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Abstract

The presence of growth options in the value of the firm generates variability

in firm value that is not driven by current cash flows. This variability di-

minishes the correlation between investment and Tobin’s Q, while maintaining

a positive correlation between investment and cash flow. By simulating the

model, we show that there is also a high frequency negative relation between

investment and cash flow shocks that can reverse these effects. Time aggrega-

tion, however, restores the weak relationship between investment and Q, and a

strong positive association between investment and cash flow, consistent with

that found in empirical studies. Growth options also generate excess volatility

of firm value relative to cash flows, similar to findings documented by Shiller

(1981) and West (1988).

∗We thank Debbie Lucas for helpful suggestions.
†Preliminary; please do not quote without permission.



1 Introduction

A firm’s value should measure the expected present value of future payouts to claimhold-

ers. This insight led Keynes (1936) and Brainard and Tobin (1968) to the ideas un-

derlying Q theory - that the market value of installed capital (relative to uninstalled

capital) summarizes the incentive to invest. This insight, while theoretically com-

pelling, has met with mixed empirical success. While Tobin’sQ is typically correlated

with investment in empirical studies, the relationship is sometimes weak and often

dominated by the direct effect of cash flow on investment. Moreover, the measured

volatility of firms’ market values greatly exceeds the volatility of the fundamentals

that they supposedly summarize, creating the “excess volatility” puzzle documented

by Leroy and Porter (1981), Shiller (1981), and West (1988).

While these findings might be interpreted as irrationality in valuation, or as evi-

dence that the stock market is a “sideshow” for real investment and value, we show

that these phenomena can arise in an optimizing model with growth options. We

examine the model proposed in Abel and Eberly (2002), where the firm has a stan-

dard production function, with frictionless use of factor inputs (capital and labor).

The only deviation from a frictionless model is that the firm must pay a fixed cost

in order to upgrade its technology to the frontier. The frontier technology evolves

exogenously and stochastically, and the firm pays the fixed cost to install the fron-

tier technology when the frontier technology is sufficiently more productive than the

firm’s current technology. Once the new technology is installed, its productivity is

fixed. The firm may upgrade again in the future by paying the fixed cost whenever

it chooses.

The salient feature of this simple structure is the generation of “growth options”

in the value of the firm. Even though the frontier technology is uninstalled and

does not affect current cash flows, the firm has the option to upgrade its technology.

Importantly, the value of this option fluctuates independently of current cash flow

and creates a wedge between the firm’s value and its current cash flow. Since the

firm’s investment is frictionless, it only depends on current conditions - summarized

by current cash flow. Thus, investment is most closely related to cash flow in the

short run. However, eventually the firm will upgrade its technology, causing a burst

of investment (since the marginal product of capital rises), creating an eventual link

between valuation and investment. This generates a longer run correlation between

investment and Tobin’s Q.
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Discretely sampled data, however, aggregates over both of these regimes; we would

thus expect both cash flow and Tobin’s Q to be correlated with investment. Invest-

ment regressions including both Tobin’s Q and cash flow are often used as a diagnostic

of the Q theory of investment and as a test for financing constraints. In the model

examined here, both Q and cash flow are correlated with investment, but there are

no adjustment costs (as in Q theory) and no financing constraints. By simulating

the current model, allowing for discretely sampled data and also for time aggregation,

the presence of growth options can result in a small regression coefficient on Q and

a large effect of cash flow on investment. The former is often interpreted as an in-

dicator of large capital adjustment costs - while in the current structure there are no

adjustment costs at all. Similarly, following Fazzari, Hubbard, and Peterson (1988),

a positive coefficient on cash flow when controlling for Q in an investment regression

is often interpreted as evidence of financing constraints. Empirically, this cash flow

effect is especially strong in subsamples of firms with characteristics consistent with

restricted access to financing. In our model, these empirical characteristics (no div-

idend payout or no bond rating, for example) would suggest that these firms have

important growth options, rather than necessarily facing restricted financing.

Similarly, the presence of growth options causes fluctuations in firm valuation that

are not matched by current variation in cash flows. Instead, this volatility can be

driven by variation in the frontier technology. The independent variation in the

growth options can thus also generate “excess volatility” in firm valuation relative to

its fundamental cash flows. Such excess volatility has been empirically documented at

least since Leroy and Porter (1981) (who examined equity prices relative to earnings)

and Shiller (1981), who examined equity prices relative to dividends. Both of these

studies required stationarity of the underlying processes, an assumption that was

relaxed by West (1988), who also found excess volatility of equity prices relative

to dividends. West found that equity prices were from four to twenty times too

volatile relative to the variance implied by a present-value-of-dividends model and

the observed volatility of dividends.

We begin Section 2 by laying out the model developed in Abel and Eberly (2002)

and calculating the value of the firm and optimal investment used in the simula-

tions. We then show in Section 3 how optimal investment behaves during the two

regimes: during continuous investment periods between consecutive technology up-

grades, investment is driven by cash flow, while Q predicts technology upgrades and

the associated “gulps” of investment. In Section 3 we then simulate the model and
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aggregate over these two regimes to quantitatively evaluate the model’s implications

for the comovement among investment, Tobin’s Q, and cash flow. We also show

how time aggregation can affect the results, and even reverse the sign of the cash

flow effect on investment. Finally, in Section 4, we calculate the relative variances of

(log changes in) firm value and cash flow and show when the model can, and cannot,

generate “excess volatility”. Section 5 offers concluding comments.

2 A Model of the Firm with Growth Options

This section briefly describes the structure and solution of the model in Abel and

Eberly (2002). The model is solved in two steps. Since capital is costlessly adjustable,

we first solve for optimal factor choice and operating profit for a given level of the

firm’s technology. Once these values are derived in Section 2.1, we then analyze the

firm’s optimal upgrade decisions in Section 2.2. We can then solve for the value of

a firm that has access to the frontier technology and upgrades optimally. Finally,

using the value of the firm and the optimal capital stock, we calculate the average

value of the capital stock, or Tobin’s Q.

2.1 Operating Profits and Static Optimization

Let the firm’s revenue, net of the cost of flexible factors other than capital, be given

by (AtYt)
1−γKγ

t , where At is the level of technology, Yt is the level of demand (which

may also represent wages or the prices of other flexible factors), and Kt is the capital

stock.1 The firm has decreasing returns to scale in production or market power in

the output market, so that 0 < γ < 1. Define the user cost factor as ut ≡ r+ δt−µp,
where r is the discount rate, δt is the depreciation rate of capital at time t,2 and pt
is the price of capital, which grows deterministically at rate µp. Operating profits,

which are net revenue minus the user cost of capital, are given by

πt = (AtYt)
1−γKγ

t − utptKt (1)
1The fact that that At and Yt are raised to the 1 − γ power in the revenue function reflects a

convenient normalization that exploits the fact that if a variable xt is a geometric Brownian motion,

then xαt is also a geometric Brownian motion.
2 We allow the depreciation rate to be stochastic to motivate the stochastic user cost of capital.

