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Abstract

I argue that an important friction in the issuance of financial securities is that potential
investors may be privately informed about the value of the underlying assets. I show how
security design can help overcome this friction. In the single asset case, I show that debt is
often an optimal security when the number of potential investors is small, while equity becomes
optimal as the degree of competition increases. In the multiple asset case, debt backed by a
pool of assets is optimal if the number of assets is large relative to the degree of competition,
while equity backed by individual assets is optimal when the number of assets is small relative
to the degree of competition. I use the theory to interpret security design choices in financial

markets.
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1. Introduction

This paper studies the security design problem of a firm (or any seller of financial assets) faced with
investors (bidders) who have private information about the value of the assets being sold. Because
of their private information, the investors are able to extract rents, leading to underpricing of the
seller’s securities. To minimize this underpricing, should a seller issue debt or equity, and if he has
access to several assets or projects, should he issue securities backed by a pool of assets or backed
by individual assets? 1 provide answers to these questions and show how the security design is
affected by the degree of competition in financial markets, the number of assets being sold, and the
precision of investors’ information.

In a corporate finance context, most information-based theories of security design make the
plausible assumption that the issuer rather than the investors has private information about the

I This leads to a signalling problem for the issuer in which the securities

prospects of a firm.
are chosen to minimize mispricing. The importance of the signalling problem notwithstanding,
this paper argues that the problem created by investors having private information may also be
important in many instances. For example, a start-up company seeking financing usually has to
raise money from professional intermediaries such as venture capitalists or banks. These investors,
based on their industry expertise and long experience in financing, may be better at evaluating the
likely success of the firm than the entrepreneur.? As I will show, once the implications for security
design from this screening problem are taken seriously, predictions can be made along dimensions
on which the signalling literature is silent. One important such dimension is how the degree of
competition among investors (as measured by the number of informed investors) affects the choice
of securities.?

The theory developed here may also be relevant for understanding security design patterns that
have emerged in other financial markets. One example that fits well with the assumptions of the

model is the disposition of assets performed by the Resolution Trust Corporation (RTC). The RTC

was set up as a government agency in 1989 under the Financial Institutions Reform, Recovery, and

'See for example Myers and Majluf [23] and Nachman and Noe [24].

2Even at the initial public offering stage, there is evidence consistent with the existence of investor private informa-
tion. Firstly, investors do capture rents through the persistent underpricing in IPOs. Secondly, a major consideration
in designing the issue appears to be to elicit the privately held valuation of potential buyers. For example, in the
bookbuilding procedure, investors indicate their willingness to buy at different prices. More informative bids are
rewarded with a higher allocation (see Cornelli and Goldreich [8]).

3Since investors have no private information in a signalling model, it is enough with two investors competing for the
security to make the price perfectly competitive. This would be the outcome, for example, in Bertrand competition
or in any standard auction format. Therefore, the price is independent of the degree of competition.



Enforcement Act to dispose of the assets of failed savings and loans institutions. It was clear that
the RTC had very little expertise in valuing these assets, as opposed to the eventual buyers who
were sometimes the original owners of the assets. Initially, the RTC used mostly individual sales
of assets, generating very little volume. Through the use of pooled asset auctions and securitized
issues, the RT'C had sold $455 billion worth of assets in 1995 (see Vandell and Riddiough [27] and
Watkins [28]).

More generally, the model may be applicable to mortgage-backed and other asset-backed secu-
rities markets. Although not as immediately apparent as in the RTC example, one can still argue
that there exist some sources of investor private information in these markets. Buyers are generally
large investment banks, brokerage firms, and institutional investors, who have substantial expertise
in valuing the securities issued. Even if participants do not have private knowledge about the ac-
tual quality of the assets being sold, there can be private information stemming either from inside
knowledge of secondary market conditions based on customer relations, or from a better capability
of valuing securities based on proprietary valuation models.? I show that the information-theoretic
perspective taken in this paper has implications both for the optimal level of “aggregation” in the
security design and the shape the asset-backed security should take.

