. The growth rate ofTRENDt is 1.8% for 1885-1940 and 2.0% for
the postwar period (see (2.1)). The average annual growth rate of a variableX taking a value ofX1 in year1 andXT in
yearT is calculated as 1

T−1
ln(XT /X1). Therefore, the sum of the growth rates of the factors add up to the growth rate

of detrended GNP per worker.

Table 2: Level Accounting, 1885-1940 vs. 1985-88

Yt
Nt

TRENDt

TFP
1

1−θ
t

TRENDt

(
Kt

Yt

) θ
1−θ Et

Nt
ht

average over 1985-1988
average over 1885-1940 2.13 2.72 1.06 0.94 0.78

Note: See footnote to Table 1 for definition of symbols. By definition, the product of the ratios for the four

factors equals the ratio for detrended GNP per worker
Yt
Nt

TRENDt
.

To summarize, Japan’s prewar stagnation can be accounted for by the low level of overall TFP and

absence of capital deepening.

3. The Basic Idea and Summary of Results

The Sectoral Misallocation Hypothesis

The thesis of this paper is that the labor barrier was an impediment to the economy’s overall production

efficiency as measured by the TFP. We were led to this thesis by the following observations. Figure 3

shows that employment in agriculture (here and elsewhere excluding forestry and fishery) was essen-

tially constant at 14 million persons in prewar Japan. The figure also shows that, in sharp contrast to

the prewar era, postwar Japan witnessed a steep decline in agricultural employment. As the labor force

expands, a constant level of employment means a slowly declining employment share. This is shown in

Figure 4, where the employment share of agriculture declined only gradually before the war and very

sharply postwar. It took Japan 50 years to reduce the agricultural employment share from 60% to 40%.

In most other developing and developed countries, the decline is faster.

5



We hypothesize that there was a barrier in prewar Japan that prevented people from moving out

of agriculture. Thanks to this barrier, there was too much labor tied up in the decreasing-returns-to-

scale technology called agriculture. For reasons to be speculated on in Section 8, this barrier ceased

to operate after World War II. The sectoral misallocation of labor became much less onerous, which

must have contributed at least in part to the rapid increase in the overall TFP in postwar Japan. Hansen

and Prescott (1999) described the industrial revolution as a switch from a decreasing-returns-to-scale

technology (the Malthus technology) to a constant-returns-to-scale technology (the Solow technology).

Our hypothesis can be rephrased as saying that the transition to Malthus to Solow was inhibited by the

barrier to labor mobility.

Main Results

The rest of this paper is to formalize our sectoral misallocation hypothesis in a two-sector growth model

with agriculture and see to what extent the model can account for the prewar stagnation characterized

by the low overall TFP and the lack of capital deepening. The paper’s main results are the following.

• Our two-sector model can account for the prewar stagnation. The solution path of the model, which

takes the actual sectoral TFPs and the labor barrier as given but treats capital accumulation as well as

sectoral allocation of capital and labor as endogenous, tracks the prewar data closely. This is shown

for GNP in Figure 5: the solution path represented by the dotted line does not depart substantially

from the actual except toward the end of the prewar period.

• This sanguine result, however, is due partly to the fact that the model takes the sectoral TFPs as given.

Those sectoral TFPs, one for agriculture and the other for the rest of the economy, here deflated by the

common trend function(TREND t)
1−θ (whereTREND t is defined in (2.1)), are shown in Figure

6, which indicates that the non-agricultural TFP rose sharply precisely when the overall TFP did in

the postwar period. It follows that our sectoral misallocation hypothesis alone would not be able to

explain why TFP in prewar Japan is not as high as its 1985-88 level after detrending. The solution

path of the model that doesnot impose the labor barrier but still takes the sectoral TFPs as given

will be referred to as the counter-factual simulation. The overall detrended TFP calculated from the

counter-factual simulation is shown in Figure 2 by the line labelled “without barrier”. The removal

of the labor barrier, which improves sectoral allocation of capital and labor, does raise the overall

TFP substantially. But it is not enough to lift it to the 1985-88 level.

• The substantially higher overall TFP is not the only feature of the counter-factual simulation. Going
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back to Figure 5, the uppermost line is the GNP per worker implied by the counter-factual simulation.

Japan’s GNP per worker, which (as seen in Figure 1) remained about 40% of the U.S. level, would

have been far higher, about 50% to 60% of the U.S. level were it not for the barrier. For example,

for 1940, the model predicts that per-worker GNP would have been higher than actual by 37%. The

improvement in overall TFP is not the only contributing factor. Table 3 reports the level accounting

comparing the counter-factual simulation and the actual economy for 1940 (one gets similar results

for other prewar years except for the earliest years). It shows that the 37% output gain comes from

three sources: the improvement in overall efficiency (already shown in Figure 2), a capital deepening

resulting in a higher capital-output ratio, and an 8% increase in average hours workedht. This last

factor comes about because the employment share of agriculture (where hours worked are lower) is

much lower in the simulated economy.5 The higher capital-output ratio in the face of the 37% higher

output for 1940 implies that there would have been a huge investment boom in the prewar period

were it not for the labor barrier. That this is so in the simulated economy is shown in Figure 7 which

plotsKt/(htEt).

Table 3: Level Accounting for 1940, actual vs. counter-factual

Yt
Nt

TRENDt

TFP
1

1−θ
t

TRENDt

(
Kt

Yt

) θ
1−θ Et

Nt
ht

value for1940 without barrier
its actual value for1940 1.37 1.11 1.16 1 1.08

Note: See footnote to Table 1 for definition of symbols. By definition, the product of the ratios for the four

factors equals the ratio for detrended GNP per worker
Yt
Nt

TRENDt
. Because the counter-factual simulation uses

actualEt andNt, the ratio forEt
Nt

is unity by construction.

5 Average hours worked in 1940 is 160 hours per month in agricuture and 276 hours in non-agriculture. In all the calculation

in the paper, it is assumed that a person employed in agriculture spends 10% of his time in non-agriculture and this extra hours

are not recorded in data. Therefore, for 1940 for example, a farmer works 27.6 hours outside agriculture during the off-season, in

addition to 160 hours tilling his plot. To state this more formally, letEjt andhjt be employment and hours worked in sectorj

(j = 1, 2), with sector 1 being agriculture. If a farmer spends fractionξ of his time in sector 2, then aggregate hours worked is

h1tE1t + ξh2tE1t + h2tE2t. Thus average hours worked per employed person,ht, equals(h1t + ξh2t)sEt + h2t(1− sEt),

wheresEt ≡ E1t/(E1t + E2t) is agriculture’s employment share. Ifh1t + ξh2t < h2t, thenht increases as agriculture’s

employment share (sEt) declines.
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4. The Two-Sector Model

In this section we present the two-sector model with agriculture. For expositional ease, we present a

model without intermediate inputs, so that output and value added can be equated. The version of the

model we actually solve for the solution path allows sector 1 (agriculture) to use the sector 2 good as an

intermediate input. Appendix 3 explains how the intermediate input can be incorporated into the model

presented in the text.