Specifically, since the user cost factor is ut ≡ r + δt − µp, the increment to the user cost factor, ut,
equals the increment to the depreciation rate, dut = dδt.
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where utpt is the user cost of a unit of capital. Maximizing operating profits in

equation (1) with respect to Kt produces3 the optimal capital stock

Kt =
AtXt
utpt

γ

1− γ
, (2)

and the optimized value of operating profits

πt = AtXt, (3)

where

Xt ≡ Yt
µ

γ

utpt

¶ γ
1−γ
(1− γ) (4)

summarizes the sources of non-technology uncertainty about operating profits. We

assume that Xt follows a geometric Brownian motion

dXt = mXtdt+ sXtdzX , (5)

where the drift, m, and instantaneous variance, s2, depend on the drifts and in-

stantaneous variances and covariances of the underlying processes for Yt, ut, and pt.

We assume that the user cost factor, ut, follows a driftless Brownian motion, with

instantaneous variance σ2u.
4

3Differentiating the right-hand side of equation (1) with respect to Kt, and setting the derivative

equal to zero yields

γ

µ
AtYt
Kt

¶1−γ
= utpt. (*)

Solving this first-order condition for the optimal capital stock yields

Kt = AtYt

µ
γ

utpt

¶ 1
1−γ

. (**)

Substituting equation (**) into the operating profit function in equation (1) yields optimized oper-

ating profits

πt = utptKt

µ
1− γ

γ

¶
= AtYt

µ
γ

utpt

¶ γ
1−γ

(1− γ) . (***)

Use the definition of Xt in equation (4) to rewrite equation (**) as equation (2) and equation (***)

as equation (3).
4If Yt, ut, and pt are geometric Brownian motions, then the composite term Xt also follows a

geometric Brownian motion. Specifically, let the instantaneous drift of the process for Yt be µY
and its instantaneous variance be σ2Y . Then given our specification of the processes for ut and pt,

m ≡ µY − γ
1−γ

h
µp − 1

2
σ2u
1−γ + ρY uσY σu

i
and sdzX = σY dzY− γσu

1−γdzu, where ρY u ≡ 1
dtE (dzY dzu)

is the correlation between the shocks to Yt and ut. In addition, s2 = σ2Y +
³
γσu
1−γ

´2
−2 γ

1−γ ρY uσY σu;
sρXu = ρY uσY − γ

1−γσu; and sρX bA = ρY bAσY − γ
1−γ ρu bAσu, where ρij ≡ 1

dtE (dzidzj).
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Since in the next section we will examine the relationship between investment and

cash flow, note that the firm’s cash flow before investment expenditure is given by

Ct ≡ (AtYt)1−γKγ
t . Equations (1), (3) and equation (**) in footnote (3) imply that

Ct ≡ πt
1− γ

=
AtXt
1− γ

. (6)

Empirically, cash flow is usually normalized by the replacement cost of the capital

stock, ptKt, so we define the cash flow-capital stock ratio,

ct ≡ Ct
ptKt

=
ut
γ
=
1

γ

¡
r + δt − µp

¢
, (7)

which is proportional to the user cost factor when the capital stock is optimally

chosen.5

During periods when the firm does not change its technology, the capital stock is

chosen continuously to maximize operating profits. We call this continuous invest-

ment, which is obtained by calculating the change in the capital stock by applying

Ito’s Lemma to the expression for the optimal capital stock in equation (2). When

no upgrade occurs, dAt = 0 so the growth in the capital stock is given by

dKt

Kt
=
dXt
Xt
− dut
ut
+ (σ2u − ρXusσu − µp)dt. (8)

Equation (8) shows the ratio of net investment to the capital stock when no

upgrade occurs. Gross investment, It, is net investment, dKt, plus depreciation,

δtKtdt. Using the definition of gross investment yields the gross investment rate

It
Kt
= δtdt+

dKt

Kt
= (δt +m+ σ2u − ρXusσu − µp)dt+ sdzX − σudzu. (9)

To relate the drift term in equation (9) to cash flow per unit of capital, use equation

(7) to substitute γct − r for δt − µp to obtain
It
Kt
= (γct − Γ)dt+ sdzX − σudzu, (10)

where Γ ≡ r −m− σ2u + ρXusσu is constant. We will use this expression below to

analyze optimal investment in our simulations.
5Use the first equality in equation (***) in footnote 3 to substitute for πt in the definition of Ct.

Using the definition of the cash flow-to-capital ratio, this yields ct ≡ Ct
ptKt

= utptKt

γptKt
= ut

γ .
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The technology variable, At, represents the firm’s currently installed technology.

The firm also has the choice to upgrade to the available technology, bAt, which evolves
exogenously according to the geometric Brownian motion

d bAt = µ bAtdt+ σ bAtdz bA. (11)

The instantaneous correlation between the innovations toXt and bAt is 1
dt
E(dzXdz bA) ≡

ρX bA, and we assume that µ > 1
2
σ2.6

2.2 Optimal Upgrades and The Value of the Firm

The calculations above are performed conditional on the level of installed technology,

At. Now consider the firm’s decision about when to upgrade to the frontier technol-

ogy, bAt. The cost of upgrading to the frontier technology, bAt, at time t, is θt bAtXt,
where θ ≥ 0 is a constant. Because upgrading incurs a fixed cost (the cost depends
only on exogenous variables), it will not be optimal to upgrade continuously. The

firm optimally determines discrete times τ j, j = 0, 1, 2, ... at which to upgrade.

