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Abstract

We provide an algorithm for solving for equilibrium in a dynamic limit order market.
We formulate a limit order market as a stochastic sequential game and use a simulation
technique based on Pakes and McGuire (2001) to find a stationary equilibrium. Given
the stationary equilibrium, we generate artificial time series and perform comparative
dynamics. As we know the data generating process, we can compare transaction prices
to true or efficient prices. Due to the endogeneity of order flow, the midpoint is not
always a good proxy for the true price. We also find that the effective spread is nega-
tively correlated with transactions costs and uncorrelated with welfare. We explicitly
determine investor welfare in our numerical solution. As one policy experiment, we
evaluate the effect of changing tick size.



1 Introduction

It is well known that order flow is endogenous, and this endogeneity has to be taken into
account when drawing inferences from trade data. On observing an order, we can infer
something about a trader’s willingness to pay. This depends on two things: the common
or consensus value of the asset and any private benefits to trade. The first arises because
ownership of a security has value because of the dividend stream. The second could arise
because of liquidity motives for trade and must exist if we observe trade in the presence
of frictions, else agents are not rational. As both jointly determine a trader’s willingness
to trade, in equilibrium both must be simultaneously inferred. Both are of interest first to
determine the “value,” of the asset being traded, the second because it allows us to compute
welfare. Hence, a structural model of trade in a limit order market can be used to shed
light on the relationship between observables (trades and quotes) and both the common
value and trader welfare. In effect, such a model could allow one to distinguish between the
economic fundamentals and microstructure effects.

We try to disentangle these two effects in a dynamic pure limit order market in which
traders choose between buy and sell orders, and market and limit orders. We show that the
endogenous choice of orders has important implications for inferences we can draw from the
data. In a pure limit order market, agents choose to supply liquidity if the reward is high
and demand it if it is cheap. As it is costless for agents to switch between limit and market
orders many of the standard intuitions about intermediated markets are inappropriate. In
this paper we focus on pure limit order markets (i.e., with no market-making intermediaries).
Some exchanges are pure open limit order markets such as Paris, Tokyo, Stockholm, and
Vancouver. Other exchanges such as the NYSE or Nasdaq have incorporated limit order
books into their market design.

We numerically solve for the equilibrium of the model, and generate time series of trades
and quotes. A unique feature of our model is that it enables explicit welfare comparison
across different policy regimes. We characterize equilibrium in terms of traders’ strategies,
transactions costs of market orders, and welfare accruing to both market and limit orders.
We generate empirical patterns that have been observed in the previous literature. Our
structural models allows us to determine the effect of information on limit order submission
and quotes. We find that any measure of realized transaction costs does not proxy well for
true transaction costs.

We present a model of trade in which, in addition to a common value for assets, all agents

have a private value!, and a maximal number of shares they can trade. Given the limit

Mntuitively, private values may reflect idiosyncratic wealth shocks, tax exposures, or hedging motives.



order book and common value (which are both publicly observed), agents decide whether
to buy or sell (or both), and at what prices. In our model traders arrive sequentially and
submit orders to maximize their expected surplus given their private value and the current
limit order book. Expected surplus for a limit order is computed using beliefs about the
order’s execution probability and the expected change in the asset’s value conditional on the
order executing. Market orders execute with probability one while limit orders execute with
probability less than one (each limit order on the book is cancelled exogenously with some
small probability). In equilibrium, order submission strategies generate actual execution
probabilities and “picking off risk” that match traders’ beliefs. This “picking off risk” arises
as limit buys execute more often when the value drops and limit sells execute more often
when the value increases. The equilibrium is symmetric by construction. The equilibrium
is also Markov perfect in that a given trader’s strategy is a function of only the current
book—past traders’ actions do not matter, other than in their determination of the current
book.

Since the model is analytically intractable, we numerically solve for the equilibrium.
The model is essentially a multi-agent dynamic game in which each agent chooses an action
only upon entry to the market. Nonetheless, each agent’s optimization problem may be
expressed recursively using Bellman’s equation. Value function iteration then yields the
fixed point in beliefs that defines a Bayesian Nash equilibrium. Complicating this approach
is the size of the state space, due to the number of permutations of limit order books a
trader may face. Consider a market with only seven prices (or ticks) and up to nine buy
or sell orders at each price. Suppose the lowest sell is at tick 1. Then, the number of
possible books is 107. But the lowest sell could be at any of 7 ticks, or there might be no
limit sells on the book. Hence the total number of books is 8 x 107. Allowing 19 buys
or sells at each tick increases the number of books to more than 10'°. Of course, most of
these books never arise when traders play equilibrium strategies. Hence, we deal with this
curse of dimensionality by obtaining equilibrium values, beliefs, and strategies only on the
subset of states in the recurrent class of states. Pakes and McGuire (2001) apply the same
technique when solving an equilibrium model of industry dynamics.

Having solved for the equilibrium, we characterize it by simulating 500,000 order arrivals
for different values of the key parameters. The equilibrium displays order persistence of the
sort documented by, e.g., Biais, Hillion, and Spatt (1995) for the Paris Bourse. Some
persistence (such as that of small buy or small sell orders) occurs even when there is no
change in the consensus value of the asset, suggesting that there are particular sets of states
at which such orders are especially preferred.

We further find that on average market buy (sell) orders are submitted when the ask is



below (the bid is above) the consensus value of the asset. This reflects the fact that order
flow responds to profitable trade opportunities. An implication of this is that conditional
on a trade occurring, the midpoint is not a good proxy for the consensus value of the
asset. Or rather, that the estimate can be improved by conditioning on the trade. Another
implication is that in a pure limit order market transaction costs are negative, as market
orders are only submitted when it is beneficial. Thus, measures that were developed for an
intermediated market (such as the effective spread) should be interpreted with caution.

The effective spread is defined as the average transaction price minus the midpoint of
the contemporaneous bid and ask quotes. It is also used implicitly as a measure of welfare
when evaluating policies that affect markets. Using our model, we examine the efficacy of
this in a pure limit order market. If two markets have the same distribution over order
size and the same supply of liquidity, then effective spread is indeed a good measure of
which market generates more consumer surplus. However, if demand or supply schedules,
or order sizes are endogenous, then welfare may actually decrease when spreads narrow. In
our model the effective spread is negatively correlated with (true) transactions costs, and
largely uncorrelated with investor welfare. For example, we find that changing the tick size
has little impact on traders’ welfare despite increasing the average effective spread.

The literature to date has not provided a tractable model of a dynamic limit order book.
Our understanding of the trade-offs involved in submitting limit orders have been enhanced
by Cohen, Maier, Schwartz and Whitcomb (1981), Holden and Chakarvarty (1998), and
Kumar and Seppi (1993) who analyze a trader’s optimal choice between market and limit
orders in different trading environments. Biais, Martimort and Rochet (1999), Foucault
(1999), Glosten (1994), O’Hara and Oldfield (1986), Parlour (1998), Rock (1996), Seppi
(1997) and Foucault, Kadan and Kandel (2002) theoretically analyze prices, trading volumes
and efficiency in financial markets with limit order books.

Of these papers, Parlour (1998), Foucault (1999) and Foucault, Kadan and Kandel
(2002) are explicitly dynamic. However, these models require restrictive assumptions to
obtain analytical solutions. Parlour (1998) assumes a 1-tick market and no volatility in the
common value of the asset, Foucault (1999) allows for volatility of the common value of
the asset, but truncates the book. Foucault, Kadan, and Kandel (2002) have an interesting
interpretation of the cost of immediacy but for tractability, require limit order submitters to
undercut existing orders, as opposed to joining a queue. Ideally, for policy work we would
like a model with multiple prices and books of varying thickness.

An interesting empirical literature has shed light on both the characteristics of observed
limit order books, and on the intuition we have learned from models. In the first category,

Biais, Hillion and Spatt (1995) present an analysis of order flow in the Paris Bourse. In the



latter category, Sandas (2001) uses data from the Stockholm exchange, a pure limit order
market, to develop and test static restrictions implied by Glosten (1994). He tests break
even conditions from the static model. Consistent with the notion that market order flow is
endogenous, he finds that market order flow depends on state variables. He strongly rejects
the restrictions of the static model, suggesting that a dynamic one is needed to explain both
price patterns and orders in a limit order market. In short, he suggests that any inference
based on models that do not take into account the endogeneity of order flow may be flawed.

Hollifield, Miller and Sandas (2002) test a monotonicity condition generated by a limit
order market in which traders cannot split their orders on Swedish data. They reject the
condition if they consider both buy and sell orders, and fail to reject when conditioning
only on one side of the market. This suggests that one can appropriately view a limit order
market as a market for immediacy: i.e., a trader’s decision is not merely to buy or sell
the security but also immediacy. Hollifield, Miller, Sandas and Slive (2002) use a similar
technique to investigate the demand and supply of liquidity on the Vancouver exchange.
In keeping with the results in this paper and those in Foucault, Kadan and Kandel (2002)
they find that agents supply liquidity when it is dear and consume it when it is cheap.