In modelling this problem, I start out analyzing the single asset case. I assume that a single
seller is endowed with an asset (or a project) that he wants to sell (or finance). He faces a limited
number of potential buyers who receive privately observed signals about the value of the asset. I
assume that the seller can retain part of the cash flow, but that he values immediate consumption
higher than the bidders. This may be either because he has to raise financing for the projects he is
about to undertake, or because he is more liquidity constrained than bidders for some other reason.
The seller will trade off the liquidity cost of retaining cash flow against the expected underpricing.
The seller uses a standard auction procedure (second price auctions) to sell securities backed by the
asset. Since bidders are imperfectly competitive and have private information, they will typically
be able to extract some surplus in the sale, leading to underpricing. It is the goal of the security
design to minimize this underpricing.

In signalling models, the typical strategy for minimizing underpricing is to issue a security with

‘Bernardo and Cornell [6], in analyzing data from an auction of collateralized mortgage obligations in which the
participants were major investment firms, found that the dispersion in bids in the auction was surprisingly high. This
indicates that investors had significant differences in valuation ex ante, and Bernardo and Cornell provide evidence
that these differences were mainly attributable to private information regarding valuation rather than, for example,
differences in the utility of holding the assets.



a value that is as insensitive as possible to the private information of the seller. I call this the
immunization strategy, and it typically leads to debt as an optimal security. Equity, on the other
hand, features high underpricing since the value of equity is very sensitive to issuer information.

In the situation where investors have private information, the information sensitivity of a se-
curity also plays a crucial role, but in a more subtle way. I show that what causes underpricing is
the sensitivity of the security valuation to the winner’s private information, after conditioning on
the information contained in the price. The information contained in the price reduces the infor-
mational advantage of the winner over the issuer, and it is only the remaining private information
that leads to underpricing.

There are two necessary conditions for the underpricing to be high given a certain realization of
the price. First, it should not be the case that the price completely reveals the value of the security.
The security must feature what I call residual information sensitivity, meaning that observing an
extra signal on top of the price can change the conditional expectation of the security. Second, for
the winner to be able to exploit this information sensitivity, it should not be the case that the price
reveals what the winner’s signal is. Observing the price turns out to be equivalent to observing the
realization of the second highest signal. The higher this realization is, the more precisely one can
predict what the winner’s signal must have been. Therefore, residual information sensitivity tends
to be more harmful for low than for high realizations of the price setting signal.

This last characteristic will make the choice of security design less straight forward than in the
signalling case. I identify two opposite strategies for the issuer to pursue. The first is to follow
the immunization strategy and issue a security featuring low unconditional information sensitivity,
such as debt. Such a security will also feature low average residual information sensitivity. The dis-
advantage of this strategy is that, since debt has a fixed pay off in good scenarios but a variable pay
off over the default region, the residual information sensitivity will be relatively more concentrated
to low realizations of the price setting signal where it is more harmful.

A second strategy is to go to the opposite extreme and issue a security featuring high uncondi-
tional information sensitivity, such as levered equity. Such a security will have high average residual
information sensitivity. In contrast to debt, however, since the pay off of levered equity is flat over
the default region, the residual information sensitivity tends to be relatively more concentrated to
high realizations of the price setting signal, where it is less harmful. I call this the sensitization
strategy.

Whether the immunization strategy or the sensitization strategy is more effective will depend



on the type of information conveyed by realizations of the price setting signals that are not high
enough to reveal the value of the winner’s signal. If such a realization conveys very bad news, so
that the asset value is very likely to be in the default region, the sensitization strategy typically
works better. When such a price setting signal is observed, levered equity is revealed to be worthless
with high probability regardless of the winner’s information. The value of debt, on the other hand,
is still uncertain and will be sensitive to the winner’s information. If a high price setting signal
is observed, the value of levered equity is of course much more uncertain than the value of debt.
However, the winner is no better equipped to resolve this uncertainty than someone observing
just the price setting signal, since the price setting signal reveals the value of the winner’s signal.
Therefore, the underpricing of equity is low.