Begin with a firm that does not own any capital. This firm rents the services of

capital at each point in time, paying a user cost of utpt per unit of capital at time

t. The value of this firm is the expected present value of operating profits less the

cost of technology upgrades. Let Ψ
³
At, Xt, bAt´ be the expected present value of

operating profits, net of upgrade costs, from time t onward, so

Ψ
³
At,Xt, bAt´ = max

{τj}∞j=1
Et

(Z ∞

0

At+sXt+se
−rsds−

∞X
j=1

θ bAτjXτje
−r(τj−t)

)
, (12)

where bAτj is the value of the available frontier technology when the upgrade occurs

at time τ j. We require that (1) r −m > 0 so that a firm that never upgrades has

finite value; (2) r −m − µ − ρX bAsσ > 0 so that a firm that continuously maintains

At = bAt has a value that is bounded from above;7 and (3) (r −m) θ < 1 so that the
upgrade cost is not large enough to prevent the firm from ever upgrading.8

6The assumption that µ > 1
2σ

2 guarantees that the expected first passage time to the upgrade

threshold is finite. We also assume initial conditions X0, bA0, u0, p0 > 0.
7The condition r −m− µ− ρX bAsσ > 0 imples that even if the firm could maintain At = bAt for

all t without facing any upgrade costs, its value would be finite. Therefore, the value of a firm that

faces upgrade costs would be bounded from above if it maintained At = bAt for all t.
8See footnote 11 for the properties of the upgrade trigger a.
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Using the Bellman equation, we calculate the value of the firm when it is not

upgrading, and then use the boundary conditions that hold when the firm upgrades

its technology. These conditions are discussed in more detail in Abel and Eberly

(2002). The required return on this firm, rΨt, must equal current operating profits

plus its expected capital gain. When the firm is not upgrading its technology, At is

constant, so the required return on the firm must equal (omitting time subscripts)

rΨ = π +E(dΨ) (13)

= AX +mXΨX +
1

2
s2X2ΨXX + µ bAΨ bA + 12σ2 bA2Ψ bA bA + ρX bAsσX bAΨX bA.

Direct substitution verifies that the following function satisfies the differential equa-

tion in equation (13)

Ψ
³
At,Xt, bAt´ = AtXt

r −m +BAtXt

Ã bAt
At

!φ

, (14)

where B is an unknown constant and the parameter φ > 1 is the positive root9 ,10 of

the quadratic equation

f (ζ) ≡ r −m− (µ+ ρX bAsσ − 12σ2)ζ −
1

2
σ2ζ2 = 0. (15)

The boundary conditions imposed at times of technological upgrading determine

the constant B and the rule for optimally upgrading to the new technology. The

first boundary condition requires that at the time of the upgrade, the value of the firm

increases by the amount of the fixed cost. The second boundary condition requires

that the value of the firm is maximized with respect to the choice of τ j, the upgrade

time. In Abel and Eberly (2002) we show that solving these two equations yields

an expression for the constant B as a function of the upgrade threshold, a,

B =
a−φ

(φ− 1) (r −m) > 0, (16)

where a ≡ bA
A
is the relative value of the frontier technology to the installed technology

and a is the threshold value of this ratio at which an upgrade is optimally undertaken.
9Notice that f(0) > 0, f(1) > 0, and f 00(ζ) < 0, so that the positive root of this equation exceeds

one.
10An additional term including the negative root of the quadratic equation also enters the general

solution to the differential equation. However, the negative exponent would imply that the firm’s

value goes to infinity as the frontier technology approaches zero. We set the unknown constant in

this term equal to zero and eliminate this term from the solution.
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The boundary conditions also yield a single nonlinear equation characterizing the

threshold for optimal upgrades

g(a; θ) ≡ a− 1− 1− a
1−φ

φ− 1 − aθ (r −m) = 0 for a = a. (17)

Notice that this expression depends only on the relative technology, a ≡ bA
A
, and

constant parameters. Therefore, the relative technology a must have the same value

whenever the firm upgrades its technology; we defined this boundary value above as

a, so g(a; θ) = 0. It is straightforward to verify that a ≥ 1, with strict inequality
when θ > 0 and that da

dθ
> 0 when θ > 0.11 The firm upgrades At to the available

technology when bAt reaches a sufficiently high value; specifically, the firm upgrades

when bAt = a× At ≥ At. The size of the increase in At that is needed to trigger an
upgrade is an increasing function of the fixed cost parameter θ.

Substituting equation (16) into the value of the firm in equation (14) yields

Ψ
³
At, Xt, bAt´ = AtXt

r −m
·
1 +

1

φ− 1
³at
a

´φ¸
>
AtXt
r −m. (18)

The value of the firm in equation (18) can be interpreted as the product of two

terms: the expected present value of operating profits evaluated along the path of

no future upgrades, AtXt
r−m , multiplied by a term that exceeds one and captures the

value of growth options associated with expected future technological upgrades. If

the frontier technology were permanently unavailable, so that the firm would have to

maintain the current level of technology, At, forever, then the value of the firm would

simply be AtXt
r−m . Otherwise, the value of firm is increasing in the relative value of the

frontier technology, at, as well as in current operating profits, AtXt.

As noted above, Ψ
³
At,Xt, bAt´ gives the value of a firm that never owns capital

but rents the services of capital at each point of time. The value of a firm that owns

capital Kt at time t is simply equal to the sum of ptKt and Ψ
³
At,Xt, bAt´. Thus, if

Vt is the value of the firm at time t, equation (18) implies that

Vt = ptKt +
AtXt
r −m

·
1 +

1

φ− 1
³at
a

´φ¸
. (19)

11To see that a ≥ 1, use φ > 1 and (r −m) θ < 1 to note that lima→0 g(a; θ) > 0, g (1; θ) =

−θ(r −m) < 0, lima→∞ g(a; θ) > 0, and g00 (a; θ) > 0. Thus g(a; θ) is a convex function of a with

two distinct positive roots, 0 < a < 1 < a, when θ > 0, with ∂g(a;θ)
∂a < 0 and ∂g(a;θ)

∂a > 0. The

smaller root, a < 1, can be ruled out since it implies that the firm reduces the value of its technology

whenever it changes technology. Since ∂g(a;θ)
∂θ = − (r −m) a < 0, the implicit function theorem

implies that da
dθ > 0 when θ > 0. When θ = 0 there is a unique positive value of a that solves

equation (17); specifically, a = 1 when θ = 0.
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Tobin’s Q is the ratio of the value of the firm, Vt, to the replacement cost of the

firm’s capital stock, ptKt. To calculate Tobin’s Q, first use equation (6) to substitute

(1− γ)Ct for AtXt in equation (19), and then divide both sides of equation (19) by

the replacement cost of the capital stock, ptKt, to obtain

Qt ≡ Vt
ptKt

= 1 +
(1− γ)Ct
ptKt (r −m)

·
1 +

1

φ− 1
³at
a

´φ¸
. (20)

This can be simplified by substituting the cash flow-capital stock ratio from equation

(7) into equation (20) to obtain

Qt = 1 +
1− γ

r −mct
·
1 +

1

φ− 1
³at
a

´φ¸
. (21)

Tobin’s Q exceeds 1 because of the rents represented by the operating profits,

πt. The excess of Tobin’s Q over 1 can be decomposed into the product of two

terms. The first is the expected present value of operating profits per unit of capital

(measured at replacement cost), calculated along the path of no future technological

upgrades so that At is held fixed indefinitely. The second term reflects the value of

the expected future upgrades. It is an increasing function of the value of the frontier

technology relative to the installed technology, measured by at.