There is a literature, pioneered by Roll (1984), Glosten (1987), Glosten and Harris
(1999) and Hasbrouck, (1991a,1991b, 1993) that considers the relationship between quoted
spreads, transaction prices and the true or consensus value of the asset in the presence of
an intermediary.? Our work is complementary to this as we generate artificial data from
a pure limit order market and thus know the true or consensus value. We can therefore
consider some of the same issues albeit in a different market environment.

We provide a general framework in Section 2. The details of our solution technique
appear in Section 3. We present the results of our model in Section 4 and attempt to
disentangle private and common values in section 5 and then present the results of our

policy experiment in Section 6. Section 7 concludes.

2 Model

We present an infinite horizon version of Parlour (1995). This is a discrete time model of
a pure limit order market for an asset. At each period, ¢, a single trader arrives at the
market place. The trader at time ¢ is represented by a pair, {z;, ¢ }. Here, z; € {1,..., 2} is
an integer that denotes the maximum quantity of shares the trader may trade. The trader
may buy or sell any combination up to z; shares. Thus, the decision to be a buyer or a

seller is endogenous. Let F, denote the distribution of z;. The trader’s private valuation for

*More recently, Huang and Stoll (1997).



the asset, 3, is drawn from a continuous distribution Fjg. Both z and 3 are independently
drawn across time, and their distributions are common knowledge. We normalize the mean
of (3 to zero.

In addition, there is a consensus value of the asset. The consensus (or common) value of
the asset at time ¢, which we denote v, is public knowledge. Each period, with probability
%, the consensus value jumps up by one tick, and with the same probability jumps down
by one tick. Changes in the consensus value could come about because of new information
that is released either about the firm or about the economy. The periodic innovations in
this value mean that traders who arrive at 7 > ¢, are better informed than the traders at
time £. Thus, this is a model of asymmetric information.

The market place is an open electronic limit order book. Let L; denote the limit order
N=1) o pt 0

pt,...,pN71 pN}. The distance between any two consecutive prices p’ and p*! is a con-

book at time ¢t. There is a finite set of discrete prices, denoted as {p_(N ), p(

stant, d, and we refer to it as “tick size.”

For convenience, prices are denoted relative to
the consensus value v, and p° is normalized to 0 at each t. That is, an order to buy 1 share
that executes at price p’ requires the buyer to pay exactly vy + p'.

Associated with each price p' € {p_(N_l),...,pN_l}, at each point of time ¢, is a
backlog of limit orders, £.. We adopt the convention that buy orders are denoted as a
positive quantity, and sell orders as a negative one. The book, therefore, is a vector of limit
orders, so that L; = {@}f\i __1( N-1)* At prices outside this set, there is a competitive crowd
of traders providing an infinite depth of buy orders (at a price p~) or sell orders (at a
price p¥).3

The trader who arrives at time t takes an action X;. X; is a vector with typical element
x!, that denotes the integer number of shares to be traded at price p’. An action is feasible
if YN |2 < z. A buy (sell) order at price p' is denoted by z > 0 (z! < 0).

We draw the maximum amount, z;, that a trader can trade. As we do not restrict a
trader to be a buyer or seller, but allow them to respond to profitable trading opportunities,
in equilibrium traders demand liquidity when it is cheap and supply it when it is dear.
Finally, we could endow traders with a maximum dollar amount they could trade. Thus,
when the price goes down, traders can buy more shares, however, for sellers when prices
are high, this would restrict the amount that they sell. To retain symmetry, and to focus
on demand and supply of liquidity (not shares) we endow the traders with shares.

Market orders submitted at time ¢ execute in that period. Limit orders submitted at
time ¢ execute if a counter party arrives at some time in the future. Following Hollifield,

Miller, and Sandas (2002), in each period, each share in the book is cancelled exogenously

3This truncation is a feature of Seppi (1997) and Parlour (1998).



with some probability. We assume this probability, §, is constant and independent across
shares.

Ideally, one would want a model in which the decision to exit the market is endogenous
(i.e., ¢ is endogenous). However, such a model must take into account the other markets
in which an agent trades, i.e., the opportunity cost of trade. As this is a model of trade in
one asset, the decision to cancel is reasonably modelled as exogenous.

Suppose £i < 0; that is, at price p, there is a backlog of sell orders at time ¢. If ¢ > 0
and ¢ < |¢f], then the agent who arrived at time ¢ has submitted a market buy order. The
buy order z} executes immediately against the outstanding limit sell orders. Similarly, a
market sell order at price p’ requires zi < 0, i > 0, and |z¢| < €. Any sell order at price
p~™, or any buy order at price p, is (trivially) a market order.

Conversely, if the submitted order is on the same side as the depth in the book, it is
a limit order at that price. That is, if ¢ > 0, so that the agent submits a buy order at
price p?, and £} > 0, so that there are already outstanding buy orders at that price, then x!
represents a limit order. Similarly for limit sell orders.

Finally, agents may submit orders that are in part market orders, and in part limit
orders. Suppose /i < 0, and a buy order xi > 0 is submitted. Then, if |¢i| < z%, we say the
agent submits || as a market order, and the remainder x! — |/}| as a limit order.

The agent is allowed to submit no order (i.e., submit an order of 0 shares). An agent
may arrive in the market, and decide that, given her type and the current book, she is
better off not submitting an order. In addition, she may submit both buy and sell orders.
The decision to trade is endogenous, with respect to both the quantity and the direction of
the trade.

2.1 Evolution of the Limit Order Book

The limit order book at time ¢, in conjunction with the orders submitted by the trader
at time ¢ and the exogenous cancellation rate, generates the book at time t + 1. We now
determine how the book at time ¢+ 1 evolves from the book at time ¢ for the arbitrary (not
necessarily equilibrium) action of the trader at time ¢, denoted X;.

At each time ¢, the following sequence occurs. First, a trader enters and takes an action
X;. Given this action, the cumulative shares listed at price p are now (i + z%). This holds
regardless of whether z! represents a limit or market order (that is, even when ¢ and z}
have opposite signs). After the orders z have been submitted (and executed, if they are
market orders), each remaining share at price p’ is cancelled with exogenous probability 4.
Consider the cancellations at time ¢. Fix a price p’, and suppose that there are /i shares

on the book at this price. These may be buy or sell orders. Each share at this price drops



out with an independent and exogenous probability §. Let 1§-t be an indicator function that
takes the value 0 if the j** share at this price and time is cancelled, and 1 if it does not.

Then, the evolution of the book from time t to £ + 1 can be represented as follows. Let

L = (Bt_(N_l), ., 6N, For each i and t,
' N S
G = sign(G+ai) Y 1, (1)
j=1
Now, Liy1 = (¢ +(i\f—1)’ ces ,Eﬁr_ll). Figure 1 illustrates the sequence of events for ticks
~1,0, 1.
1 1
0 2l 042l sty o
€0+ 0
@ 7 0+ap PRRUST) Ry
i x; 0+ xy 6 et -1 0
¢ ¢ ¢ t OIS t+1
Book T
at time ¢ ra.uder(ﬁ, 2) New Book Orders are New Book
arrives and enerated cancelled at time £ + 1
submits an order & with Prob §

Figure 1: Evolution of a three tick book

Now, suppose that at the end of period ¢, the consensus value of the asset increases from
vt, by one tick. Since all prices are denoted relative to the consensus value, all orders at a
price p’ are now listed at price p"~!. That is, such orders are now one tick lower relative to

(N-1) N

the consensus value. In this process, sell orders at price p~ will now be listed at p~*,

and are automatically crossed off against the crowd willing to buy at that price. Any buy

(N=1) prior to the jump are cancelled.

orders that were at p~

Similarly, if the consensus value of the asset falls by one tick at the end of period ¢, all
orders previously listed at a price p® are now listed at a price p*!, one tick higher relative
to the consensus value. Thus, limit orders may execute at a price closer to or further away
from the consensus value. In equilibrium this is one of the potential costs of submitting a
limit order: orders are more likely to execute if the asset value moves against them.

Limit orders are executed according to time and price priority. Buy orders are accorded
priority at higher prices, and sell orders at lower ones. If two or more limit orders are at
the same price, time priority is in effect: the one that was submitted first is crossed first.
Therefore, an order executes if no other orders have priority, and a trader arrives who is

willing to be a counter-party.



Actions of subsequent traders affect the priority of any limit order. Of course, the
ultimate change in priority is execution—a counter-party takes the trade. A trader who
arrives after an unexecuted limit order can either increase or decrease the price priority.
A subsequent trader decreases an existing order’s price priority if he submits a competing
order closer to the quotes. This moves the unexecuted order further back in the queue.
Conversely, a subsequent trader could execute against an order with price priority over the
limit order. This moves the limit order toward the front of the queue. Finally, a subsequent
order could improve the time priority of the unexecuted order by crossing against orders
in the book at the same price, picking off orders with higher time priority. However, it is
impossible for a subsequent order to decrease the time priority of a limit order. An agent
who submits a limit order is guaranteed a place in the queue at his chosen price. Given
that an opposing trade occurs at that price, the agent’s order will be executed in sequence.