Households

There is a stand-in household withNt working-age members at datet. The size of the household evolves

over time exogenously. The stand-in household’s utility function is

∞∑
t=0

βtNtu(c1t, c2t), (4.1)

wherecjt is per-member consumption of goodj (j = 1, 2).

MeasureEt of the household work. The household takes total employmentEt as given and decides

how it is divided between employment in sector 1 (E1t) and in sector 2 (E2t) (subject to the labor barrier

to be introduced shortly). If employed in sector 2, the member works forh2t hours per unit period. On

the other hand, if employed in sector 1 (agriculture), the member works not onlyh1t hours in sector

1 but alsoξh2t hours in sector 2. This extra work outside sector 1 is to allow for the fact that during

winter many farmers temporarily leave the farm to find work in manufacturing and services (a fact often

referred to asdekasegiin Japanese). Hours worked (h1t, h2t) are exogenously given to the household.

If wjt is the wage rate in sectorj andsEt ≡ E1t/Et is the fraction of employment in sector 1, the

household’s total labor income is

(w1th1t + ξw2th2t)E1t + w2th2tE2t =
{
w2th2t + [w1th1t − (1− ξ)w2th2t]sEt

}
Et. (4.2)

There is a barrier to labor mobility requiring employment in sector 1 to be at leastĒ1t:

(the labor barrier) E1t ≥ Ē1t i.e., E1t/Et ≡ sEt ≥ s̄Et ≡ Ē1t/Et. (4.3)

Looking at the expression (4.2) for labor income, we can easily see that the household would setsEt ≡
E1t/Et to the maximum possible value of unity if the income differentialw1th1t − (1 − ξ)w2th2t is

positive, to the minimum possible value ofs̄Et if it is negative, and any value between the minimum

and the maximum if there is no income differential. Thus the household’s choice ofsEt is the following
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correspondence (set-valued function):

sEt =





s̄Et if w1th1t

w2th2t
< 1− ξ,

1 if w1th1t

w2th2t
> 1− ξ,

[s̄Et, 1] if w1th1t

w2th2t
= 1− ξ.

(4.4)

There are two other sources of income for the household. First, ifNtkt is the capital stock owned

by the household (sokt is the capital stock per worker), its rental income isrtNtkt. Unlike labor, we

assume no barrier to capital mobility between sectors, so the rental ratert does not depend on which

sector capital is rented out to.6 Second, there is a rent earned from land, which is an input to sector 1’s

production. The period-budget constraint for the household, then, is

qtNtc1t + Ntc2t + Nt+1kt+1 − (1− δ)Ntkt

=
{
w2th2t + [w1th1t − (1− ξ)w2th2t]sEt

}
Et + rtNtkt − τ(rt − δ)Ntkt − πt,

(4.5)

whereδ is the depreciation rate,qt is the relative price of good 1 in terms of good 2,τ is the tax rate on

net capital income, andπt is taxes other than the capital income tax less land rent. The second good is

the numeraire. So, for example,w1t is the sector 1 wage rate in terms of good 2. Since hours worked as

well as total employmentEt are exogenous, the tax on labor income is not distortionary and is included

in πt.

With sEt (≡ E1t/Et) determined according to (4.4) for eacht, the stand-in household chooses

a sequence{c1t, c2t, kt+1}∞t=0 so as to maximize its utility (4.1) subject to the sequence of period-

budget constraints (4.5) fort = 0, 1, 2, .... If βtλ−1
t is the Lagrange multiplier for the periodt budget

constraint (i.e., ifλt is the ratio ofβt to the Lagrange multiplier), the first-order conditions with respect

to (c1t, c2t, kt+1) are given by

∂u(c1t, c2t)
∂c1t

=
qt

λt
, (4.6)

∂u(c1t, c2t)
∂c2t

=
1
λt

, (4.7)

λt+1 = βλt[1 + (1− τ)(rt+1 − δ)]. (4.8)

Sinceλt is the reciprocal of the Lagrange multiplier for the budget constraint, it measures how wealthy

the consumer is. The first-order conditions for consumption, (4.6) and (4.7), can be solved for consump-

tion as

c1t = c1(qt, λt) and c2t = c2(qt, λt). (4.9)

6The rental rate is net of intermediation costs. See below on firms in sector 2.
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Finally, the the transversality condition is

lim
t→∞

βtλtkt

R1 ·R2 · · ·Rt
= 0 where Rt ≡ 1 + (1− τ)(rt − δ). (4.10)

Firms

The production function for sector 1 is

Y1t = TFP1t Kθ1
1t Lη

1t, (4.11)

whereTFP1t is the total factor productivity,K1t is capital input (demand for capital services), andL1t

is labor input (total hours worked demanded) in sector 1. Land is the third input, but since it is constant,

its contribution is submerged in the TFP. Because of the existence of the fixed factor of production, we

have a decreasing returns to scale in capital and labor:θ1 + η < 1. The first-order conditions, which

equate marginal productivities to factor prices, for firms in sector 1 are

rt = θ1 qt TFP1t Kθ1−1
1t Lη

1t, (4.12)

w1t = η qt TFP1t Kθ1
1t Lη−1

1t . (4.13)

Production in sector 2 does not require land and exhibits constant returns to scale:

Y2t = TFP2t Kθ2
2t L1−θ2

2t . (4.14)

Unlike in sector 1, capital input in sector 2 involves costly financial intermediation. That is, if the

household wishes to rent machines to sector 2, those machines need to be deposited at a bank. The bank

then rents out those machines to firms in sector 2. This financial intermediation is costly because the

bank incurs a cost ofφ per machine for this intermediation service. This means that the rental rate faced

by firms in sector 2 isrt + φ, while the rental rate for the household net of the intermediation cost isrt

(as assumed in the household budget constraint (4.5)). Therefore, the first-order conditions for sector 2

is

rt + φ = θ2 TFP2t

(
K2t

L2t

)θ2−1

, (4.15)

w2t = (1− θ2)TFP2t

(
K2t

L2t

)θ2

. (4.16)

The reason we need to allow for the intermediation cost for sector 2 is that the rate return from capital

(net of depreciation) for sector 2 is substantially higher than the interest rate on government bonds. This

issue will be discussed further in Section 6 on calibration.
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Market Equilibrium

The second good can be either consumed or invested. We also assume that government purchasesGt

is on the second good. Thus the market equilibrium conditions are (with lower case lettersk1t andk2t

denoting per-worker quantities)

(good 1) Ntc1t = Y1t, (4.17)

(good 2) Ntc2t + (Nt+1kt+1 − (1− δ)Ntkt) + Gt + φNtk2t = Y2t, (4.18)

(capital services) k1t + k2t = kt, (4.19)

(labor in sector 1) L1t = h1tE1t, (4.20)

(labor in sector 2) L2t = h2tE2t + ξh2tE1t, (4.21)

wherek1t ≡ K1t/Nt andk2t ≡ K2t/Nt. The right side of (4.18) is output of sector 2 net of the cost of

financial intermediation.