When a firm upgrades its technology, its capital stock jumps upward because

the marginal product of capital jumps upward. The jump in the capital stock that

accompanies the upgrade at time τ j is calculated using the expression for the optimal

capital stock in equation (2) to obtain

K+
τj

K−
τj

=
A+τj
A−τj

=
bAτjbAτj−1

= a. (22)

This increase in the capital stock occurs instantaneously and is a component of in-

vestment for any interval of time that contains τ j. The investment rate at these

instants is constant and equal to a− 1.
However, the timing of such a jump in the capital stock is correlated with Q.

Technological upgrades occur when the level of the frontier technology, bAt, becomes
high enough relative to the installed technology, At, to compensate for the cost of

upgrading to the frontier. The ratio of the frontier technology to the installed

technology, at, is a sufficient statistic for the upgrade decision. If at is below the

threshold value, a, the firm does not upgrade. When at reaches a, the firm upgrades

its technology to the frontier. However, the frontier technology, and hence at, is
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unobservable to an outside observer. Tobin’s Q, on the other hand, provides an

observable measure of at that can help predict the timing of upgrades and gulps. In

particular, we rearrange equation (21) to produce an expression for at as a function

of the observable variable

at =

·
Qt − 1
ct

r −m
1− γ

− 1
¸ 1
φ

(φ− 1) 1φ a > 0. (23)

Equation (23) shows that the expected time until an upgrade is decreasing inQt. High

values of Tobin’s Q thus predict imminent technology upgrades and the associated

gulps of investment.

3 Investment, Tobin’s Q and Cash Flow: Analysis

and Simulations

Over finite intervals of time, investment consistents of two components: continuous

investment and gulps of investment. Continuous investment refers to the continu-

ous variation in the optimal capital stock (equation (2)) that arises from continuous

variation in Xt, pt, and ut. Gulps of investment are associated with technological

upgrades. In this section we first examine how investment in each of these regimes is

related to cash flow and to Q in our model. In order to compare our model’s implica-

tions to data, we then simulate the model, aggregating over both types of investment

and over time to explore the model’s quantitative implications for the relationship

among investment, Tobin’s Q and cash flow.

There are several issues involved with deriving quantitative implications from these

findings. First, and perhaps most important, investment data are an aggregate of

both continuous investment and gulps. Thus, one would expect both the cash flow

effects of continuous investment and the Q effects of gulps to be present in actual

data. The magnitude of each depends on the size of the effect in each regime, as well

as the relative importance of the continuous investment and the upgrade regimes in

the sample. A second difficulty in comparing our findings to empirical work arises

because we solve and analyze the model in continuous time, but empirical analysis

uses discrete-time data. We will therefore also consider the effects of estimation and

measurement using time-aggregated data.

To assess the relationship among continuous investment, Q, and cash flow, first

rewrite equation (10) using equation (7) and the Brownian motion for ut (so that
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dut = σudzu) to obtain

It
Kt
= (γct − Γ)dt+ sdzX − γdct, (24)

where dct is the innovation to cash flow (scaled by the value of the capital stock).

Notice that the investment rate is an increasing and linear function of the level of cash

flow, ct, but a decreasing function of the innovation to cash flow, dct. Furthermore,

the investment rate is independent of Qt. A high level of cash flow is associated

with a high value of the user cost factor, specifically a high rate of depreciation. The

high rate of depreciation implies that gross investment, which includes replacement

investment, will be high. An increase in cash flow is associated with an increase in

the user cost factor, which reduces the optimal capital stock and causes investment

to be low.

While continuous investment is independent of Q, it is clear from equation (23)

that Q has a role to play in predicting technological upgrades and the associated gulps

of investment. Upgrades occur when the frontier technology relative to the installed

technology, measured by a, is sufficiently high. While this value is unobservable,

from equation (23), a is an increasing function of Q. Hence, high values of Q should

also be associated with technological upgrades and gulps of investment.

Combining continuous investment and investment gulps, as we do in our simu-

lations, thus yields a role for both Q and cash flow in explaining investment. We

now examine the magnitude of these effects quantitatively. We simulate the model

by first choosing a baseline set of parameters, as presented in the tables. We solve

for the optimal upgrade threshold, a, given these parameters and then generate a

quarterly series of normally-distributed shocks for each of the random variables, u,bA, and Y , in the model. We generate a simulated panel of data, corresponding to

500 firms over 80 quarters (roughly the size of the Compustat data set often used in

empirical work). Using the solution for a and the path of bA, we solve for optimal
upgrades and the path of the installed technology, A. We can then calculate the

composite variable X to summarize the non-technology sources of uncertainty, and

then solve for the variables of interest: the capital stock and investment, cash flow,

firm value, and Tobin’s Q. After generating 500 time series of 80 quarters, we run

the regressions indicated in each of the tables. We repeat this process 100 times to

assess the stability of the estimated regression parameters; each table gives the mean

and standard deviation of the regression parameters across the 100 replications.12

12Increasing the number of replications had little effect on the average or standard deviation of
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Table 1 reports basic features of the model under alternative parameterizations.

The first row reports the results for the baseline parameters; the remaining rows give

the analytic features of the model as we vary parameter values. The first column of

the table reports the upgrade threshold a. The next two columns report the value of

Q associated with a (before upgrading) and a = 1 (after upgrading) for each of the

parameterizations.

the estimated parameters.
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Table 1: Features of the Model and Parameter Variation

deviation from baseline: threshold, a Q before upgrade Q after upgrade

none 1.55 5.19 3.73

σ = 0.45 1.55 4.84 3.51

σ = 0.40 1.55 4.52 3.31

µ = .085,σ = 0.40 1.49 2.49 2.03

µ = .025,σ = 0.20 1.33 1.65 1.52

σu = 0.03 1.59 3.10 2.35

θ = 0.25 1.35 5.19 4.13

θ = 0.10 1.20 5.19 4.51

θ = 0.10, ρu bA = .25 1.19 3.17 2.83

θ = 0.05, ρu bA = −0.2 1.14 24.4 21.5

θ = 0.05, ρY bA = 0.2 1.14 14.1 12.5

θ = 0.05, ρu bA = −0.1, 1.14 17.8 15.7

ρY bA = 0.1
The baseline parameterization is r = 0.18, γ = 0.8, θ = 0.5, µ = 0.13,σ = 0.5,

µY = 0.065,σY = 0.20,σu = 0.06, µp = 0.02, and ρY bA = ρu bA = ρY u = 0.