If the number of bidders is relatively small, price setting signals can end up in the lower range
quite frequently even if the asset is not in default. Such a realization, then, does not convey
extremely bad news. This in turn implies that the residual information sensitivity of levered equity
will be high over the whole range of price setting signals, leading to a high degree of underpricing.
For a limited number of bidders and an underlying signal distribution that is not very skewed to
the top, the immunization strategy is therefore typically more effective.

As the number of bidders in the auction grows, however, the probability that the price setting
signal comes from the top of the signal distribution grows. This leads to an increased effectiveness
of the sensitization strategy, since a price setting signal below the top conveys increasingly bad
news. Therefore, as the degree of competition in the auction grows, levered equity becomes the
optimal security design. For intermediate cases, some combination of levered equity and debt with
a retention of junior debt is typically optimal.

I go on to study the multiple asset problem. I assume that each bidder gets a signal about each
asset. When the seller has multiple assets or projects, the security design problem involves an extra
stage: Before deciding on the shape of the security, the seller must decide whether a security should
be backed by a single asset or a pool of assets. The problem of how and when to pool common-
value assets in auctions with no retention and no security design was studied in Axelson [3]. In that
paper, it was shown that a pooled sale is optimal if the number of assets is large enough for a fixed
number of bidders, while separate sales becomes optimal as the number of bidders grows. Pooling
assets will change the underlying signal distribution in the auction. The signal a seller observes
about a pool of assets can be viewed as the average of the signals he observes about each single

asset. Pooling therefore increases the central tendency of the signal distribution, while decreasing



the thickness of the tails: Average signals become more common and extreme signals less common.
If the number of assets is large enough, and if the assets are not too correlated, this “diversification”
effect of pooling will make the informational differences between all bidders very small, since all
bidders will be expected to draw average signals. Therefore, the underpricing per asset goes to zero
as the number of assets in the pool goes to infinity, holding the number of bidders fixed. However,
as the number of bidders grows, the price setting signal is increasingly likely to be drawn from the
upper tail of the signal distribution. Since the underpricing is small when the price setting bidder
draws a signal from the top of the distribution, a fatter tail leads to lower underpricing. Therefore,
individual sales become optimal as the degree of competition grows, holding the number of assets
fixed.

Asis shown in this paper, seller utility can be substantially improved when retention and security
design is allowed on top of the pooling decision. Furthermore, the choice of security design will be
intimately linked to the pooling decision. Pooling will increase the effectiveness of the immunization
strategy, since debt backed by a pool of assets is less information sensitive than debt backed by a
single asset. At the same time, pooling will make the sensitization strategy less effective, as the
price setting signal is less likely to come from the top of the signal distribution. Therefore, as the
number of assets the seller has access to is increased, debt backed by a pool of assets becomes the
optimal security design. On the other hand, as the number of bidders is increased, equity backed
by individual assets becomes optimal.

The results above were developed under the restriction that the pay off of a security must be
monotonically increasing in the value of the underlying asset, a common assumption in the security
design literature that can be justified through an appeal to moral hazard issues. I go on to show
that when this restriction is removed, non-monotonic securities will typically be used as part of
an optimal security design. In fact, I show that it is sometimes possible to construct risky non-
monotonic securities that do not feature any underpricing at all. The fact that we seldom observe
these type of security designs empirically, despite their apparent attractiveness, may be explained
both by the moral hazard issues they introduce and by the fact that the design is not robust to
small variations in assumptions about the underlying signal distribution.

In a further extension of the model, I endogenize the information acquisition of bidders. It
turns out that all results are robust to this extension, once I reinterpret the effect of increased
competition as an effect of lower information acquisition costs. A lower information acquisition

cost leads to a higher degree of competition in the market, which in turn leads the seller to perform



security design reflecting this higher degree of competition.

Several empirical predictions emerge from the theory. First, debt should be more commonly
observed when the degree of competition among investors is low, or when information acquisition
costs are high. Second, the degree of aggregation of a security should be negatively related to the
degree of competition. Third, debt and pooling should be observed in combination, while equity
should be more common when there are few assets backing the security. Although undoubtedly
there are many factors outside the model that, depending on the institutional setting, are of first-
order importance for explaining security design choices, I view the results as being largely consistent
with observed phenomena. For example, the prediction that a large asset base should be sold
through debt issues backed by a pool is consistent with securitization patterns in the asset-backed
securities markets, while equity issues are more prevalent when the asset base is more focused (as is
the case for individual firms). I discuss in the conclusion how the results developed here may also
be helpful in understanding life cycle patterns of financing for a firm, the difference in financing
between bank oriented and market oriented systems, and the role of financial intermediation.