A competitive equilibriumgiven the initial capital stockk0 and the sequence of exogenous variables

{Gt, Et, h1t, h2t, TFP1t,TFP2t}∞t=0 is a sequence of prices and quantities,{λt, qt, w1t, w2t, rt, kt+1,

k1t, k2t, sEt, L1t, L2t}∞t=0, satisfying the following conditions:

(i) the household’s first-order conditions (4.4), (4.8), and (4.9), and the transversality condition (4.10),

(ii) the firms’ first-order conditions (4.12), (4.13), (4.15), and (4.16),

(iii) the market-clearing conditions (4.17)-(4.21).

Three remarks are in order.

• We are assuming that the first good is non-tradable. We also studied the model in which agricul-

tural goods are tradable, with qualitatively similar results. The open-economy model is presented in

Appendix 4.

• As in Hayashi and Prescott (2002), we treat claims on foreigners as part of the capital stock, so

investment here (Nt+1kt+1−(1−δ)Ntkt) is the sum of domestic investment and the current account,

andqtY1t + Y2t is GNP (in terms of good 2), not GDP.

• As is standard in the real business-cycle models with non-distortionary taxes, the sequence of taxes

is not included the equilibrium conditions, because the amount of a lump-sum tax is endogenously

determined so that the government budget constraint holds period-by-period. By the Ricardian equiv-

alence, any other sequence of taxes with the same present value results in the same competitive equi-

librium. This also means that the household budget constraint need not be included as part of the
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equilibrium conditions because it is implied by the market-clearing conditions, the government bud-

get constraint, and the factor exhaustion condition (that payments to factors of production, including

land, sum to output).

Reducing Equilibrium Conditions into a Two-Equation Detrended Dynamical System

Let sKt be the capital share of sector 1 andψt be the government’s share of sector 2 output:

sKt ≡ k1t

k1t + k2t
, ψt ≡ Gt

Y2t
. (4.22)

Also define:

XY t ≡ (TFP2t)
1

1−θ2 h2tEt/Nt, XQt ≡ TFP−1
1t (h1tEt)−η TFP

1−θ1
1−θ2
2t (h2tEt)1−θ1 ,

k̃t ≡ kt

XY t
, λ̃t ≡ λt

XY t
, q̃t ≡ qt

XQt
.

(4.23)

To anticipate the discussion in the next section,XY t will be the trend for bothkt andλt, while qt’s trend

is XQt.

It is shown in Appendix 2 (and in Appendix 3 for the case with an intermediate input) that the above

equilibrium conditions (i)-(iii) imply the following two nonlinear difference equations:

(resource constraint) k̃t+1 =

Nt

Nt+1

XY t

XY,t+1

[
[1− δ − (1− sKt)φ]k̃t + (1− ψt) ỹ2t − c2(q̃tXQt, λ̃tXY t)

XY t

]
,

(4.24)

(Euler equation) λ̃t+1 =

XY t

XY,t+1
β λ̃t

{
1 + (1− τ)

[
θ2

ỹ2,t+1

(1− sk,t+1)k̃t+1

− φ− δ

]}
,

(4.25)

where

ỹ2t ≡ k̃θ2
t (1− sKt)θ2 [1− (1− ξ)sEt]1−θ2 . (4.26)

This is a dynamical system in two variables, the detrended capital stockk̃t and the detrended shadow

price λ̃t, because the other endogenous variables appearing in the system,(sKt, sEt, q̃t), are functions

of the two states.

Those functions relating(k̃t, λ̃t) to (sKt, sEt, q̃t) can be obtained as follows (see Appendix 2 for

more details). The market equilibrium condition for good 1 (4.17) and the equality of the marginal
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products of capital between two sectors (implied by (4.12) and (4.15)) can be written as

(good 1)
c1(q̃tXQt, λ̃tXY t)

XY t/XQt
= ỹ1t, (4.27)

(equqlity of marginal products of capital)θ1
q̃tỹ1t

sKtkt
= θ2

ỹ2t

(1− sKt)kt
− φ, (4.28)

where

ỹ1t ≡ k̃θ1
t sθ1

Kt sη
Et. (4.29)

Furthermore, when̄sEt is low enough so that the labor barrier is not binding, we havew1th1t +

ξw2th2t = w2th2t or w1th1t

w2th2t
= 1− ξ, which can be reduced to

(equality of sectoral incomes)
η q̃tỹ1t

sEt

(1− θ2) ỹ2t

1−(1−ξ)sEt

= 1− ξ. (4.30)

For each periodt, given(k̃t, λ̃t), we can solve (4.27), (4.28), and (4.30) for(sKt, sEt, q̃t). If the sEt

thus obtained does not satisfy the labor barriersEt ≥ s̄E1t, then we setsEt = s̄Et and use (4.27) and

(4.28) to solve for(sKt, q̃t).

By way of summarizing this subsection, letxt ≡ (k̃t, λ̃t) andyt ≡ (sKt, sEt, q̃t), and write the

two-equation dynamical system (4.24) and (4.25) as

xt+1 = ft(xt,yt), yt = gt(xt). (4.31)

Here,g is the function described in the previous paragraph that determinesyt subject to the labor barrier.

In standard one-sector real business cycle models, the relevant dynamical system governing the capital

stock and the shadow price can be made autonomous upon suitable detrending, under the assumption that

the exogenous variables (or the growth rates thereof) settle down to constants in the long run. Imposing

an appropriate transversality condition is then accomplished by locating the stable saddle path of the

autonomous sytem. In contrast, as will be verified in the next section, our two-sector model remain

non-autonomous even after suitable detrending, because Engel’s law and the time-varying nature of the

labor barrier render thef andg functions non-stationary (i.e., time-varying, witht subscript). How to

locate the stable saddle path for the presentnon-autnomous dynamical system is the subject of the next

section.
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5. Existence of An Asymptotic Steady State

We assume that the share of government purchases and hours worked as well as the growth rates of the

trending exogenous variables eventually become constant:

for sufficiently larget, ψt = ψ ∈ (0, 1), h1t = h1, h2t = h2,

Et+1

Et
=

Nt+1

Nt
= n,

TFP1,t+1

TFP1t
= g1,

TFP2,t+1

TFP2t
= g2.