The per share payoff at time 7 to a trader with type 8 who submits a limit order order
at time t at price p’ is

p' — (vy —v;) — B if he sells the asset at p’ at any time 7 > ¢

B+ (v —v) —p*  if he buys the asset at p’ at any time 7 > ¢ (2)
0 if the share is cancelled at any time before it is executed

2.2 Transaction Costs and Welfare Measures

We are interested in both transaction costs and trader welfare. The first is a measure of
the distance of the transaction price from the efficient price, and the latter measures the
distance between the transaction price and a trader’s willingness to pay. We define these for
a fixed limit order book. Suppose the book at time t is given by L;. All measures defined
below are conditional on this book; for convenience, we suppress this dependence in the
notation.

The bid and ask prices in the market at time t are defined in standard fashion. In any
period the ask price is the lowest sell price on the book, and the bid price is the highest
buy price on the book. Therefore,

Definition 1 The current bid and ask prices in the market are given by:

By =v +max{p|l<0}
Ay =v+min{p'| £ >0}

Further, the midpoint of the bid and ask prices is

A + By
—



Next, consider the transaction costs paid at time ¢ by a market order submitter who
submits a market order of size z. If the market order is large, it may “walk the book,”
so that different shares execute at different prices. Suppose that ! shares execute at
price p’, with Ef\[:, N 2t = Z. Then, the average execution price for the shares is P,(Z) =
v+ ﬁ Zf;_ ~ P'xi. The average execution price for a sell order is found analogously. Since
7 < 0 for a market sell order, we use |Z| in the expression for average price.?

Thus, we can define the total transaction costs paid by a market order submitter.
Definition 2 The true transactions cost faced by a market order of size T at time t is
T@) = (Pi(#)—v) sign(a). (3)
The effective spread, S¢(T), faced by a market order of size T at time t is
Suz) = (P(¥) —my) sign(a). (4)

Notice that in many econometric specifications (see Hasbrouck (2002) for a summary),
the transaction price is taken to be the sum of the efficient price (which we call the consensus
value) and microstructure effects. Thus, our transaction cost is simply the microstructure
effects times the signed order flow in these specifications.

A commonly used proxy for this transaction cost is the effective spread. From our
definition, the effective spread is simply the transaction cost with the midpoint of the quotes
as a proxy for the consensus value. If a market buy order is small, so that it transacts at
the ask and does not go deeper into the book, the effective spread reduces to (A; — my).
Similarly, a market sell order that transacts at the bid has an effective spread of (m; — By).

Consider a trade that occurs at time t. We define the welfare of the market order
submitter, and the limit order submitter(s) who executed at ¢. Recall that z > 0 indicates

a market buy order, and £ < 0 a market sell order.

Definition 3 Consider a trade of T shares at t. Then,

(i) the welfare of the market order submitter is
Wi = Z(Bi+u— Fi(Z)),

where P, is the average execution price.

(ii) the welfare accruing to limit order submitters taking the other side of the transaction is
Wi = z(P@) - (+8),

where Bl is the share-weighted average of the private values of all limit order submitters

whose orders trade against the market order at time t.

4Tt is never optimal for a trader to submit both market buy and market sell orders.



If the midpoint of the bid-ask spread, my, is equal to the consensus value of the asset,
so that m; = v, the effective spread is a good proxy for the transactions cost paid by a
market order submitter. Further, when m; = vy, the welfare of a market order submitter
can be written in terms of the effective spread. This is the basis for the use of the effective

spread to evaluate welfare. However, if m; # v, this is no longer true.

Proposition 1 Suppose a trade of size T occurs at time t incurring an effective spread of
Si(Z). If (and only if) my = vy,
(i) the welfare of the market order submitter is W™ =z By — |z|S;.

l

(ii) the welfare accruing to the limit order submitters who trade at t is W} = |z| Sy(z)—z 3.

Proof

(i) The welfare of the market order submitter is W) = z(5; + v¢ — P:(Z)). From equation
(4), if the market order is a buy order, P(Z) = m: + Si(Z), and if it is a sell order,

Pi(z) = my — Si(z). Hence, for a buy order,
Wi = 7 (B + v —my — Si(T)).

Hence, W™ = Z(8; — S¢) if and only if m; = v;.

Similarly, for a sell order, W/™ = z (8; + vi — my + S¢(Z), and W/ = & (B + Si(T))
if and only if m; = v;. Putting together the expressions for buy and sell orders, we have
W =z B — |z|S; if and only if m; = v;.

(ii) Next, consider the welfare accruing to the limit order submitters who trade at ¢. This

is Z(v; + Py(Z) — B'). In a similar fashion as in part (i), we obtain W} = 2| S; —z 3. =

Notice that, even if m; # v, the aggregate welfare improvement as a result of the
trade at t is Z(8; — 3), which is independent of the effective spread, S;(#). That is, if one
also considers limit order traders in welfare calculations, these transaction costs become
irrelevant: in a pure limit order market, these costs are simply transfers between agents.
Thus, any measure which determines a cost to one party merely reflects a gain to the
counter-party.

We report welfare for both market orders and limit order submitters. For policy pur-
poses, the welfare of limit order submitters should also be considered. Typically, the liter-
ature has computed transaction costs for market orders. However, there is no reason why
one group of investors should be favored over another. We do not have an intermediary:

Every trade in our model consists of a market order executing against a limit order. In

10



a market with an intermediary market-maker, transaction costs may be an important de-
terminant of retail investor (both market and limit order submitter) welfare. While the
intermediary provides a benefit by providing liquidity to market orders, it may also deter
limit order submission and thus decrease the welfare of such agents (see Seppi, 1997). As
Glosten (2000) observes in this case, one should account for the welfare of all parties in the

market.

3 Equilibrium

In section 2 we modelled a limit order market as a stochastic sequential game. We now char-
acterize best responses in this game, discuss the existence of a Markov perfect equilibrium,

and present an algorithm for numerically finding such an equilibrium.

3.1 Best Responses

In period t, a trader endowed with type (z, 3;) arrives to the market and submits an order
X specifying the number of shares to buy or sell at each price {p‘N oo pN }. He observes
the current market conditions, which consist of the current consensus value, v;, and the

(l;(Nfl), ., 171, Recall from section 2 that the trader

current limit order book, L; =
also knows the (exogenous) order cancellation rate, denoted ¢, the jump probability for vy,
denoted A, and the stationary distributions of types given by F, and Fj.

Of course, the trader does not know the future sequence of trader types, order cancel-
lations, and changes in consensus value. This sequence determines whether his limit orders
execute, as well as the value of any such trades (since v; may change before execution).
Hence, the trader forms beliefs about the probability of execution of an order placed at any
price p’ and the change in v; conditional upon execution at this price.’

Let p§_(k,i, L, X¢) denote the period ¢ trader’s belief of the probability of execution of
his k*" share at price p’ given book L; and order X;. Similarly, let u¥_; (k, i, Ly, X;) denote
his belief of the (expected) net jumps in the consensus value prior to execution (conditional
upon execution). The distinction between market and limit orders is handled by beliefs.
Suppose ¢ > 0, indicating some type of buy order. If [{ < —k then this share is a market
order with pf ;(-) = 1. Furthermore, since market orders execute immediately, puy_,(-) is

necessarily zero for market orders.

5Recall that we normalize prices to be relative to the current v¢ and therefore shift L; after jumps. Hence,
the belief about the “change in v; conditional upon execution” is equivalently a belief about “the number
of shifts in the book between ¢ and execution.”

11



Given these beliefs, the risk-neutral trader optimally chooses®

N &
X, = arg max Z Z pi_q(kyi, Ly, X) (B + puy_q(kyi, Ly, X) — p*) sign(2°)
X=G"N,..@N) TN i

N
subject to: Z 17| < 2.
i=—N

A strategy for an agent at time ¢, therefore, is a mapping X; : £ x [§, Bl x {1,...,z2} —
{2, ..., 2}*N*T1 where L is the set of all books. Each agent chooses a strategy to maximize
his own payoff, given his beliefs about the execution probabilities, uf ;(-), and changes in
v given execution, puy ;(-). This latter belief reflects the trader’s accounting for “picking off

risk” and “adverse selection” due to future traders being better informed about future v.