These values imply the parameters governing X are m = 0.021 and s = 0.312.

The calculation of a is described in the text. The calculations of Q before and

after upgrade use equation (21), assuming δ = 0.1, and a = a (before

adjustment) and a = 1 (after adjustment).
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The first four rows after the baseline of Table 1 explore the implications of changing

the parameters, µ and σ, governing the frontier technology. While lowering the

variance of the frontier does not change the upgrade threshold, a, very much13, there

is a large effect on Tobin’s Q. As the option becomes less valuable, Tobin’s Q falls,

since Q measures the present value of future operating profits — including future

technological improvements. When the option is important, as at the top of the

table, Q can be quite large.

The next row of the table returns the frontier technology to its baseline and shows

the effect of decreasing σu. This will be important for our subsequent results because

it changes the volatility of cash flow in the cash flow regressions. In the structure

of the model, σu operates through its effect on the parameters, m and s, governing

X. Specifically, a decrease in σu, as in the table, decreases m.14 A reduction in the

growth rate of X increases the effective discount rate, r − m, applied by the firm.
This tends to increase the threshold for upgrading, a, and also to decrease Q.

The middle rows (rows 6 and 7 after the baseline) of Table 1 examine the conse-

quences of reducing the fixed cost, θ, of upgrading. Not surprisingly, the threshold,

a, for upgrading is reduced. Tobin’s Q evaluated after the upgrade (a = 1) rises

since on average capital is more valuable in a firm with smaller adjustment costs. An

interesting feature of these results is that the value of Q at the time of upgrade is

invariant to the size of the fixed cost; in these parameterizations, it is equal to 5.19

for all values of the fixed cost. To see why this is the case, recall the expression for

Q in equation (21). Evaluated at a = a, this expression yields Q = 1+ 1−γ
r−mct

³
φ

φ−1
´
,

which is not a function of the fixed cost.15 Thus, the value of Q at the time of

upgrades does not depend on the fixed cost.

The final rows of the table allow for cross-correlations among the various stochastic

processes in the model; these effects will be useful in our assessment of variance bounds

below. In particular, we allow for correlation between the components of X and the

frontier technology, bA. Keeping a low fixed cost (10%, which will be convenient

later) and allowing a positive correlation between the user cost factor, u, and bA has
only a small (negative) effect on the upgrade threshold, but a substantial negative
13Reducing σ decreases a slightly, but the difference is smaller than 0.01.
14The decrease in σu also increases s. This affects the optimal upgrade threshold and upgrade

behavior only if X is correlated with the frontier technology, which it is not in this parameterization.
15The constant φ is the solution to the quadratic equation (15) which is independent of the fixed

cost, θ.
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effect on Q. In this case, positive innovations to the frontier technology occur when

the user cost of capital is high; this contrary comovement reduces the average value

of capital to the firm. When a lower fixed cost (5%) is combined with a negative

correlation (-0.2) between u and bA, the upgrade threshold falls slightly, but the value
of capital skyrockets: Q evaluated after adjustment (at a = 1) equals 21.5. A

similar, but smaller, effect occurs when the low fixed cost (again 5%) is combined

with a positive correlation between demand, Y , and bA. The upgrade threshold and
upgrade behavior are identical to the previous case, and again the value of capital

rises, but less dramatically: Q evaluated after adjustment (at a = 1) equals 12.5.

This occurs because positive innovations to the frontier technology are associated

with positive innovations to demand; this favorable comovement increases the value

of capital. In the final row, where the frontier technology is correlated with both u

(negatively) and Y (positively), again the upgrade threshold is unchanged relative to

the previous rows, but the value of capital rises.

Table 2 reports the estimated coefficients on Tobin’s Q and the cashflow-to-capital

ratio, ct, in an investment regression in our simulated data. The first column reports

the parameterization, using a subset of the variations shown in Table 1. The columns

headed “no time aggregation” directly examine the data simulated at a quarterly fre-

quency (though all rates are annualized for comparison purposes). The first two

columns, labeled “univariate”, report the results of univariate regressions of the in-

vestment rate, I
K
, on Q and (scaled) cash flow, respectively. The next two columns

report the results of a multivariate regression of the investment rate, I
K
, on Q and

(scaled) cash flow. The last four columns repeat the univariate and multivariate

regressions for time-aggregated data. In this case, we calculate the annual cash

flow and investment series from our quarterly simulations, and then calculate Q and

the cashflow-to-capital ratio, ct, using beginning-of-period firm valuation and capital

stocks before running the annual regressions.

The first two columns of results in Table 2 report raw coefficients from regressing

simulated investment on beginning-of-period Q, and then on the lagged cash flow-to-

capital ratio in univariate regressions. In all of the simulations, the coefficient on cash

flow is between 0.75 and 0.85, and is also very stable. The coefficient onQ is also very

stable, but smaller. The coefficient on Q reaches 0.54 when the frontier technology

grows relatively slowly and steadily; at the bottom of the table, where growth options

are very valuable, the coefficient on Q falls as low as 0.003. When the frontier
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technology grows slowly and steadily, upgrades occur more often and are smaller

than the baseline case; Q is also smaller than the baseline. Since upgrades drive the

correlation between investment and Q, these frequent upgrades at low values of Q

drive the high coefficient on Q. On the other hand, when the investment threshold is

low, jumps in the capital stock are small. For the parameterizations at the bottom

of the table, these small jumps are associated with high values of Q, so there is a low

regression coefficient on Q.

When Q and cash flow are simultaneously included in the investment regression,

the coefficient on Q is virually unchanged and the coefficient on cash flow uniformly

falls (relative to the univariate case) — to the point where it can even be negative.

These results are reported in the multivariate regressions in columns 3 and 4 of the

results in Table 2. Two features of the independent variables are important to

understand this result. First, recall from equation (21) that Q is a positive function

of current cash flow, as well as the relative value of the frontier technology, a. Second,

as we noted in discussing equation (10), investment depends positively on the current

value of cash flow, but negatively on the innovation to u and hence to c. This negative

effect arising from the shocks is captured by cash flow and reduces the effect of cash

flow on investment, while the positive effect of cash flow on investment is absorbed

by Q. At the top of the table, where growth options are less important in the value

of capital, this implies that Q tends to have a larger impact on investment than does

cash flow, which is not consistent with the empirical evidence. As growth options

become more important, as in the bottom rows of the table, however, the effect of

Q is very small and the cash flow effects on investment are in the range of empirical

findings.