(5.1)

We will assume for those constant growth rates that

g2 > 1, g1 g
θ1

1−θ2
2 nθ1+η−1 > 1. (5.2)

As clear from the definition of the trends (4.23), the first condition guaranteesXY t, which is the trend

for sector 2’s output per worker (Y2t/Nt), to grow in the long run, while under the latter condition

XY t/XQt grows in the long run, which is needed for the dynamical system to have a stable saddle path

under the Stone-Geary utility function to be specified below in (5.5). These conditions are satisfied by

the calibrated parameter values of the next section.

Unlike in standard real business cycle models, an assumption like (5.1) is not enough to render the

detrended dynamical system (4.31) autonomous in the long run for two reasons. First, sinceXY t and

XQt are not constant, neitherc2(q̃tXQt,λ̃tXY t)
XY t

in (4.24) nor c1(q̃tXQt,λ̃tXY t)
XY t/XQt

in (4.27) is a stationary

(i.e., time-invariant) function of(k̃t, λ̃t). Second, even ifc1(q̃tXQt,λ̃tXY t)
XY t/XQt

in (4.27) is stationary, theg

function is still a non-stationary function ofxt = (k̃t, λ̃t) when the labor barrier is binding with the

time-varying lower bound̄sEt.

To understand the long-run properties of our dynamical system (4.31), wetemporarilyassume that

c1(q̃ XQt,λ̃ XY t)
XY t/XQt

and c2(q̃ XQt,λ̃ XY t)
XY t

are time-invariant function of(k̃, λ̃) whenXY t andXY t/XQt grow

at constant rates. Clearly, the only demand system having this property is7

c1(q̃ XQt, λ̃XY t) = µ1
λ̃XY t

q̃XQt
or

c1(q̃ XQt, λ̃XY t)
XY t/XQt

= µ1
λ̃

q̃
, (5.3)

c2(q̃ XQt, λ̃XY t) = µ2λ̃XY t or
c2(q̃ XQt, λ̃XY t)

XY t
= µ2λ̃. (5.4)

The utility function that generates this demand system is linear logarithmic:

u(c1, c2) = µ1 log(c1) + µ2 log(c2).

We can now describe how to find the solution to the dynamical system under (5.3) and (5.4).

7This is a special case of Theorem 3.6.4 of Eichhorn (1978).
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(i) There is a set over which the dynamical system is autonomous. As explained in the previous

section, the labor barrier does not bind if and only if thesEt that solves (4.27), (4.28), and (4.30)

is greater than̄sEt. LetAt be the set of(k̃, λ̃) such that the labor barrier does not bind. Under

(5.3), none of these three equations involves the trends, so theg function is stationary overAt.

Furthermore, under (5.4), thef function is stationary because (4.24) no longer involves the time

trends. So the dynamical system is autonomous overAt.

(ii) Sinces̄Et declines with time, this setAt expands with time. Let(k̃ss, λ̃ss, sK,ss, sE,ss, q̃ss) be

the steady state for this autonomous dynamical system, which is obtained by dropping the time

subscript from(sKt, sEt, q̃t, k̃t, λ̃t) in (4.24)-(4.30). The Inada condition ensures thatsE,ss > 0

(agriculture does not disappear in the long run) so that, withs̄Et approaching 0 ast → ∞,

(k̃ss, λ̃ss) is an interior point ofAt for sufficiently larget.

(iii) It is verified numerically for the calibrated parameter values (see Appendix 3) that the eigenvalues

of the two-dimensional linearlized system at the steady state(k̃ss, λ̃ss) consist of one that is greater

than unity and the other that is less than unity. Therefore, the steady state is a saddle point for the

autonomous system defined overAt. So for sufficiently larget, the solution of the dynamical

system is on the stable saddle path converging to the steady state(k̃ss, λ̃ss). The intermediate path

leading to the saddle path from a given initial capital stockk̃0 can then be determined as follows:

pick a sufficiently largeT so that the system is on the stable saddle path, and then findλ̃0 such

that (k̃T , λ̃T ) eminating from(k̃0, λ̃0) is on the stable saddle path (which is a one-dimensional

manifold).

It should be noted in passing that the dynamical system starting from(k̃ss, λ̃ss) would not stay there

because att = 0 the labor barrier may be binding (that is,(k̃ss, λ̃ss) may not be inA0). Therefore,

(k̃ss, λ̃ss) should be called anasymptoticsteady state.

The problem with the linear-logarithmic utility function is that the share of food expenditure is

constant atµ1. To accomodate Engel’s law, we introduce minimum consumption for food:

u(c1, c2) = µ1 log(c1 − d1) + µ2 log(c2), d1 > 0. (5.5)

Now the food demand is given not by (5.3) but by

c1(q̃ XQt, λ̃XY t) = d1 + µ1
λ̃XY t

q̃XQt
or

c1(q̃ XQt, λ̃ XY t)
XY t/XQt

=
d1

XY t/XQt
+ µ1

λ̃

q̃
. (5.6)

Alhough thef function remains stationary, theg function is no longer stationary overAt thanks to the

detrended minimum consumption d1
XY t/XQt

, so nowhere in the(k̃, λ̃) plane is the dynamical system
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(4.31) autonomous. However, this two-dimensional non-autonomous system can be converted into a

three-dimensional autonomous system.8 Define

zt ≡ XQt/XY t. (5.7)

By (5.2),zt follows a first-order difference equation

zt+1 =
1

g1 g
θ1

1−θ2
2 nθ1+η−1

zt. (5.8)

Add this equation to the two-equation dynamical system to form a three-equation dynamical system

in (k̃t, λ̃t, zt). Clearly, this augmented system is autonomous (because(sKt, sEt, q̃t) is a stationary

function of(k̃t, λ̃t, zt)) and the steady state is given by(k̃, ˜λ, 0) where(k̃, λ̃) is the steady state for the

two-dimensional autonomous system withd1 = 0. For the calibrated parameter values, the eigenvalues

for the three-dimensional linearlized system at this steady state consist of two roots that are less than

one and one that is greater than one. So this three-dimensional dynamical system has a saddle.