3.2 Existence

In equilibrium, pf = p® and pf = p* for each t. That is, any two agents facing the same limit
order book have the same beliefs about execution probabilities and changes in v conditional
on execution. Further, agents’ beliefs must be consistent with the actual future course of
play. The equilibrium concept we use is Markov perfect equilibrium. The state at any time
t is the limit book, L;.” Since time does not enter into the definition of the state, such
an equilibrium must be stationary. Thus, we rule out “time of day effects” or equilibria of
the form: “Every 333rd period, submit more aggressive orders.” The Markov specification
requires agents to condition only on the current book, and not on any prior books. In this
model it is not restrictive, because the book at any time summarizes the payoff-relevant
history of play. Since each agent takes a decision at only one period of time, perfection is
immediate.

It follows from existing work that a Markov perfect equilibrium exists to this game.
Suppose the support of the 8 distribution is bounded both above and below, and 9 is strictly
positive. Then, the payoffs must be bounded. Also, notice that as § > 0, the probability
that a limit order executes at a particular time, ¢ 4+ 7, goes to zero as 7 — oo. This is
because the order either executes or expires before ¢t + 7. Thus, this game is continuous at
infinity (see Fudenberg and Tirole, page 110). It now follows immediately from Theorem
13.2, page 515, of Fudenberg and Tirole (1991) that a Markov perfect equilibrium exists in

this game.®

SExecution, if it occurs, happens at some time 7 > ¢. The amount of time that elapses is sufficiently
short, however, that we do not discount future surplus.

"We exclude v; from the state since L; shifts as needed to keep prices relative to the current consensus
value.

8We do not prove uniqueness. However, in keeping with existing literature, we observe that the equilib-
rium we exhibit is computationally unique.
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3.3 Solving for Equilibrium

Equilibrium is obtained by finding common beliefs, u¢ and u?, such that when each trader
plays his best response, the means of the distributions of realized executions and changes in
v conditional on execution indeed match the expected values for these outcomes, as specified
by p® and p®.

To find this fixed point, we simulate a market session and update beliefs given the
simulated outcomes until beliefs converge. We follow Pakes and McGuire (2001), in using a
stochastic algorithm to asynchronously update these beliefs. The advantage of this approach
is two-fold. Consider the trader’s belief for the execution probability of a limit buy for one
share at price p’ given the current book, L;. To update this belief non-stochastically one
would integrate over all the possible sequences of future outcomes (of new trader arrivals,
order cancellations, and v jumps) that lead to this share either being cancelled or executed.
Instead, we simply track whether this share ultimately executes or is cancelled in the market
simulation. Upon execution or cancellation, we update the current value of u® for the state
at which this share was submitted. Updating p? is similar: we keep track of the net changes

in v since the order was placed. If the share executes, we average in the net changes to

v

uv.
complicated integral.

In essence, this approach uses a single draw to perform Monte Carlo evaluation of a

The second advantage of the stochastic algorithm is that beliefs are only updated for
states actually visited. By state we mean a combination of the current book and a share
placed at a particular price. The fixed point is computed only for the recurrent class of
states. As discussed in section 1, the full state space for this game is too large for traditional
numerical methods that operate over the entire state space.” A natural concern is that false
beliefs at points outside the recurrent class may lead players to mistakenly avoid such states.
To alleviate this concern, we specify initial beliefs to be overly optimistic: states not in the
recurrent class would not be visited even if beliefs for them were correct.

As discussed in Pakes and McGuire (2001), this algorithm may be viewed as a behavioral
description of players learning about the game in “real-time” using the same updating rules
as the algorithm. Here, we only use the algorithm to characterize beliefs and behavior in
equilibrium. We do not use the model to infer how players “arrive” at the equilibrium.

In more detail, the algorithm works as follows. First, we choose a rule, {u§(-), ()},
for assigning beliefs to states encountered for the first time. As discussed, this rule must be
optimistic. The simplest such rule is p§(-) = 1 and p§(-) = 0. A better rule sets u§(-, 1, -, )
to the probability that a trader, for whom taking the other side of the transaction at price p’

9To be of practical use, an algorithm must only operate on a set of states that can be stored in the
computer’s memory (without swapping to “virtual” memory on the hard drive).
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would yield non-negative surplus, arrives before the order is randomly cancelled. To derive
this probability, for a limit buy at p’, note that the probability of surviving 7 periods with
no such sellers arriving is (1 — 6)"(1 — F(p'))7. Execution in the 7 + 1 period, therefore,
occurs with probability no more than (1 —6)7(1 — Fp(p*))"(1 — §)F(p?). Since execution

can occur in any future period,

el 4 .. :oo _OS\T(1 _ IN\T (1 _ iy — (1—5)F[3(pz)
TICTAN ;0[(1 O (L= B (L= OF0")] = 7550 By

The initial belief rule pf is similarly derived for limit sells.
Next, we choose an arbitrary initial book, L. For simplicity we choose Lg to be empty.'?

We then set t = 1 and iterate over the following steps.
Step 1: Draw the period ¢ trader’s (z;, 5;) and determine the optimal action X,
given fig_y, piy_1-

Step 2: For each market order share, update pf(-) and pf(-) for the initial state
of the share crossed-off by the market order. If the crossed-off share was

the k*" share submitted in period 7 < t at price p’ (relative to v, ), then

pilk i Le Xo) = o i (i Ly Xo) om0 09)
H?('I@%LTaXT) - TL+1 Mgfl(k,/L?LT’XT)—i_ n+1T (6)

where n is the number of shares submitted at state (k,i, L;, X;) that

have either executed or been cancelled between periods 0 and ¢.

Step 3: Add each limit order share in X; to the end of the appropriate queue in
L;. At this point the book is L; + X;.

Step 4: Cancel each share in the book with probability §. Update pf for the
states at which cancelled shares were submitted. The update uses only
the first term in equation (5) since the last term has a numerator of zero
for cancelled shares (and one for executed shares). Note that uy is not

updated since it corresponds to changes in v conditional on execution.

Step 5: Determine the consensus value for the next period using the following
transition kernel:
vy + 1  with probability A/2
Vitl =4 U with probability 1 — A
vy — 1 with probability A/2.

10WWhile we have not proven uniqueness of equilibrium, the algorithm converges to the same equilibrium
from various initial beliefs and books.
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If v changes then shift the book to maintain the normalization of p° = v
(i.e., to maintain prices being relative to the current consensus value), as
discussed in section 2. Consider an increase in v: sell orders at (pre-shift)
tick —(N — 1) are picked-off by the crowd of buyers at tick —N and buy
orders that were at tick —(NN —1) are cancelled. The states at which these
orders were submitted have beliefs updated in the appropriate manner:
executed orders use the update rule in step 2, while cancellations use the
update rule in step 4. When v decreases, orders that were at tick NV — 1

are processed similarly.

Step 6: Implicitly set pf = pf_; and py = py_; for states not updated in steps 2,
4, or 5. Set t =t + 1, and return to step 1.

Pakes and McGuire (2001) stop the stochastic updates every million iterations to check for
convergence. Their convergence test compares the most recent values with values based
on exact evaluation of the integral defining each state’s value (instead of the monte carlo
approximation of the integral used in the simulations). They stop the algorithm when the
correlation in these two measures is 0.995 and the difference between their weighted (by
frequency of visiting each state) means is less than 1%.

Performing the same convergence test for our model is computationally not feasible. Our
model does not yield a closed form for the integral defining each state’s value (equivalently

A1 While one could numerically integrate to a high degree of accuracy for

pe and pt)
comparison to the single draw implicit in the algorithm, the amount of time needed to do
so for each of the 10-20 million states in our model’s recurrent class is prohibitive.

Our convergence test, instead, directly compares p® and p, respectively, with realized
execution frequencies and realized changes in v conditional upon execution. Every 100
million iterations we compute the weighted (by visitation frequency) average of the absolute
difference in the realized outcomes over the previous 100 million traders, and beliefs at the
end of the 100 million iterations. When the difference is less than 1% for both p¢ and p*
we stop the algorithm. We then confirm that these weighted averages remain less than 1%

when we simulate an additional 100 million periods holding beliefs fixed.

1A closed form is obtained when z, = 1 for all traders, and when beliefs are stored for each position in the
book that a given share may ever occupy during its life in the book, as opposed to only the initial position
upon submission. This latter stipulation corresponds to a model that may be written in the traditional
recursive form in which the value of today’s state is the sum of current utility plus a (potentially discounted)
continuation value. Given that traders in our model choose an action only upon entering the market,
the beliefs assigned to “intermediate” states (in route to potential execution) are not needed for decision
purposes. By not tracking such states we reduce the algorithm’s memory requirements. This allows us to
parameterize the model to yield “thicker” books, and books with more ticks.
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As in Pakes and McGuire (2001), we reset n (in step 2) to 1 every 1-10 million periods
until beliefs have begun to stabilize. This enables the algorithm to quickly correct for the

excessive optimism of initial beliefs at most states.

4 Characterization of Equilibrium: Simulation Results

Once the algorithm has converged, we record 500,000 trader arrivals. We provide a detailed
description of the outcomes of our equilibrium and compare our outcomes to existing empir-
ical literature. We also perform some comparative statics on the exogenous asset volatility
parameter of our model, the innovation rate, A. This allows us to demonstrate the proper-
ties of the equilibrium and to relate it to existing literature. In what follows, given that we

have solved for equilibrium, we provide data on means.?