While these results allow us to examine the combined behavior of continuous

investment and jumps, the regressions are run ignoring time aggregation. The results

in the last four columns of Table 2 examine data that has been aggregated to an annual

frequency. The univariate correlations are similar to those without time aggregation,

though the coefficients on Q are generally slightly smaller and those with cash flow

are generally higher than when we did not aggregate over time. Also, the standard

deviations are uniformly larger in the smaller “annual” series of simulated data. The

major difference arises, however, when we move to the multivariate regressions. With

time aggregation, the coefficient on Q is lower in the multivariate regressions than in

the univariate regressions in every case. The coefficient on cash flow falls also, but not

as much as previously (without time aggregation). Aggregating over time averages
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cash flow over time, and hence averages the shocks to the user cost over time. This

substantially reduces the negative high-frequency correlation between investment and

cash flow, leaving intact the positive correlation between investment and the level

of cash flow. The coefficients in the last two columns of the table (multivariate

regressions with time aggregation) demonstrate consistently low coefficients on Q

and high coefficients on cash flow, especially where growth options are most valuable

(at the bottom of the table). The cash flow effects are, in fact, large compared

to those found empirically for broad samples of firms. This may occur because of

measurement error, which induces a downward bias in the empirical coefficients, or

because firms with growth options are a subset of firms in large empirical samples.

It is perhaps not surprising that these quantitative findings are strongest for cases

where the growth options are most valuable. These tend to be parameterizations

where the frontier technology is volatile and grows quickly, or when, conditional on

the dynamics of the frontier, adjustment is frequent (owing to low fixed costs) or very

valuable (owing to a positive correlation between cash flows and the frontier). A

possible concern about this finding is the relatively high values of Q associated with

these parameterizations that we noted in Table 1. For example, Q can exceed twenty

even after an upgrade in one case where the growth options particularly valuable. If

this value is taken seriously, this firm’s empirical counterpart would be excluded as an

outlier from most empirical studies. While this is a valid concern, it takes the cash

flows and growth options examined above as the firm’s only source of value. If these

account for one component (a plant, division, or line of business, etc.) of the firm’s

value, while the remainder of the firm is a more conventional generator of cash flows,

then this concern is diminished. The Q of the combined firm would be the capital-

weighted average of the Qs of each division, which tends to reduce the measured Q

for the overall firm. If the conventional part of the firm had no cash flow effects, this

would also tend to reduce the measured cash flow effect in the firm compared to our

results in Table 2, where we have noted that, if anything, these effects are stronger

than those found empirically.

Similarly, large cash flow effects are not typically observed for all firms in em-

pirical samples. Indeed, this is the identification strategy used in the literature.

Firms that are a priori expected to be liquidity constrained, such as smaller firms

or those that do no pay dividends or have no bond rating, are selected into a “con-

strained” subsample, which tends to exhibit larger cash flow effects and smaller Q

coefficients. This strategy, originally employed by Fazzari, Hubbard, and Peterson
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(1988), is broadly employed as an identification strategy in the empirical literature

using investment regressions to test for financing constraints. It is well understood

that this identification strategy is compromised if the sample splitting criteria are

correlated with characteristics of the firm that generate a cash flow sensitivity that

is not driven by liquidity constraints. Our model provides a rationale for such a cor-

relation that is not generated by financing constraints. The results in Table 2 show

that the cash flow effects are strongest and the Q effects weakest where the growth

options are most valuable, which would tend to be among more quickly growing and

more volatile firms. These characteristics also tend to be associated with small, non-

dividend-paying firms without bond ratings, since dividends and bond issues tend to

be associated with larger, more established and stable firms (see Fama and French

(2001)). Thus, the finding of stronger cash flow effects among small, non-dividend

paying, non-rated firms may suggest that these firms have relatively valuable growth

options, rather than that they necessarily face financing constraints.
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Table 2: Estimated Coefficients on Q and Cash Flow

no time aggregation time aggregation (annual)

deviation univariate multivariate univariate multivariate

from baseline: Q cashflow Q cashflow Q cashflow Q cashflow

none 0.11 0.80 0.11 0.08 0.09 1.17 0.03 1.07

(0.002) (0.02) (0.003) (0.04) (0.05) (0.54) (0.03) (0.56)

σ = 0.40 0.13 0.80 0.13 0.003 0.11 0.99 0.04 0.86

(0.003) (0.02) (0.004) (0.05) (0.06) (0.42) (0.04) (0.41)

µ = .085, 0.28 0.80 0.28 0.06 0.22 0.98 0.13 0.89

σ = 0.40 (0.01) (0.02) (0.01) (0.03) (0.15) (0.43) (0.12) (0.39)

µ = .025, 0.54 0.80 0.54 -0.02 0.61 0.81 0.31 0.73

σ = 0.20 (0.01) (0.01) (0.02) (0.03) (0.39) (0.39) (0.37) (0.36)

σu = 0.03 0.25 0.79 0.25 -0.07 0.20 1.14 0.08 1.01

(0.005) (0.05) (0.005) (0.07) (0.11) (0.48) (0.09) (0.47)

θ = 0.25 0.09 0.80 0.09 0.16 0.08 1.09 0.04 0.97

(0.002) (0.02) (0.002) (0.04) (0.05) (0.57) (0.03) (0.51)

θ = 0.10 0.08 0.80 0.08 0.23 0.07 1.04 0.03 0.96

(0.002) (0.02) (0.002) (0.04) (0.04) (0.44) (0.03) (0.42)

θ = 0.10, 0.19 0.84 0.19 0.10 0.14 1.06 0.07 0.96

ρu bA = .25 (0.004) (0.02) (0.004) (0.03) (0.10) (0.52) (0.07) (0.47)

θ = 0.05, 0.04 0.75 0.04 0.31 0.04 1.09 0.02 0.99

ρu bA = −0.2 (0.001) (0.02) (0.001) (0.05) (0.02) (0.47) (0.02) (0.47)

θ = 0.05, 0.01 0.75 0.01 0.32 0.01 1.01 0.01 0.95

ρY bA = 0.2 0.003 0.02 0.003 0.04 0.09 0.51 0.01 0.46

θ = 0.05, 0.003 0.75 0.002 0.33 0.002 1.18 0.001 1.09

ρu bA = −0.1, 0.0001 0.03 0.001 0.03 0.002 0.59 0.001 0.54

ρY bA = 0.1
The baseline parameterization is r = 0.18, γ = 0.8, θ = 0.5, µ = 0.13,σ = 0.5,

µY = 0.065,σY = 0.20,σu = 0.06, µp = 0.02, ρY bA = ρu bA = ρY u = 0. These

values imply the parameters governing X are m = 0.021 and s = 0.31.
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4 Variance Bounds

Equity prices empirically exhibit “excess volatility” relative to the dividends on which

they are a claim. This observation was formalized by Leroy and Porter (1981) and

most provocatively by Shiller (1981), though assuming that equity prices and div-

idends were trend stationary. West (1988) showed that equities were indeed more

volatile than justified by a dividend-discount model even allowing for non-stationarity.