6. Calibration for Prewar Japan

We have ignored intermediate inputs to production in sector 1 for expositional clarity. With good 2

used as an intermediate input in sector 1 as indicated by (A3.10) of Appendix 3, the dynamical system

(4.24), (4.25), (4.27), (4.28), and (4.30) becomes (A3.12)-(A3.16). The required modifications are: a

re-definition of sector 1’s parametersθ1 andη through deflation by(1− α) (whereα is the share of the

intermediate input in sector 1) and an explicit recognition of resources used up as sector 1’s intermediate

input in the resource constraint for good 2 (see the last term of (A3.12)).

We calibrate this model with an intermediate input as follows.

θ1, η, α (the share parameters for capital, labor, intermediate input sector 1):These parameters are taken

from Table 2-5 of Hayami (1975), which shows factor shares in agriculture since 1885. Taking the

prewar averages of those shares, we obtain:θ1 = 0.1, η = 0.5, α = 0.146 (so land rent’s share is

0.254).

θ2 (capital’s income share in sector 2):There is a capital share estimate for the prewar private nona-

gricultural sector by Minami and Ono (1978). It rises from 39.4% for 1896 to 54.2% for 1940. Rather

8We are grateful to Lars Hansen for suggesting this idea.
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than lettingθ change over time, we setθ2 = 1/3.

δ (depreciation rate):its calibrated value is calculated as the average of the ratio of depreciation to the

capital stock in the LTES.

τ (tax rate on capital income):the average of the ratio of our estimate of taxes on capital income to

the estimate of capital income from Minami and Ono (1978) is about 0.17. Presuming that the

Minami-Ono capital income estimate might be overstated, we setτ = 0.2.

β (discounting factor) andφ (proportional cost of intermediation):Under the Stone-Geary utility func-

tion, we havec2t = µ2Λt. Substituting this and (4.15) into the Euler equation (4.8), we obtain

c2,t+1

c2t
= β

[
1 + (1− τ)

(
θ2

Y2t

K2t
− φ− δ

)]
. (6.1)

We setβ to the standard value of0.96. We take the sample average of both sides for 1885-1940 and

solve forφ. The sample average ofc2,t+1
c2t

is about 1.042 while that of1 + (1− τ)
(
θ2

Y2t

K2t
− δ

)
(one

plus the after-tax net rate of return implied by the Cobb-Douglas technology) is 1.116 withτ − 0.2

andδ = 0.04265. So if we used (6.1) withφ = 0 to pin downβ, the calibrated value ofβ would

have been0.9336.

d1 (food subsistance level):We set it equal to 0.5 times the 1885 value of sector 1 output per worker.

The choice of this parameter value does not change the simulation results greatly.

µ1, µ2 (expenditure shares):The Engel coefficient is about 0.15 in recent years for Japan. Thus we

setµ1, which is the food share in the asymptotic steady state, to 0.15. Without loss of generality, we

can normalize the sum ofµ1 andµ2 to be unity. Soµ2 = 0.85.

Calibrated values are in Table 4. A point to be noticed is the low calibrated value ofβ. It comes

about because the prewar capital-output ratio for sector 2 (and also for sector 1 for that matter) is low.

7. Findings

We now wish to use the calibrated model to answer two questions: (a) how closely does the model track

historical data? (b) what would have happened had there been no labor barrier? The former question

is answered by solving the model with the labor barrier in place. The latter question is answered by

solving the modelwithout the labor barrier, namely, by running the counter-factual simulation.
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Table 4: Calibration

parameter calibrated value

d1 (minimum subsistence level for good 1) 50% of sector 1 output in 1885

µ1 (asymptotic consumption share of good 1) 0.15

µ2 (asymptotic consumption share of good 2) 0.85

θ1 (capital share in sector 1) 0.1

η (labor share in sector 1) 0.5

α (share of intermediate inputs in sector 1) 0.146

θ2 (capital share in sector 2) 1/3

δ (depreciation rate) 0.04265

β (discounting factor) 0.96

τ (tax rate on capital income) 0.2

φ (proportional intermediation cost) 0.0389

Initial Conditions and Exogenous Variables

In solving the model with or without the labor barrier, the capital stock in 1885 is taken as the initial

capital stock. In both simulations, the exogenous variables are:

h1t, h2t (hours worked in two sectors),

TFP1t andTFP2t,

Et (aggregate employment),

Ē1t (lower bound for sector 1 employmentE1t),

ψt (share of government expenditure in sector 2’s output),

Nt (working-age population).

For these variables except for̄E1t, we use their actual values for the sample period (1885-1940). Re-

garding the lower bound̄E1t, we set it equal to the observed employmentE1t (soĒ1t = E1t).

For periods beyond the sample period, the projected values of those exogenous variables are set as

follows.

hours worked (h1, h2): their projected values are set equal to the values at the end of the sample

period. They are 160 hours and 276 hours per month, respectively.
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TFP growth rates for two sectors (g1, g2): their projected growth rates are set to their averages for

1885-1940 of 1.045% and 1.768%, respectively. Sog1 = 1.01045, g2 = 1.01768.

the growth rate of aggregate employment and working-age populationn: it is set to the average over

1885-1940 of the growth rate of working-age population is 1.098%. Son = 1.01098.

government share of sector 2 output (ψ): its value is set at 0.174, which is the sample average ofψt

over 1885-1940.

the lower bound for sector 1 employment (Ē1t) : we set it to its 1940 value of about 14 million per-

sons.

Therefore, we are assuming that in the prewar period agents did not anticipate the actual development

of the exogenous variables in the postwar period, let alone the war.

Results

Given the initial conditions and the sequences of exogenous variables, we can solve the model and

calculate the sequence of endogenous variables(qt, sKt, sEt, kt, λt). Figure 8a reports the sequence of

sEt (sector 1’s employment share), one with the labor barrier and one without. The sequence without

the labor barrier shows that a far lower fraction of the labor force would have been employed in sector

1. The red line is the employment share with the barrier. Because of the constraint setting the lower

bound on sector 1 employment, it is equal to the actual share for all years of the sample period. In

this simulation with the barrier, the constraint is binding for more than 100 years. Figure 8b shows the

capital share for sector 1. Sector 1’s capital share with the labor barrier is lower than that without the

barrier. This is to be expected: too much labor in agriculture is compensated for by the level of capital

stock that is lower than would have been optimal without the barrier.

Real GNP implied by the simulation in question (with or without barrier) is calculated in the same

way actual real GNP is calculated from data for Figure 1. That is, letQ̂t and Ŷjt (j = 1, 2) be the

relative price and outputs from the simulation. We construct the chain-type Fisher quantity index using

(Q̂t, Ŷ1t, Ŷ2t) as described in footnote 1. For the base year of 1935, real GNP is calculated using the

1935 prices in data, so it equals the sumŶ1t+Ŷ2t. The overall TFP implied by the simulation in question

uses the same formula (2.2).