The rest of the paper is organized as follows. The next subsection discusses related literature.
In Section 2 the model assumptions and fundamentals are described. Section 3 describes equilibria
for second-price auctions and the determination of underpricing in these auctions. The security
design results for the single asset case are developed in Section 4, and for the multiple asset case in
Section 5. The extensions of the model are discussed in Section 6. Section 7 concludes. All proofs

are in Appendix B.

1.1. Related literature

Comprehensive surveys of the security design literature in corporate finance can be found in Harris
and Raviv [18] and, more recently, in Allen and Winton [2]. Neither of these surveys discuss the
investor private information problem, indicating the scarcity of research on this topic. The idea
that outside investors may have private information is not completely new to the corporate finance
literature, however. As opposed to the view in this paper, the focus has mostly been on the positive
role of informed investors. Allen [1] and Habib and Johnsen [17], for example, emphasize the benefits
of security price information in guiding investment decisions of the firm. Many papers discuss the
importance of having an informed investor who monitors the firm to solve moral hazard problems.
Somewhat more closely related to this paper, Boot and Thakor [7] and Fulghieri and Lukin [12]

extend the signalling literature to allow some investors to acquire information about the value of



assets. The security design motive in these papers ultimately stems from signalling considerations,
however. Good firms want to separate themselves from bad firms, and might therefore issue equity
securities to encourage information production about their assets. None of these papers discuss the
role of security design in screening investors.

Closest to my paper in a corporate finance context is Garmaise [13], who looks at a situation
in which two informed investors offer securities to a firm in a first price auction. The results are
driven by the fact that investors view the entrepreneur as being either overly optimistic or overly
pessimistic, leading to debt in the first case and equity in the second case. There is no analysis of
how the degree of competition affects the security design. In another paper, Garmaise [14] does
look at the effect of increasing the number of bidders in a single asset situation. Although his focus
is different, he derives the result that debt is optimal in common value auctions because it serves
to minimize the difference of opinions between bidders.

In a trading context, Gorton and Pennachi [16] and Subrahmanyam [26] use Kyle-type models
to explain the existence of basket securities in stock markets. They show that liquidity traders
can avoid getting picked off by informed traders by trading in pooled securities like stock-index
futures. Even though there is no issuer doing any security design in their models, the intuition for
these results is similar to the intuition for why pooling may help in reducing underpricing in my
model. Similarly, Gorton and Pennachi [15] show that firms or financial intermediaries have an
incentive to split cash flows into debt and equity so that uninformed traders can protect themselves
against losses to informed traders. None of these papers study the impact of an increased degree
of competition on the security design.

Finally, it is interesting to contrast the results in my paper with the results developed by
DeMarzo [10], who studies the same security design problem when the seller is endowed with
private information. He also derives pooling backed by debt as an optimal security design when
the number of assets is large enough. However, equity is never an optimal security design, and the

degree of competition plays no role in his analysis.

2. Model Set-Up

I use a standard common value auction set-up (see, for example, Milgrom and Weber [22]), with
the exception that the securities sold are endogenous, and that there are possibly multiple assets

backing the securities.



There are two time periods, zero and one. A risk-neutral seller has access to a single asset or
project that pays a random amount Z in period one. (The important extension to multiple assets is
postponed until Section 5). The random variable Z € [0, 1] has a cumulative distribution function
G (z) with associated density g (2).> The seller, as opposed to bidders, is liquidity constrained and

has preference for early consumption:
U (Cg, Cl) =co+ A1

Here, c; is consumption in period ¢t and A € [0,1) is a discount parameter.® Alternatively, co can
be interpreted as the investment amount needed in period zero to finance projects that pay off in
period one, in which case the seller maximizes consumption in period one subject to raising a fixed
amount of capital in period zero. To raise money for consumption or investment, the seller designs
and sells a security w (Z) backed by the cash flow of the underlying asset.” The security is then

sold using an exogenously given auction procedure (discussed below).