West finds that the estimated variance of the stock price innovation is four to twenty

times (depending on the data set and estimation procedure) higher than the theoret-

ical upper bound associated with dividend volatility. The model examined in this

paper could, in principle, address this puzzle, since growth options generate variation

in the value of the firm that is unrelated to the firm’s current profitability. This vari-

ation induces “excess volatility” in the firm’s valuation compared to its underlying

cash flows.

Two issues, one theoretical and the other empirical, must be addressed in evaluat-

ing this intuition. First, the excess volatility in the firm’s value is observed during the

continuous investment regime, but the opposite effect occurs during a technological

upgrade. To see this, rewrite the expression for the value of the firm from equation

(19), using the optimal capital stock from equation (2) and the definition of cash flow,

Ct, to obtain

Vt =
AtXt
ut

γ

1− γ
+
AtXt
r −m

·
1 +

1

φ− 1
³at
a

´φ¸
= Ct

½
γ

ut
+
(1− γ)

r −m
·
1 +

1

φ− 1
³at
a

´φ¸¾
.

(25)

The value of the firm depends on current cash flow, but also varies with the user

cost factor, ut, and the relative state of the technological frontier, at.16 These

additional sources of variation may contribute to apparent excess volatility. Since

V and C are nonstationary, we follow West (1988) and take differences to induce

stationarity. In his model, however, arithmetic differences were assumed sufficient

to induce stationarity, while in our structure (with geometric Brownian motion),

log differences are required. With this assumption, the variance of innovations to
16The literature on excess volatility has argued that variation in discount rates is not sufficient to

explain the magnitude of the excess volatility in equity valuations compared to dividends. These

arguments could apply to variation in r and ut in the current model, but do not apply to variation

in at.

21



log V depends on the variance of innovations to log C, the variances of ut and at,

and importantly, the covariances among these processes. While the variances of

ut and at unambiguously increase the volatility of innovations to log V compared

to cash flow, the covariances can either reinforce this effect (if they are positive)

or have a countervailing effect if they are negative. The latter effect can arise if

we assume negative correlations among the underlying stochastic processes, which

we explore numerically in Table 3. Even without this assumption, however, there

are two sources of negative correlation when the underlying processes are mutually

independent. First, the user cost factor, ut, is negatively correlated with cash flow.

Specifically, the composite variable X depends negatively on the user cost factor,

which tends to induce a negative correlation betweenX and u: sρXu = ρY uσY− γ
1−γσu.

This tendency carries over from X to cash flow, since C = AX/(1 − γ). Perhaps

even more important is the comovement of these variables during an upgrade. When

the firm upgrades its technology, the user cost factor remains unchanged, but cash

flow jumps upward with the discrete increase in the installed technology, A, while

a jumps downward from a to one. This effect will be larger the greater is a, and

can be quantitatively important. Thus, it is not conceptually obvious that after

aggregating over regimes of continuous investment and upgrades, that the model will

actually increase the volatility of the firm’s value relative to its cash flow (both in

log differences). Greater volatility of firm value relative to its cash flow should be

observed during continuous investment regimes (subject to the above caveat regarding

the covariance of X and u), but could be reversed by the negative covariance of cash

flow and the relative technology during upgrades.

The second important issue to be confronted when assessing variance bounds in

this model is that the model generates neither stock prices nor dividends, which are

the empirically measured variables in the excess volatility literature. The model

is set in perfect markets, so neither capital structure nor dividends are determined

(since neither affect the value of the firm). This issue cannot be explicitly addressed

without leaving the perfect markets paradigm, which is beyond the scope of the paper

(and also outside the spirit of the current excercise — to examine the implications of

growth options without other market imperfections). In order to examine volatility

bounds in our model, we assume that the firm has no debt, and hence the value of

the firm, V , is equal to its equity value. Our calculations thus provide a floor on the

equity variance, since leverage would only increase the variance of equity. The fact

that we measure cash flows rather than dividends in our model is more problematic.
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If dividends are literally a smoother version of cash flows (and both must integrate

to the same value), as in Lintner (1956), then the variance of cash flow should exceed

the variance of dividends. Recent work, such as Brav, et al (2003), tends to confirm

that dividends are smoothed relative to cash flows. However, one can generate series

where the variance of dividends exceeds that of cash flows, for example, if dividends

are adjusted infrequently and by a large amount. If dividends are smoother than

cash flows, then the variance of cash flows we calculate provides an upper bound for

the dividend variance. In this case, the ratio of the variances of V to C (in log

differences) that we calculate is a lower bound on the variance ratio for stock prices

versus dividends.

Table 3 reports the relative variances of firm value and cash flows (in log differ-

ences) for each of the parameterizations of the model.17 The first two columns of

results report the mean and standard deviation of log changes in firm value, while

the next two columns report the same statistics for cash flow. The final column of

the table calculates the ratio of the two variances. Note that the ratio can be less

than one, so that the negative covariance effects described above can in fact dominate

the results for some parameterizations. As the first three rows of results demon-

strate, the variance ratio depends on the volatility of the frontier technology. As

the variance of the frontier, σ, falls, the relative variance of V falls also, and can

even be less than the variance of cash flow as suggested above. In the middle of the

table, we hold the parameters of the stochastic processes fixed and reduce the fixed

cost, θ. This lowers the adjustment threshold and the magnitude of the jumps at

adjustment, reducing the negative correlation between cash flow and technology at

these moments. This tends to increase the relative variance of firm value, since the

negative covariance term is weakened. Finally, as we allow the stochastic processes

to covary, this can induce positive correlation between the components of firm value

and further increase the variance of valuation relative to cash flow. The parameter-

izations for which this effect is most pronounced are also those for which the options

effects become large (at the bottom of the tables). The variance of innovations in

log V exceeds the variance of innovations in logC by a factor of three. This is near

the lower end of the range found by West (1988), and effects of this magnitude do

not occur for all parameterizations. As noted above, however, our ratio represents

a lower bound on the variance ratio for equities versus dividends if dividends are in
17We calculate the log changes using our quarterly simulations.
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fact smoother (lower variance) than cash flow.18

We have already noted that our measure of relative variances is a lower bound for

the relative variances of equity values to dividends, if dividends are smoother than

cash flows. An additional consideration for this measure is aggregation across firms.