In Section 3 we already have commented on the simulation results about GNP (in Figure 6) and the

overal TFP (in Figure 2). Our main finding was that labor barrier had two depressing effects. First,

it prevented the economy’s factor endowments to be allocated efficiently, thus reducing the overall
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production efficiency measured by TFP. Second, this distortion in factor allocation was a powerful

hindrance to capital accumulation. This second effect can be illustrated visually. Figure 9 is the phase

diagram for the detrended two-equation dynamical system (4.24) and (4.25) (or more precisely (A3.12)

and (A3.13)) with and without the labor barrier. To emphasize the overall movements, we smooth the

sequence of exogenous variables by forcing them grow at constant rates from the beginning. As the

figure indicates, the stable saddle path with labor barrier eventually converges to the steady-state, but

only after spending many periods shedding capital. Thus the labor barrier is a powerful impediment to

investment. This point is illustrated in Figure 10, where the marginal productivity schedules of capital

investors in the model would have faced in date0 (1885) with and without barrier.9 The Figure indicates

that the labor barrier reduced the gross return to capital by as much as 30%.

8. Why Was Agricultural Employment Constant?

9. Conclusion

9The schedule is a graph ofθ2 k̃θ2−1
t+1

(
1−sK,t+1

1−(1−ξ)sE,t+1

)θ2−1
in (4.25). It depends on(k̃t+1, λ̃t+1) (recall thatsE,t+1

andsK,t+1 are functions of(k̃t+1, λ̃t+1). The graph in Figure 10 is drawn giveñλt+1 equals the value for periodt = 0 (so

t + 1 is 1886) in the simulation. The graph is not sensitive to the choice ofλ̃.
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Appendix 1: Data Description (incomplete)

Prewar data on Japan are from theLTES(Long Term Economic Statistics), which is a consistent

system of national income accounts compiled by academics at Hitotsubashi University. U.S. GNP per

worker for 1998 is assumed to be 1.339 times that for Japan. U.S. real GNP is taken from Table 7.1 of the

NIPA, which is a chain-type quantity index using the Fisher formula. Japan’s real GNP is calculated as

follows: (i) the nominal value added and the associated deflator for agriculture and non-agriculture are

taken from the LTES for prewar and from the Japanese National Accounts for postwar; (ii) the difference

between GNP and GDP is added to non-agriculture; and (iii) usingqt (the price of agricultural goods

in terms of non-agricultural goods, normalized to 1 for 1934-36) andYjt (real value added for sectorj,

j = 1, 2), which can be calculated from steps (i) and (ii), calculate the chain-type Fisher quantity index.

Real GNP for 1935 is calculated asY1t + Y2t for t = 1935. GNP for other years are calculated using

the Fisher quantity index. Namely, the Fisher formula for real GNP in yeart relative to its value in year

t− 1 is √
qt−1Y1t + Y2t

qt−1Y1,t−1 + Y2,t−1
× qtY1t + Y2t

qtY1,t−1 + Y2,t−1
.

Working-age population for Japan is the population aged 15 and over for prewar and between age 20

and 69 for postwar (in this version, total population is used for the U.S.).
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Appendix 2: Reducing Equilibrium Conditions to the
Two-Equation Dynamical System

This appendix describes in detail how the equilibrium conditions in Section 4 can be reduced to the

two-equation dynamical system.

• We first reduce the equilibrium conditions except the employment arbitrage condition (4.4) and

the transversality condition (4.10) into seven equations. The factor market equilibrium conditions

((4.19), (4.20), and (4.21)) and the definitionsKt ≡ k1t/(k1t + k2t) andsEt ≡ E1t/Et imply

k1t = sKt kt, k2t = (1− sKt) kt,

L1t = sEt h1tEt, L2t = [1− (1− ξ)sEt] h2tEt.
(A2.1)

Substituting this, (4.9), and the production functions ((4.11), and (4.14)) into the market equilibrium

conditions for good 1 and good 2 ((4.17) and (4.18)), and recalling thatψt ≡ Gt/Y2t, we obtain

Ntc1(qt, λt) = TFP1t (h1tEt)η (Ntkt)θ1 sθ1
Kt sη

Et, (A2.2)

Ntc2(qt, λt) + Nt+1kt+1 − (1− δ)Ntkt

= (1− ψt)TFP2t (h2tEt)1−θ2 (Ntkt)θ2(1− sKt)θ2 [1− (1− ξ)sEt]1−θ2 − φNt(1− sKt)kt.

(A2.3)

Using (A2.1), the firms’ first-order conditions can be written as

rt = θ1 qtTFP1t(h1tEt)η (Ntkt)θ1−1 sθ1−1
Kt sη

Et, (A2.4)

w1t = η qtTFP1t (h1tEt)η−1 (Ntkt)θ1sθ1
Kt sη−1

Et , (A2.5)

rt = θ2 TFP2t (h2tEt)1−θ2 (Ntkt)
θ2−1

(
1− sKt

1− (1− ξ)sEt

)θ2−1

− φ, (A2.6)

w2t = (1− θ2)TFP2t (h2tEt)−θ2 (Ntkt)
θ2

(
1− sKt

1− (1− ξ)sEt

)θ2

. (A2.7)

We have thus reduced the equilibrium conditions given in Section 4 into seven equations — (A2.2)-

(A2.7) and (4.8) — along with the employment arbitrage condition (4.4) and the transversality con-

dition (4.10).

• We now reduce these seven equations into five equations written in terms of detrended variables. To

reproduce the definition of detrended variables in Section 4,

XY t ≡ (TFP2t)
1

1−θ2 h2tEt/Nt, XQt ≡ TFP−1
1t (h1tEt)−η TFP

1−θ1
1−θ2
2t (h2tEt)1−θ1 ,

k̃t ≡ kt

XY t
, λ̃t ≡ λt

XY t
, q̃t ≡ qt

XQt
.