4.1 Numerical parameterization

We do not attempt to calibrate the model. Our purpose here is merely to demonstrate
some features of equilibrium. In particular, the relationship between the transaction price
an both the consensus value and private value.

The following parameterization corresponds to our benchmark case.

e There are nine ticks and the tick size is normalized to d = $1i6. The ticks are denoted
{—4,-3,-2,-1,0,1,2,3,4}. The corresponding price vector relative to the common
value is {—i, —1%, . %} Traders may submit limit orders at ticks {—3,...,3}. At

ticks —4 and 4, a trading crowd provides infinite liquidity.

e [z is a normal distribution with mean 0 and standard deviation 3 ticks, or $0.1875.13
Hollifield, Miller, Sandas and Slive (2002) estimate for three stocks on the Vancouver
Stock exchange that trades “with a valuation within 2.5% of the average value of
the stock account for between 32% and 52% of all traders.” This implies a standard
deviation of the private value distribution approximately equal to 4.5% of the value
of the stock. Given our parameterization, this corresponds to a consensus value of

approximately 1%/ 045 = $4.17.

The choice of Fj3 is not motivated by computational need. The algorithm can

handle any distribution for Fg.

12Robustness checks performed by breaking the sample into smaller sets indicated that our results are not
sensitive to the particular part of the infinitely long equilibrium path that we report.

13 Although existence of equilibrium depends on payoffs being bounded, for convenience we assume that 3
has a normal distribution. Our numerical results are unchanged if, for example, we truncate this normal so
that all values lie between —n ¢ and n o, where n is an arbitrarily large, but finite, number. This restriction
would guarantee that payoffs are bounded.
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e F, assigns z € {1,2} with equal probability. That is, each trader has, with equal
probability, either one or two units to trade. The potential trade size distribution is
difficult to parameterize by casual observation, because order size is endogenous. For
the maximal trade size, we choose the lowest number (2) that allows traders to submit

multiple orders.

e Each period, each share is cancelled with probability § = 0.04. If a share is not
executed, the expected time before it is cancelled is 25 order arrival periods.'* If
orders arrive every 120 seconds, this parametrization suggests that limit orders stay
on the book for about 50 minutes. This is in keeping with the stylized facts presented
in Lo, MacKinlay and Zhang (2002). In a pooled sample of 100 stocks they find that
limit orders failing to execute are cancelled on average after 46.92 minutes for buy

orders and 34.15 minutes for sell orders.

e We take the innovation to the consensus value to be small, with A = 0.04. If the
consensus value changes it does so by one tick. The probabilities of increases and
decreases are the same (0.02); we do not incorporate a trend for the common value.
If trades occur every 90 seconds, it is difficult to envisage information about the cash
flows of the firm or aggregate economy arriving with greater rapidity. Notice that A

is the variance of the innovation distribution.

We choose the innovation in the consensus value of the asset to be one tick. That
is, the asset value can increase or decrease by one tick. As agents’ private motives
for trade are continuous, traders will arrive with varying incentives to undercut the
existing book. Thus, the discrete jump coupled with the continuous 3 distribution

captures agents’ incentive to undercut.

e For convenience, we report all payoffs in ticks (where one tick represents $%).

4.2 The State and Evolution of the Limit Order Book

Since we simulate a symmetric version f the model, we focus primarily on buy orders.
50.091% of the orders were buy orders. Of these, 20.872 % of the orders were market buy
orders, and 29.219% were limit buy orders.

The mean of the 3 distribution, and hence the consensus value of the asset is always
zero. Most orders are submitted at this value. In figure 2, we depict the total number of all

types of shares submitted at each tick. For convenience, in this figure, we show only orders

M With probability 6°(1 — §)*~!, the share will last k periods. Hence, the expected time until cancellation
(absent market order executions) is {1+ 2(1—6) +3(1 —8)* +4(1 —6)* +...} = +.
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submitted by traders, and ignore the infinite liquidity supplied by the trading crowd at
ticks —4 and 4. Over the 500,000 trader arrivals, only 18 trades were automatically crossed
against the liquidity supplied by the crowd; 11 buys at a tick of +4 and 7 sells at —4. A

miniscule proportion of traders (3 out of 500,000) chose to not submit an order.

20 T
HEl Mkt Buy
— Mkt Sell
18 [ Lim Buy [H
Il Lim Sell
16 .
n
D 14| i
p —
(48]
= —
D 12} .
“—
o
[<b)
(18]
=
c
O 8 B
[&]
(O} —
o
a °f i
47 —
27 —
0 | | .4 | | L0 |_|\ 1 |
-4 -3 -2 -1 1 2 3 4

0
Tick

Figure 2: Total number of shares at different ticks

While the numbers are large, on average, the book is thin: The open electronic limit
order book is effective at consummating trades. We present the average buy and sell sides
of the book in figure 3. The average book has a total of 2.86 shares on the buy side, and
2.84 on the sell side. As one might expect, depth is concentrated near the consensus value
of the asset, with buy orders more likely to be placed above it and sell orders more likely to
be below it. Further, as expected given the symmetry in the model, the book is symmetric.
The number of limit order buys one tick below the consensus value of the asset is equal to
the number of limit sells one tick above it.

The evolution of the book is determined by a trader’s order submission strategies. Fol-

lowing Biais, Hillion and Spatt (1995) and the subsequent literature,'> we classify the types

15See,for example, Ahn, Bae and Chan (2001), Griffiths, Smith, Turnball and White (2000) and Ranaldo
(2003).
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Figure 3: Average book depth at different ticks

of orders we observe. The definitions we use (for buy orders) are presented below. The

definitions for sell orders are exactly analogous.

Large Buy (LB)

Small Buy (SB)

Aggressive Buy (AB)

At the Quote Buy (QB)

Below the Quote Buy
(< @B)

Market buy order that moves the price. This occurs with a
market buy for 2 shares, where the second share is bought at
a higher price than the first.

Market buy order where all shares are bought at the same
price. Thus, either only 1 share is submitted or 2 if they
both execute at the same price.

Limit buy order at a price that is higher than the current
bid. This can be either 1 or 2 shares.

Limit buy order at the current bid. This can be either for 1
share or 2 shares.

Limit buy order at a price lower than the current bid. This
is for either 1 or 2 shares.
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Biais, Hillion and Spatt (1995) report on the persistence of orders on the Paris bourse.
They find systematic patterns of trade that are consistent with information effects. For
example, a large buy (at the ask) followed by a limit buy above the previous bid “reflects
the adjustment in the market expectation to the information content of the trade.” Further,
they identify a “diagonal effect”: The conditional probability of an order following a similar
order is typically higher than the unconditional probability of that kind of order.

In our model, such patterns might emerge for two reasons: either because of a particular
pattern in the book or because of information events. First, a trader conditions his actions
on the state, as this affects the probability of execution. Thus, if the same action is optimal
in similar states of the book, one might expect sequential traders to submit similar orders.
Second, the impact of a change in the consensus value, v, may induce subsequent traders
to take similar actions, until the book has adjusted. For example, we expect to see buy
orders following an increase in ;.

To investigate these sources of persistence, we report the probability of observing an
action at time t + 1, conditional on the action at time ¢. In our data, a trader with
two shares submits them simultaneously. If he submits two different kinds of orders, to
determine the transition probabilities, we need to assign one order to be the “first.” We
use the following rule: if one share is submitted as a market order, it is the first share. In
all other cases, we randomly assign one share to be the first.

Table 1 reports the transition probabilities for buy orders (again reported as percent-
ages). The model is symmetric, so the conditional probabilities of sell orders are similar.
The sum across each row is the conditional probability of a buy order at ¢ + 1 given the
conditioning event in the first column. That is, across each row, the probabilities sum to
the conditional probability of observing a buy order at (¢ + 1), given the event at ¢.

The Table reveals some persistence in order submission. For many of the defined events,
we do find a diagonal effect. Thus, market buys are more likely after market buys than
market sells.'® Further, market orders are frequently followed by aggressive limit orders on
the same side of the market. This sometimes happens because traders exhaust the liquidity
in the book and then become liquidity providers at the same price.

To determine if information events are the cause of the autocorrelation in the data, we
report in Table 2 the transition probabilities for a model in which there are no jumps in the
consensus value (thus, there is no informationally motivated trade).

With no information, there are fewer large orders in our data. That is, the existence of

large orders per se indicates the importance of information. When the consensus value can

6 This also accords with the theoretical results of Parlour (1998) and Foucault (1999), and the empirical
findings of Hollifield, Miller, Sandas and Slive (2002) and Ranaldo (2002).