The results of Shiller (1981) and West (1988) are estimated using aggregate equity

indexes and aggregate dividend measures. The volatilities they calculate therefore

depend on the covariance of equity movements and dividends across firms. If equity

movements are more positively correlated across firms than are dividends, then a

measure of variance bounds at the firm level is again a lower bound compared to

aggregate relative variances. This could occur if there is a common component to

firms’ discount rates owing to interest rate movements, for example.

Time aggregation will also tend to increase the volatility of firm value compared

to the volatility of cash flow. Firm value is measured at a point in time (a stock

value), whereas cash flow and dividends are both measured over some interval (flow

variables). Examining annual, rather than quarterly data, for example, has different

effects on these two types of data. Point-in-time data simply become sampled less

frequently when using lower frequency data. Flow data, like cash flow and dividends,

however, are integrated over a longer interval of time as the time period lengthens.

Depending on the processes governing these variables, this form of time aggregation

may affect the measured variance of the data. Moreover, time aggregation will also

affect the covariances we emphasized above. The variance of firm value is reduced,

and may actually be less than the variance of cash flows in our model, because of the

negative covariance between two of its components at upgrade times: cash flow jumps

up while a jumps down. Time aggregation eliminates the perfect synchronization

of the variables in the model and hence increases the variance of firm value (in log

differences). Time aggregation in empirical analyses thus provides an additional

reason to think of our estimated variance ratios as a lower bound compared to those

estimated empirically.
18Also, our results are not directly comparable to West’s since he compares the variances of

innovations in the level (rather than the log) of equities versus dividends. West (1988) uses levels

since the analytic results regarding the variance bounds hold for arithmetic differences. Empirically,

however, there is evidence that geometric differencing is necessary to induce stationarity. West

argues (pages 53-54) based on a Monte Carlo simulation that the use of levels rather than logs does

not significantly affect his calculations and conclusions regarding the relative variances.
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Table 3: Variances of Firm Value and Cash Flow

deviation Firm Value, V Cash Flow, C variance ratio

from baseline: mean std dev mean std dev var(V )/var(C)

none 0.046 0.190 0.049 0.182 1.09

σ = 0.40 0.044 0.167 0.046 0.173 0.93

µ = .085, 0.037 0.144 0.038 0.157 0.84

σ = 0.40

µ = .025, 0.021 0.121 0.021 0.120 1.02

σ = 0.2

σu = 0.03 0.047 0.163 0.049 0.182 0.80

θ = 0.25 0.046 0.193 0.050 0.169 1.30

θ = 0.1 0.046 0.196 0.050 0.157 1.56

θ = 0.10, 0.05 0.164 0.05 0.156 1.11

ρu bA = .25
θ = 0.05, 0.04 0.221 0.05 0.153 2.09

ρu bA = −0.2
θ = 0.05, 0.04 0.25 0.05 0.15 2.78

ρY bA = 0.2
θ = 0.05, 0.04 0.27 0.05 0.15 3.24

ρu bA = −0.1,
ρY bA = 0.1
Each column reports the mean and standard deviation of log changes in firm

value and cash flow, respectively.

The baseline parameterization is r = 0.18, γ = 0.8, θ = 0.5, µ = 0.025,σ = 0.2,

µY = 0.065,σY = 0.20,σu = 0.06, µp = 0.02, ρY bA = ρu bA = ρY u = 0. These

values imply the parameters governing X are m = 0.021 and s = 0.31.
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5 Comments and Conclusions

The value of a firm, measured as the expected present value of payouts to claimholders,

summarizes a variety of information about the current and expected future cash

flows of the firm. Empirical studies, however, typically have difficulty confirming

the information content of valuation measures, such as Tobin’s Q. Regressions of

investment on Tobin’s Q and cash flow often find only a weak effect of Q and find

instead an important role for cash flow in explaining investment. Moreover, there

is strong evidence of excess volatility of equity values relative to their underlying

dividends. We show that growth options can address both of these phenomena. The

key feature of the model driving the results is volatility in the value of the firm that

is not associated with current cash flows. These movements, driven by the frontier

technology in our model, affect the value of the firm immediately, but do not affect

the current marginal product of capital. Hence, this source of volatility moves V

and Q, but does not affect the optimal capital stock nor investment. This reduces

the correlation between investment and Q, yet leaves intact the correlation between

current investment and current cash flow. Our simulations show that without time

aggregation, the model can generate empirically realistic investment regressions when

the growth option component of the firm is fairly important. When the growth

options are small, the Q effect on investment is very strong and the cash flow effect

can even be negative. The negative cash flow effect, however, is reversed by time

aggregation. With time aggregation, the model produces relatively small Q effects

and strong cash flow effects for all of the parameterizations examined. Similarly,

when growth options are a large component of value, the model also generates excess

volatility of firm value relative to cash flow. The variance ratio of firm value relative

to cash flow can exceed three in the parameterizations we consider, which provides a

lower bound (if dividends have a lower variance than cash flows) for comparison to

empirical estimates. These estimates of excess volatility (of equity values relative to

dividends) are in the range of four to twenty.

Aggregation tends, in general, to strengthen our results. Time aggregation, as just

noted, produces consistently low coefficients on Q and high coefficients on cash flow

in the investment regressions. Time aggregation also tends to eliminate the negative

covariance among the components of firm value that reduces the variance of the value

of the firm relative to cash flow. Similarly, aggregation within the firm, so that the
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growth options and associated cash flows are not the only source of value in the firm,

would tend to reduce the high values of Q that we found for parameterizations with

large growth options. Finally, analyzing an aggregate valuation index and aggregate

dividends, as in Shiller (1981) and West (1988), rather than individual firms, as we

do here, could further increase the variance of firm value relative to cash flows. This

would occur if firms’ values covary more than do their dividends — for example, if

there is common movement in interest rates.

An avenue for further work is to allow for factor adjustment costs in the model.

Currently, both capital and labor are costlessly adjustable. This leads to a high

standard deviation of the investment rate, which is consistent with plant-level, but

not firm-level data (see Doms and Dunne (1998)). This could again be addressed

by aggregating across divisions, as suggested above, or by explicitly incorporating

adjustment costs on capital. The latter would tend to reduce the immediate response

of investment to changes in the user cost of capital, ameliorating the negative short

term correlation between investment and cash flow which can arise in the model.

Our results on time aggregation show that this is only a short-term phenomenon, and

hence likely to be diminished by adjustment costs as well as by time aggregation.
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