(A2.8)

Substitutingkt = k̃tXY t, λt = λ̃tXY t, andqt = q̃tXQt into (A2.2)-(A2.7) and (4.8), observing

cancellation of a number of terms, and eliminatingrt and combining the equations for the wage rates
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(A2.5) and (A2.7) into their ratio form, we obtain

Nt+1

Nt

XY,t+1

XY t
k̃t+1 = [1− δ − (1− sKt)φ]k̃t + (1− ψt)ỹ2t − c2(q̃tXQt, λ̃tXY t)

XY t
, (A2.9)

XY,t+1

XY t
λ̃t+1 = β λ̃t

{
1 + (1− τ)

[
θ2

ỹ2,t+1

(1− sK,t+1)k̃t+1

− φ− δ

]}
, (A2.10)

c1(q̃tXQt, λ̃tXY t)
XY t/XQt

= ỹ1t, (A2.11)

θ1
q̃tỹ1t

sKtk̃t

= θ2
ỹ2t

(1− sKt)k̃t

− φ, (A2.12)

w1th1t

w2th2t
=

η q̃tỹ1t

sEt

(1− θ2) ỹ2t

1−(1−ξ)sEt

, (A2.13)

where

ỹ1t ≡ k̃θ1
t sθ1

Kt sη
Et, ỹ2t ≡ k̃θ2

t (1− sKt)θ2 [1− (1− ξ)sEt]1−θ2 . (A2.14)

• To recapitulate, the equilibrium conditions besides the arbitrage condition (4.4) and the transver-

sality condition (4.10) can be reduced to the five equations (A2.9)-(A2.13). We now show that

(sKt, sEt, q̃t) given (k̃t, λ̃t, XY t, XQt) is uniquely determined by (A2.11)-(A2.13) and (4.4), so

that the equilibrium conditions reduce to the two-equation dynamical system (A2.9) and (A2.10)

in the two states(k̃t, λ̃t). The graph of (4.4), which is a correspondence fromw1th1t

w2th2t
to sEt, is

the staircase shown in Appendix Figure 1. This can be interpreted as the supply curve of sector

1 labor. To derive a demand curve, we can use (A2.11) and (A2.12) to solve for(q̃t, sKt) given

(sEt, k̃t, λ̃t, XY t, XQt), and then substitute these solved-out values into (A2.13) to obtainw1th1t

w2th2t
as

a function of(sEt, k̃t, λ̃t, XY t, XQt). It is easy to show that the function is strictly decreasing insEt,

so the graph ofw1th1t

w2th2t
as a function ofsEt is downward-sloping. This is the demand curve for sector

1 labor. Three possible cases are drawn in Appendix Figure 1. In Case A, the demand curve inter-

sects with the vertical portion of the staircase (the graph of the arbitrage condition) atsEt = s̄Et. In

thise case, the labor barriersEt ≥ s̄Et is binding. Case B is that the intersection is on the horizontal

portion of the staircase. In this case,w1th1t

w2th2t
= 1− ξ, so from (A2.13) we have

1− ξ =
η q̃tỹ1t

sEt

(1− θ2) ỹ2t

1−(1−ξ)sEt

. (A2.15)

The final case, Case C, is that the demand curve intersects with the staircase atsEt = 1. In either

case, given(k̃t, λ̃t, XY t, XQt), sEt is uniquely determined. Given(sEt, k̃t, λ̃t, XY t, XQt), (sKt, q̃t)
is uniquely determined by (A2.11) and (A2.12), as just explained.

• In Case C, sector 1 is so productive that all employment is in agriculture (which meansL2t =
ξh2tEt). Under the calibrated parameter values and the initial conditions specified in the text about

the model, this case does not arise in any period. Assuming that only Case A or Case B is relevant,

the value ofsEt satisfying (A2.11)-(A2.13), and (4.4) can be determined as follows. Notice from the

previous paragraph that in Case B(sKt, sEt, q̃t) solves (A2.11), (A2.12), and (A2.15). If Case C is
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impossible, then Case A (where the labor barriersEt ≥ s̄Et is binding) obtains if and only if thesEt

that solves these three equations is less thans̄Et (this corresponds to point A’ in Appendix Figure 1).

Therefore, to find(sKt, sEt, q̃t) that solves (A2.11)-(A2.13) and (4.4) given(k̃t, λ̃t, XY t, XQt), we

can proceed as follows:

1. Solve (A2.11),(A2.12), and (A2.15) for(sKt, sEt, q̃t). If sEt ≥ s̄Et, then the solution is found.

2. If sEt < s̄Et, then setsEt = s̄Et and use (A2.11) and (A2.12) to solve for(sKt, q̃t) givensEt

thus determined.
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Appendix 3: Incorporating Intermediate Input to Agriculture

In this appendix, we allow an intermediate input to Sector 1. For this more general model, we derive

a two-equation dynamical system, compute its steady state, and show that the steady state is a saddle.

The Equilibrium Conditions
With intermediate input to agriculture denoted byMt, the production function for sector 1 is

Y1t = TFP1t Kθ1
1t Lη

1t Mα
t . (A3.1)

The contribution of land is implicit in this production function, so we have a decreasing returns to scale

in capital, labor, and intermediate inputs:

θ1 + η + α < 1. (A3.2)

The firms’ first-order conditions for sector 1 are:

rt = θ1 qt TFP1t Kθ1−1
1t Lη

1t Mα
t , (A3.3)

w1t = η qt TFP1t Kθ1
1t Lη−1

1t Mα
t , (A3.4)

1 = α qt TFP1t Kθ1
1t Lη

1t Mα−1
t . (A3.5)

With the production function for sector 2 being the same as in the text, the marginal productivity condi-

tions for sector 2 are (4.15) and (4.16).

Solving (A3.5) forMt and substituting it into (A3.1), (A2.4), and (A2.5), we obtain

Y1t = q
α

1−α

t T̃FP1t K θ̃1
1t Lη̃

1t, (A3.6)

rt = (1− α) θ̃1 q
1

1−α

t T̃FP1t K θ̃1−1
1t Lη̃

1t, (A3.7)

w1t = (1− α)η̃ q
1

1−α

t T̃FP1t K θ̃1
1t Lη̃−1

1t , (A3.8)

where

T̃FP1t ≡ α
α

1−α TFP
1

1−α

1t , θ̃1 ≡ θ1

1− α
, η̃ ≡ η

1− α
. (A3.9)

(A3.6) replaces (4.11), (A3.7) replaces (4.12), and (A3.8) replaces (4.13). Noting thatMt = αqtY1t,

the equilibrium condition for good 2, (4.18), is now

(good 2) Ntc2t + (Nt+1kt+1 − (1− δ)Ntkt) + Gt + αqtY1t = Y2t − φ(1− sKt)Ntkt. (A3.10)

The Detrended Dynamical System
The trendXY t is the same as before, as defined in (4.23), but the trendXQt with the intermediate input

is

XQt ≡
[
T̃FP

−1

1t (h1tEt)−η̃ TFP
1−θ̃1
1−θ2
2t (h2tEt)1−θ̃1

]1/(1−α)

. (A3.11)
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It is straightforward to show that the five equations corresponding to (A2.9)-(A2.13) are:

Nt+1

Nt

XY,t+1

XY t
k̃t+1 = [1− δ − (1− sKt)φ]k̃t + (1− ψt)ỹ2t − c2(q̃tXQt, λ̃tXY t)

XY t
− α q̃tỹ1t,

(A3.12)

XY,t+1

XY t
λ̃t+1 = β λ̃t

{
1 + (1− τ)

[
θ2

ỹ2,t+1

k̃t+1(1− sK,t+1)
− φ− δ

]}
, (A3.13)

c1(q̃tXQt, λ̃tXY t)
XY t/XQt

= ỹ1t, (A3.14)

(1− α) θ̃1
q̃tỹ1t

k̃tsKt

= θ2
ỹ2t

k̃t(1− sKt)
− φ, (A3.15)

w1th1t

w2th2t
=

(1− α)η̃ q̃tỹ1t/sEt

(1− θ2)ỹ2t/[1− (1− ξ)sEt]
. (A3.16)

where

ỹ1t ≡ q̃
α

1−α

t k̃θ̃1
t sθ̃1

Kt sη̃
Et, ỹ2t ≡ k̃θ2

t (1− sKt)θ2 [1− (1− ξ)sEt]1−θ2 . (A3.17)

The Autonomous System and its Steady State
To study the asymptotic property of the autonomous system, in the rest of this Appendix, assume:

(a) the trendsNt andXY t grow at constant rates (soNt+1
Nt

= n and XY,t+1
XY t

= g
1

1−θ2
2 ) andψt = ψ,

(b) the demand functionsc1 andc2 are those given in (5.3) and (5.4), reproduced here:

c1(q̃ XQt, λ̃XY t)
XY t/XQt

= µ1
λ̃

q̃
,

c2(q̃ XQt, λ̃XY t)
XY t

= µ2λ̃.

Clearly, under these two conditions, the detrended dynamical system (A3.12)-(A3.16), withw1th1t

w2th2t

set equal to1 − ξ, is autonomous. In this autonomous system, the path ofXQt can be arbitrary (it

does not have to be a constant-growth-rate path, for example) simply becauseXQt does not enter the

system. However, as mentioned in the text, for the non-autonomous system exhibiting Engel’s law to

asymptotically behave like the autonomous system to be studied below, we needXY t/XQt to grow

without limit.
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The steady-state(k̃, λ̃, q̃, sK , sE) of this dynamical system satisfies the following five equations that

can be obtained by dropping the time subscript in the system:

n g
1

1−θ2
2 = [1− δ − (1− sK)φ] + (1− ψ)

ỹ2

k̃
− µ2

λ̃

k̃
− αq̃ỹ1 (A3.18)

g
1

1−θ2
2 = β

{
1 + (1− τ)

[
θ2

ỹ2

k̃(1− sK)
− φ− δ

]}
, (A3.19)

µ1λ̃ = q̃ỹ1, (A3.20)

(1− α) θ̃1
q̃ỹ1

k̃sK

= θ2
ỹ2

k̃(1− sK)
− φ, (A3.21)

1− ξ =
(1− α)η̃ q̃ỹ1/sE

(1− θ2)ỹ2/[1− (1− ξ)sE ]
, (A3.22)

where

ỹ1 = q̃
α

1−α k̃θ̃1 sθ̃1
K sη̃

E , ỹ2 = k̃θ2 (1− sK)θ2 [1− (1− ξ)sE ]1−θ2 . (A3.23)

There is a closed-form expression forsK :

sK =
1− δ − φ + (1−ψ)(r+φ)

θ2
− ng

1
1−θ2
2

(1−ψ)(r+φ)
θ2

+ (αµ1+µ2)r

µ1(1−α)θ̃1
− φ

, (A3.24)

where

r ≡
g

1
1−θ2
2

β − 1

1− τ
+ δ (A3.25)

is the steady-state gross pretax rate of return from capital.

Under the calibrated parameter values, the Jacobian of the mapping from(k̃t, λ̃t) to (k̃t+1, λ̃t+1) for

the dynamical system is numerically calculated and its engenvalues are (1.2083, 0.8735). So the steady

state is a saddle.
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Appendix 4: The Open Economy Version

This appendix describes the model obtained from opening up the model of Appendix 3 to trade in

goods and services.

The Detrended Dynamical System
If the country can exchange good 1 for good 2 at a given relative price ofqt, the market equilibrium

conditions for good 1 and good 2 can be combined into one. This means that, in the detrended dynamical

system of Appendix 3, we can drop (A3.14) and modify the resource constraint (A3.12) as

Nt+1

Nt

XY,t+1

XY t
k̃t+1 = [1− δ − (1− sKt)φ]k̃t + (1− ψt)ỹ2t − c2(q̃tXQt, λ̃tXY t)

XY t
− α q̃tỹ1t

+ q̃t

[
ỹ1t − c1(q̃tXQt, λ̃tXY t)

XY t/XQt

]
.

(A4.1)

The additional term on the right side is the net export of good 1, valued in terms of good 2. This is the

only change; the dynamical system is made up of (A4.1), (A3.13), (A3.15), and (A3.16) withỹ1t and

ỹ2t still given by (A3.17).
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Figure 1: GNP Per Working-Age Population relative to Trend
(1.8% Prewar, 2.0% Postwar, US average over 1885-2000 = 1.0)
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Figure 2: Japan's TFP Factor (TFP^(1/(1-theta))) Relative to Trend
1885-1940 average=1
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Figure 3: Employment in Agriculture, 1885-2001
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Figure 4: Employment Share of Agriculture, 1885-2000
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Figure 5: GNP per Working-age Population relative to Trend, 1885-1940
U.S. average over 1885-2000 =1.0
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Figure 6: TFP in Two Sectors Relative to Trend (1.148% Prewar, 1.275% Postwar)
1885=1.0
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Figure 7: Capital-Total Hours Ratio (K/(hE))
actual 1885 value = 1.0
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Figure 8a: Employment Share of Agriculture, 1885-1940

0%

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%
18

85

18
90

18
95

19
00

19
05

19
10

19
15

19
20

19
25

19
30

19
35

19
40

data model, with barrier model, without barrier



Figure 8b: Capital Share of Agriculture, 1885-1940

0%

10%

20%

30%

40%

50%

60%

70%

80%

90%

100%
18

85

18
90

18
95

19
00

19
05

19
10

19
15

19
20

19
25

19
30

19
35

19
40

data model, with barrier model, without barrier



FIgure 9: Phase Diagram: Smoothed Exogenous Variables
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Figure 10: Marginal Productivity of Capital
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