20



Market Buys Limit Buys Total
Large Small Total Agg. At Quote < Quote  Total | Buys
LB 0.400 33.143 33.543 | 21.439 0.171 0.000 21.610 | 55.153
SB 1.124 23.442 24.566 | 29.591 6.555 0.568 36.715 | 61.280
LS 0.000  0.056  0.056 | 18.025 20.028 7.900 45.953 | 46.008
SS 0.005 6.363  6.368 | 12.892 13.551 6.170 32.612 | 38.980
AB 0.026 12.188 12.215 | 4.839 23.454 7.454 35.747 | 47.962

AS 1.793 35.576 37.369 | 6.000 6.812 1.997 14.809 | 52.178
QB 0.010 13.828 13.839 | 7.177 17.392 8.389 32.958 | 46.796
QS 0.048 35.980 36.029 | 7.878 7.781 1.892  17.550 | 53.579
<QB | 0.000 3.906 3.906 | 2.179 24.509 14.881 41.570 | 45.476
>QS 3.640 41.118 44.758 | 4.346 4.777 0.180  9.303 | 54.061

Overall | 0.626 20.246 20.872 | 12.331 12.357 4.531 29.219 | 50.091

Table 1: Conditional frequencies of buy orders at time ¢ + 1 (column) given the
order at time ¢ (row), base case.

Market Buys Limit Buys Total

Large Small Total Agg. At Quote < Quote  Total | Buys

LB 0.000 34.330 34.330 | 20.926 0.000 0.000 20.926 | 55.256
SB 0.187 24.867 25.054 | 23.430 9.766 0.078 33.274 | 58.328

LS 0.000  0.000  0.000 | 9.354 32.883 0.868 43.105 | 43.105
SS 0.000  7.533  7.533 | 10.342 21.529 2.050 33.921 | 41.454
AB 0.000 10.779 10.779 | 1.906 30.303 5.536 37.745 | 48.524
AS 1.166 35.559 36.724 | 3.600 10.484 0.500 14.585 | 51.309
QB 0.000 15.587 15.587 | 3.199 25.829 1.535 30.562 | 46.149
QS 0.013 33.111 33.124 | 5.451 14.043 1.275 20.770 | 53.894
<QB | 0.000 2.260  2.260 | 0.600 26.853 11.058 38.511 | 40.771
>QS 2.550 42.571 45.121 | 2.033 11.888 0.000 13.921 | 59.042
Overall | 0.192 20.701 20.893 | 9.172 18.199 1.695 29.065 | 49.958

Table 2: Conditional frequencies of buy orders at time ¢ + 1 (column) given the
order at time ¢ (row) with no changes in consensus value

change, traders are more willing to pay for immediate execution, to avoid picking off risk.
Also, limit orders are more dispersed: there are more orders at prices both worse than and
better than the current quotes. We comment further on this in Section 5.1 below.

In terms of the conditional probabilities of events, we find greater persistence in small
market orders and limit orders at the quote when there is no information. Also, following
a large buy, an aggressive buy order is more likely, than in the case with jumps. Therefore,
large conditional probabilities for these events do not indicate information effects. However,

the persistence of large orders and limit orders away from the current quote does.
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4.3 The State and Evolution of the Bid Ask Spread

In a pure limit order market, the quotes are set by limit order traders and changed when
either a limit order traders undercuts (competes on price) or a market order trader executes
against one. Thus, the incentives of traders to make and take liquidity determine the spread.
In our model, in keeping with standard intuition, a market order is less likely when the
spread is wide, while limit orders are more likely. In table 3, we report the unconditional
probability (reported as a percentage) of observing market or limit orders as a function of
the spread. Due to symmetry, we only report buy orders. The results accord with those
presented in Foucault, Kadan and Kandel (2002) and Foucault (1999). When spreads are
wide, market orders are more “expensive,” and thus traders tend to submit aggressive limit
orders which narrow the spread. When spreads are narrow, traders tend to “take liquidity,”
or submit market orders. When the spread is very wide (5-8 ticks), virtually all buy orders

submitted are aggressive limit orders.

Spread Market Buys Limit Buys Total
Large Small  Total Agg. At Quote < Quote  Total | Buys

1 0.465 28.211 28.677 | 0.000 16.470 4.998 21.468 | 50.145

2 0.697 11.599 12.296 | 25.544 8.251 3.853 37.647 | 49.944

3 2.321 22.361 24.683 | 6.959 8.881 9.671 25.511 | 50.194

4 0.017 15.306 15.322 | 18.911 13.422 2.264 34.596 | 49.919

5 0.000 0.647  0.647 | 48.464 1.119 0.000 49.583 | 50.229

6 0.000 0.042  0.042 | 50.681 0.000 0.000 50.681 | 50.723

7 0.000  0.000  0.000 | 49.562 0.000 0.000 49.562 | 49.562

8 0.000  0.000  0.000 | 50.520 0.000 0.000 50.520 | 50.520

Table 3: Frequency (%) of buy orders for different spread sizes.

The rapid response of traders to profit opportunities ensures that the spreads are narrow.
Figure 4 displays the probability density of the quoted spread. Almost half the time, the
quoted spread is 1 tick, with an average of 2.20 ticks.

Glosten (1987) shows that one can decompose a quoted spread into order processing
and adverse selection costs. His market maker framework is not directly applicable to a
limit order market as in the latter context, quotes are set by (possibly stale) limit orders
rather than continuously adjusted by market makers. The quotes in a limit order market
are thus backward looking not, as in intermediated trade models, the expected value of
the asset conditional on a transaction. This does not imply that information plays no
role in determining the quoted spread in a limit order market: Limit orders are placed by

traders who rationally anticipate changes in the common value. Thus, in equilibrium, the

22



6]
o

IN
[4)]
T
L

IN
o
T
L

W
o
T
|

W
o
T
|

N
(@]
T
|

Percentage of Quotes

10| s

(] 1 2 3 4 5 6 7 8

Bid—Ask Spread

Figure 4: Frequency distribution of quoted bid-ask spread A = 0.04

spread distribution is affected by information. Figure 5 demonstrates that in the absence
of asymmetric information quotes are on average narrower. The mean drops to 1.87 ticks.

Thus, volatility of 4% leads to an increase of 17.7% in the average quoted spread.

5 Disentangling the private value and consensus value

All our results derive from the fact that order flow is endogenous. In particular, arriving
traders take advantage of profit opportunities on the book. This is the other side of the
winner’s curse or picking off risk faced by limit order submitters: Losses to limit order
traders accrue as benefits to market order submitters. We first document the winner’s curse
and the market’s response to it and then determine the implications for the transaction price
and common proxies for the consensus value. For example, we determine if the midpoint of

the bid-ask spread is a good proxy for the consensus value.
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5.1 The Winner’s Curse and Picking off Risk

Limit orders are more likely to be executed after the consensus value moves against the
limit order submitter. That is, a limit buy order is more likely to be executed if the asset
value moves down and a sell order is more likely to be executed if the consensus value of
the asset moves up. Of course, in equilibrium, agents placing limit orders compensate for
this.'” As we have mentioned, an immediate implication is that the market orders who
execute against the ‘picked off’ limit orders have made advantageous trades. How large are
these effects?

In our data, we have 40,154 changes in the consensus value, of which 19,970 were incre-
ments and 20,184 were decrements. If there is a change in the consensus value, limit orders
may either be executed by incoming market orders (who now possess an informational ad-
vantage about the consensus value) or by the trading crowd if they are not picked off by

incoming market orders. In both cases, they have a higher probability of execution in states

"Nyborg, Rydqvist and Sundaresan find evidence of bidders’ compensating for the winner’s curse in
Swedish Treasury auctions.
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in which they receive a lower payoff. This, of course, is the realization of the winner’s curse.

In figure 6 we illustrate the average payoff to limit orders which executed after a jump.
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Figure 6: Number of jumps before a limit order is executed, and trader welfare

The horizonal axis records the number of jumps before an order is executed. The height
bars represent the proportion of executed limit buy or sell orders, as shown on the left hand
vertical axis. On the right hand vertical axis the mean welfare of limit orders conditional on
execution is recorded. The relationship between this and the number of jumps is depicted
by the dashed line for limit sell orders and the solid line for limit buy orders.

Limit order submitters optimally place their orders so that, on average, their payoff
is still positive after two jumps down for a buy order and two jumps up for a sell order.
Nonetheless, they are subject to picking off risk: conditional on a limit buy (sell) executing,
the expected change in the consensus value is —0.17 (+0.17) ticks. In total, 19.4% of all
limit orders experience an adverse change in the consensus value before execution. However,
consistent with ex ante optimization, the number of limit order traders who suffer from the
“winner’s curse” is small. On only about 4.06% of all limit orders, the submitter makes
a loss (relative to his private value). Interestingly, this loss is counterbalanced by some

traders (4.2% of all limit orders) who execute after a favorable change in the consensus
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value.