There are N bidders in the auction of the security. Bidders are risk neutral and have a discount
parameter of one.®. Each bidder n € {1,..., N} draws a privately observed signal X,, which is
informative about the value of the asset. Conditional on the realized value of the asset, signals
are distributed identically and independently according to the probability density f (z|z) on the
support [0, H] where H is an integer. I denote the associated cumulative distribution function by
F (z|z). Letting a be any integer from 0 to H — 1, I make the following additional assumptions

about the signal distribution:

Discreteness: f (z|z)=f(a'|z) if 2,2’ € [a,a+1).

MLRP: ]{c((;,”?) > J{((;"ZZ/,)) if x €a,a+1)and a > 2/ and z > 2.

The first assumption implies that signals within an interval [a,a 4 1) are equivalent in their
information content about Z. In effect, one can think of the signals as being discrete but “ironed

out” onto a continuous interval, where each unit subinterval represents one discrete signal. This

’Throughout, I denote random variables by capital letters and realizations of random variables with lower case
letters, so that a realization of Z in period one is denoted by z.

®This way of modelling a reason for trade between risk neutral parties using a higher discount rate for the seller
is also used by, for example, DeMarzo and Duffie [11] and Garmaise [14].

"Restricting the seller to issuing only one security when there is only one asset turns out to be without loss of
generality, as is shown in Lemma 1 below. This is no longer true in the multiple asset case (see Section 5).

8In the parlance of auction theory, the asset (and, hence, any security backed by the asset) is a common value
good, in the sense that all of the bidders derive the same utility from cash flow once the value is realized.



representation is useful because strategies turn out to be pure in the continuous signal X,,.° The
second assumption states that signals satisfy the monotone likelihood ratio property (MLRP),
which roughly means that signals and values are correlated. Thus, signals are informative, and a
higher signal leads to a more optimistic view of the value of the underlying asset. An important
consequence of MLRP that I use further down is that it implies that F' (x|z) is decreasing in z, so
that F (z|z) first order stochastically dominates F' (x |2) for z > 2’ (see Milgrom and Weber [22]).

I also add the following non-degeneracy assumption on f (z|z) and g (2):
Non-degeneracy: f(z|z) > ¢ and g(z) > € for some € > 0 for all z, 2.

The non-degeneracy assumption assures that no value realization of Z can be completely ruled
out, regardless of what signal is observed.
Following Nachman and Noe [24], T define a security w (Z) to be admissible if it satisfies the

following conditions:
Limited liability: 0 < w(z) < z.
Monotonicity: w(z) and z — w (z) are nondecreasing.

These conditions are commonplace in the security design literature. The constraint 0 < w (2)
is a condition of limited liability for bidders: Once the security is bought, they are not obliged
to provide any additional cash flow in period one. The constraint w (z) < z is a limited liability
constraint on the seller reflecting his limited wealth outside of the cash flow generated by assets.

Less obvious is the restriction to monotone securities. It can be formally justified on grounds of
moral hazard in period one (see Nachman and Noe [24]): Suppose w (z) is decreasing on a region
a < z < b, and that the underlying cash flow turns out to be Z = a. The seller then has an incentive
to secretly borrow money from a third party and add it on to the aggregate cash flow to push it into
the decreasing region, thereby reducing the payment to the security holder while still being able to
pay back the third party. Similarly, if the seller’s retained claim z — w (2) is decreasing over some

region a < z < b and the realized cash flow is Z = b, the seller has a strong incentive to decrease

9See, for example, Pesendorfer and Swinkels [25] for a similar way of representing signals. When signals are
discrete and there are more than two bidders, strategies will typically be mixed. The continuous representation of
the signal space can be viewed as a discete, integer valued signal plus an added noise term distributed uniformly on
the unit interval. The noise term is a draw from the bidders mixing strategy, and strategies will therefore be pure in
the augmented continuous signal.