To determine the equilibrium effect of trader’s compensating for the winner’s curse,
we compare equilibrium behavior in a market with jumps to behavior in a market with a
constant consensus value. We document two differences in Table 4. First, limit orders are
submitted at more dispersed prices when picking off risk exists. This is because there is
a higher probability of orders executing at prices further away from the consensus value.
So, each 3 type submits buy orders at lower prices and thus # — p’ increases. Second,
the average spread widens as the volatility in the consensus value increases, confirming the
prediction of Foucault (1999).

A
Mean of 0 0.04
Quoted spread, all orders | 1.87 2.20
(8 — p), limit buys 2.06 2.17

Note: Both spread and (5 — p;) are shown in ticks.

Table 4: Means of quoted spread for all orders, and private value minus submis-
sion price for limit buys

Table 5 shows that, in the absence of an adverse selection component, the book is much
thicker at the consensus value.'® So, higher consensus value volatility means that orders are
submitted further away from the consensus value and orders get cleared out more frequently

after asset jumps. These two effects reinforce each other and lead to a wider spread.

Buy Order Depth | Limit Buy Submissions

Tick | A=0 A=004|A=0 A=0.04

-3 | 0.00 0.13 | 0.00 2.29

-2 | 0.00 0.39 | 0.00 1.79

-1 1.41 0.99 | 23.84 19.47

0| 1.65 1.08 | 70.15 58.93

1| 0.06 0.25 | 5.99 17.02

2| 0.00 0.02 | 0.02 0.49

3| 0.00 0.00 | 0.00 0.01
Total | 3.12 2.86

Table 5: Buy orders in an average book (left) and frequency of ticks at which
limit buys are submitted (right)

18 The effect of volatility shocks on depth has been examined by Ahn, Bae and Chan (2001) and Coppejans,
Domowitz and Madhavan (2001) and Hasbrouck and Saar(2002).
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5.2 The Winner’s Curse and Market Orders

As we have observed, an immediate implication of the winner’s curse faced by limit order
submitters is that the beneficiaries (market order submitters) are getting “good deals.” In
particular, when a trader arrives at the market he is more likely to take liquidity when it is
cheap (or offered at a subsidy) in the case of limit orders being “picked off.”

To confirm that limit orders are more likely to execute against a market order with
superior information, we consider the number of buy orders that are submitted after a

jump in the asset value. These results are reported in Table 6.

Market Buys Limit Buys Total
Large Small  Total Agg. At Quote < Quote  Total | Buys
Down | 0.050 6.718 6.768 | 9.948 12.624 15.710 38.283 | 45.051
None | 0.580 20.085 20.665 | 12.516 12.658 4.261 29.436 | 50.101

Up 2.399 38.102 40.501 | 9.905 4.256 0.255 14.417 | 54.917
Overall | 0.626 20.246 20.872 | 12.331 12.357 4.531 29.219 | 50.091

Table 6: Probability of buy orders conditional on jumps in the asset value

Clearly, after an increase in the consensus value, there are more market buy orders
submitted than after a decrease. This exemplifies picking off risk for limit orders in the
book. If the consensus value of the asset shifts up then last period’s ask becomes “too low,”
offering new traders a profitable opportunity. Similarly, after an increase in the asset value,
last period’s bid is “too low.” This leads to fewer limit buys at or below the bid.

On average how much do market order submitters benefit from picking off limit order
traders? Such profit opportunities decrease the cost of demanding liquidity. In the simula-
tion, since we know the true value is always the O-tick, we have a direct measure of the true
transactions cost paid by a market order: a market order executing at a price p* simply pays
|p?|. In Table 7, we report statistics on the transaction costs with and with the possibility

of jumps in the consensus value.

True Transaction Cost | Mean | Std. Dev.
Jumps (A = 0.04) -0.176 0.685
No Jumps (A = 0) 0.070 0.471

Table 7: True transactions cost and effective spread, base case

As the table indicates, the true transactions cost when there is “picking off” risk is
negative. On average, market order submitters execute at prices better than the true value
of the asset. The standard deviation in this case is high: profit opportunities are frequently

not always available in the book. Hasbrouck (1993) suggests the standard deviation of
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difference between the efficient price and transaction price as a measure of market quality.
In the context of our model this is just the standard deviation of the transaction costs.
Even with no jumps (i.e., no “picking off” risk) the transaction cost is close to zero on
average and negative for some traders. This result re-emphasizes the endogeneity of order
submission.' Traders submit market orders when prices are favorable, and limit orders
when they are not. This intuition is appropriate in a limit order market (as opposed to an
intermediated one) in which it is costless for agents to switch from market to limit orders. If
there are substantial costs to flexibility, transaction costs to market orders must be higher.
However, it does suggest that caution be exercised in calculating transaction costs in limit

order markets.

5.3 Inferences about the Consensus Value

Given the endogeneity of order flow, is the midpoint of the Bid Ask spread a reasonable
proxy for the consensus or common value of the asset in a pure limit order market? To
investigate this, we first examine the difference between this midpoint and the consensus
value (m; — v), across all quotes, over the 500,000 simulated periods. Figure 7 displays the
frequency distribution of this difference.

The mean of this measure (m; — v;) is 0.003, with a standard deviation of 1.232 ticks.
Thus, the midpoint is an unbiased estimator of the consensus value. However, it is frequently
incorrect, as shown in the figure. This is because it may be optimal for a trader to submit a
limit sell order below the consensus value of the asset if the current bid is “too low.” After
an innovation in the consensus value of the asset, the midpoint of the contemporaneous
bid-ask spread is typically different from the consensus value.

Frequently, the midpoint is used conditional on a transaction. For example, in empirical
measures of transaction costs such as the effective spread, the midpoint is used as a proxy
for the common value only if a transaction occurs. Thus, we next examine the difference
between the midpoint and consensus value conditional on a market order being submitted.
Since the effective spread is only measured for market orders, this yields a more direct
sense of the validity of the condition m; = v;. Figure 8 plots the distribution of (m; — v;)
conditional on a market buy or a market sell in that period.

It is clear from the figure that market buy orders are more likely when the midpoint
is below the true value of the asset (representing a profitable buy opportunity), and sell
orders more likely when m; > v;. Conditional on observing a market buy, the true value of
the asset is likely to be 1.09 ticks higher than the midpoint, and, conditional on observing
a market sell, it is 1.10 ticks below the midpoint.

YHollifield, Miller, Sandas and Slive (2002) estimate changes in the price of immediacy.
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Figure 7: Frequency chart of midpoint minus true value (m; — v;)

To examine the robustness of this result, we checked the corresponding figures for the
case when there is no change in consensus value (i.e., A = 0). In this case, conditional on a
market buy (sell) the true value of the asset is 0.72 ticks higher (lower) than the midpoint of
the bid-ask spread. Thus, this result is not solely due to stale limit orders but also because
of the endogeneity of orders: Buy orders are more likely when prices are low, and sell orders
when prices are high. Thus, we conclude that conditional on a transaction, the midpoint is
not a good proxy for the consensus value. Alternatively, a better proxy for the consensus

value can be obtained by conditioning on the transaction.

5.4 Inferences about Welfare and Transaction Costs

One empirical measure of the true transaction costs paid by market order submitters is
the effective spread, S;. Given that conditional on a transaction, the midpoint is not a
good proxy for the spread, we consider the correlation between true transaction costs and
effective spread: —0.23. Thus, when transaction costs are high, the effective spread is low.

A high effective spread is often associated with an imbalance on one side (either the buy
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Figure 8: Frequency chart of midpoint — true value (m; — v;)

or sell side) of the limit order book, which skews the midpoint of the bid and ask quotes.
As such, a profitable trading opportunity exists on one side of the market, and traders take
advantage of this.

Frequently effective spread is used as a proxy for market order submitter welfare. It
would be a perfect proxy for the welfare of market order submitters if the correlation
between these two were —1. However, since the midpoint is not a good proxy for the
consensus value of the asset, we know from proposition 1 that the effective spread will not
be perfectly correlated with welfare. We next quantify how well effective spread performs
as a proxy for welfare.

To do so, we break our sample into “trading days.” Specifically, we have 1000 days
(approximately 4 business years) each with 500 trader arrivals.?? For each day, we calculate
the average per-share effective spread, the total effective spread (the total transactions cost
paid by market order submitters that day), and the total welfare garnered by market and

limit orders. We then examine the day-to-day correlation of these measures, and report this

20 Alternatively, one could view each subsample as a different stock, under the null hypothesis that trade
in each stock is independent and identical. We maintain the interpretation of “days.”
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in Table 8 below.

Welfare
Market Order Limit Order Total
Eff Spread 0.332 0.404 0.444
Avg Eff Sp 0.210 0.310 0.312
Volume 0.526 0.455 0.597

Table 8: Day-to-day correlations of effective spread and welfare

Here, the correlation between effective spread and welfare (either market order or total)
is actually positive. Ceteris paribus, the more desperate a trader is to trade, the more likely
he is to be willing to execute at a worse price. If the endogenous book is such that desperate
traders often face bad prices, then effective spreads will be high and so will welfare. That
is, the higher the effective spread, the higher the welfare of the market order submitters—a
problematic finding for the use of effective spread as a welfare measure.

Notice the high correlation between volume and welfare. A higher trade volume must
be correlated with higher welfare, since all trades are individually rational. Indeed, as a

rule of thumb, volume appears to be a good proxy for welfare.

6 Evaluating Policy Changes Across Different Regimes

Given that effective spread has sometimes been used to evaluate policy, we perform two
such experiments and compute welfare. First, to determine if changes in effective spread
are a good proxy for changes in welfare across different regimes and secondly to evaluate
directly the policy experiments. We consider two such policy experiments: (i) changing the
tick size, and (ii) changing the standard deviation of the 3 distribution (i.e., the gains from

trade).?!

6.1 Change in the Tick Size

First, we evaluate the effect of changing the tick size. Besides providing an evaluation
of the effective spread, a tick size experiment has policy and market design implications.
Both the theoretical and empirical literature are mixed on the effects of a tick size change on
welfare. Seppi (1997) suggests that small traders are better off under a small tick size, while
large traders are at a disadvantage. Cordella and Foucault (1999), in examining competing

market makers find that transaction costs are minimized at an optimal, non-zero tick size.

21Such a change could come about due to (for example) changes in broker fees. It is possible that a
decrease in broker fees could increase the percentage of the population who trade and who have valuations
of the asset close to zero.
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Empirical evidence on reduction in the tick size both in general and on the NYSE is
mixed. There have been a few natural experiments: Toronto moved to decimals in 1996
while Nasdaq and the NYSE have both changed their tick size. The effects have been
examined by, among others, Bacidore (1997), Porter and Weaver (1997) and Ahn et al.
(1998). Bessembinder (1997), Bonen and Whaley (1998), Ronen and Weaver (1998), and
Jones and Lipson (2001) examine the effect on the transaction costs incurred by different
parties after the move to “teenies.” Goldstein and Kavacejc (2002) and Edwards and Harris
(2001) explicitly examine the effect of halving the tick size on liquidity suppliers—the limit
order book in the first case and the specialist’s ability to “step ahead” in the second. The
literature typically finds that a decrease in tick size reduces both effective spread and depth
in the book. As evidenced by these papers, the aggregate effect of such changes has defied
quantification. Has the reduction in tick size been a Pareto improvement?

To answer this question, we compare two regimes, one with 9 ticks and one with 5. For
computational ease in performing this comparative static, we make a slight modification to
the base case. We do this so that the dollar magnitude of jumps in the consensus value
and the potential gains from trade are the same across the two regimes. Recall, the 3
distribution is denominated in ticks. In both cases, § = 0.02, and A = 0.04. However, in
one case we consider 9 prices in which each jump is two ticks, compared to 5 prices in which
the jump is 1 tick. Thus, the dollar magnitude of the jumps is the same. However, notice
that the magnitude of the jumps is twice that of the base case model.

The mean and the standard deviation of the 8 distribution is adjusted so that the same
percentage of traders in both cases have valuations more extreme than the trading crowd.
In particular, with 9 ticks, we use a mean of 0 and a standard deviation of 3 ticks. In the 5
tick case, we have a mean of 0 and a standard deviation of 1.5 ticks. This ensures that, in
both cases, the standard deviation of 3 is %th of a dollar. We illustrate the § distributions
in Figure 9.

We report the results of this experiment in table 9. For ease of comparison, all values
are reported relative to the tick-size in the 9-tick model. We report the means of welfare
and effective spread per available share and per executed share. For welfare, the mean per
available share is the most relevant measure. We define the total number of “available”
shares to be the sum over all traders of the maximal quantity an agent may trade; that is,

fﬂ%ogo z. If a policy change results in fewer trades, the mean welfare per available share
will fall, while the mean per executed share need not. For policy prescriptions we should
care about foregone trades. For effective spread, the mean per executed share appears to
be the most relevant measure, given its prominence in empirical work.

Using the 9-tick regime as a base case, effective spread per executed share rises by 22.0%
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Figure 9: Relationship of ticks to [ distribution

5 ticks 9 ticks
Mean Per Share Mean Per Share
Available Executed | Available Executed
Volume 0.408 1.000 0.419 1.000
Mkt Ord Welfare 1.118 2.736 1.218 2.906
Lim Ord Welfare 0.890 2.178 0.845 2.017
Total Welfare 2.006 4.916 2.063 4.923
Eff Spread 0.526 1.290 0.443 1.057

Table 9: Results of change in tick size

when the tick size is doubled. However, the two regimes have roughly the same volume, and
hence welfare. Total welfare per available share falls by 2.8%, and the welfare of market
order submitters falls by 8.9%. In other words, a large change in the effective spread can
occur despite a relatively small change in welfare. Again, the change in volume is a good
proxy for the change in welfare; volume per available share changes by 2.7%.

These results allow us to reconcile the empirical literature with the theoretical literature.
Most of the empirical literature has found that a reduction in tick size leads to a reduction
in spreads, and the inference has been drawn (albeit in intermediated markets) that, ceteris
paribus, traders are better off. The theoretical literature has suggested that decreases in
tick size are not always Pareto improving. Our results suggest that a decrease in effective
spread does improve the welfare of market order submitters, but at the expense of limit
order submitters. The change in aggregate welfare is negligible. We interpret our result in
the light of order endogeneity. In a pure limit order market, the effect of a tick size change
must be of second order. If supplying liquidity becomes too expensive, then agents demand
liquidity and vice versa. A change that stopped trades from being consummated would

affect welfare. Amending the tick size merely perturbs how the gains from trade are split.
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Any decrease in welfare comes about from limit orders that are cancelled unexecuted.

6.2 Change in the Gains to Trade

Even though the effective spread fails, if the bias is systematic, we can still use it to infer
welfare. To see if this is the case, we perform another experiment in which we change the
gains to trade for agents. We consider a market in which the standard deviation of the
distribution is smaller—2 ticks instead of 3. Effectively, this implies reducing the gains to
trade. Gains to trade are larger when traders have more dispersed private valuations. All

other parameter values are the same as in the base case.

og =2 oz =3
Mean Per Share Mean Per Share
Available Executed | Available Executed
Volume 0.405 1.000 0.417 1.000
Mkt Ord Welfare 0.776 1.917 1.234 2.960
Lim Ord Welfare 0.593 1.465 0.887 2.128
Total Welfare 1.370 3.382 2.122 5.088
Eff Spread 0.332 0.819 0.379 0.908

Table 10: Comparison of two (§ distributions

As one might expect, if the gains to trade are larger, the welfare from consummated
trade is higher. Indeed, there is a 54.9% increase in total welfare per available share, in
moving from og = 2 to og = 3 (consistent with the notion that o represents the gains to
trade). However, the effective spread actually increases when the gains to trade increase.
Per executed share, the effective spread increases by 10.9%. In this case, as may be expected,
the change volume is a poor proxy for the change in welfare (volume per available share
increases by 3.0%). A change in the gains to trade leads to an increase in welfare on every
trade, and hence to a corresponding increase in welfare even when volume is held constant.

Thus, in our two policy experiments, effective spread goes in the right direction when the
tick size changes, but in the wrong direction as the gains to trade change. Further, in the
former case, the magnitude of the change in effective spread (22.0%) bears no relationship
to the change in welfare (2.7%). We can only conclude that the effective spread can be
a very misleading proxy for welfare. Changes in volume are a good proxy for changes in

welfare, provided the gains to trade remain approximately the same.
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7 Conclusion

The method we introduce opens the door to a class of more realistic models that are closer
to existing institutions. The explicit calculation of investor welfare makes it particularly
useful for evaluating policy experiments.

In this paper, we use our model to determine the implication of endogenous order
submission for the relationship between transaction prices, transaction costs, trader welfare
and some of the commonly used proxies. We find that the midpoint of the quoted spread
is an unbiased proxy for the consensus value on average in our symmetric model. However,
conditional on a trade occurring it is not. We find that the effective spread is not a good
measure of welfare because supply and demand of liquidity are endogenous. Thus, it should
not be used to evaluate or motivate policy.

In terms of the model, there are many possible extensions such as including an interme-
diary, privately informed agents, or competing exchanges. Open questions include: What
are reasonable proxies for welfare (to evaluate policy changes), transaction costs (to deter-
mine trading strategies), and the consensus value of the asset? Can these be inferred from
real data? We hope to answer these questions in future work.

In addition to such market design and policy questions, this method should also be of use
to practitioners. In particular, Lo, Mackinlay and Zhang (2002) report that hypothetical
limit order executions are poor proxies for actual ones, suggesting the need for a structural
model. We suspect that if practitioners work with a calibrated model of liquidity demand
and supply that includes endogenous order flow the predicted estimates of price impacts
will be better.
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