10



the observed cash flow by engaging in some type of “money burning”.!” In Section 6.1 I allow the

monotonicity requirement to be relaxed, and show that it is in fact a binding constraint in that

non-monotonic securities will typically be part of an optimal security design if they are allowed.
The conditions of limited liability and monotonicity turn out to be equivalent to requiring that

w is left-continuous and satisfies w (0) = 0 and dzgl(zz) € [0,1] for all z.!' T use these latter conditions

in the operationalization of the problem.

Denote by 7 (w (Z)) the price received in the auction of security w (Z). The seller’s expected
utility from selling security w is then given by U (w) = E (7 (w(Z))) + A(E(Z) — E(w (2))).
Noting that the term AF (Z) does not change with the choice of security, I can drop it from the

objective function and write the maximization problem as

max (1 — ) E(w) — E(w — 7 (w)) (2.1)

dw (z)

such that w (0) = 0 and €[0,1] Vz

The term (1 — \) E (w) denotes the benefits from transferring money from the buyer to the
liquidity constrained seller in period zero in exchange for claims to asset cash flows in period one.
The term E (w — 7 (w)) denotes the expected underpricing of the security, or the informational
rents captured by the better informed bidders. This can be viewed as the cost of the transfer.

An important alternative interpretation of the set-up is one where the seller minimizes the
expected underpricing E (w — w (w)), subject to raising a fixed amount of capital C' in period zero

to finance the investment that comes on line in period one.:

mui]nE (w — 7 (w)) (2.2)
such that w (0) = 0 and du;_iz) €[0,1] V=

and F (7 (w)) =C

10 Obviously, if possible, the seller can also decrease the observed cash flow by appropriating it secretly for his own
consumption. But allowing for this possibility would introduce as severe a moral hazard problem with monotonic
securities, and would therefore make any sale of securities impossible.

"'Monotonicity together with the assumption of a continuous distribution for Z implies that w (2) is continuous,
since any jump down would violate monotonicity of w(z), and any jump up would violate the monotonicity of

duw(2) 5 taken to be the left derivative:

z —w(z). Thus, d“;(zz) exists. There may be kinks in w (z) in which case =

MZQ = lim,/q, w=)=w(=)  Given the existence of Mdzﬁ, monotonicity is then equivalent to requiring Mdzil € [0,1].

d z—z

Limited liability implies w (0) = 0. Given the bound on %327 limited liability is then guaranteed for all z.

11



I refer to this interpretation as the capital raising problem in the text below.!?

Denoting by
w* () the optimal solution to Problem 2.1 and by w* (C) the optimal solution to Problem 2.2,
it is straight forward to show that the solution set W* = {w* (C) : C € [0, 7 (Z)]} for the capital
raising problem is equivalent to the solution set W* = {w* (\) : A € [0,1]} for problem 2.1, and
that there is a one-to-one mapping A (C) from [0,7 (Z)] to [0, 1] such that w* (A (C)) = w* (C).

Therefore, the two problems are identical for our purposes.

3. Equilibrium and Underpricing in the Auction

I assume that securities are sold using second price auctions. In second price auctions bidders
submit sealed bids, the highest bidder gets the asset, and pays the bid of the second highest bidder.
In case of a tie, the winner is selected by a fair lottery among the tying bidders.

The choice of second price auctions as the selling format is made for expository reasons. All
major qualitative results in the paper go through for other standard auction formats like first price
or ascending price auctions.'® However, I do not solve the full mechanism design problem, which
would involve specifying the rules of the auction in conjunction with the security design. Instead,
I solve the security design problem taking an auction format as given. This is not an innocuous
restriction. With pure common values, you can typically design a mechanism that extracts all
bidder surplus (see, for example, Crémer and McLean [9] and McAfee, McMillan, and Reny [19]).

There are at least three reasons why I still find it useful to concentrate on a standard auction
format in this paper. First, one of the objectives of this paper is to show how standard auction
procedures can be used in conjunction with security design to improve revenues for the seller,
illustrating that security design can be a substitute for designing a more complicated auction
procedure. It seems plausible that a seller often has more power over how to structure his securities
than over how the particular market institution used for selling is designed. The second reason relies
on casual observation and the usefulness of the model for empirical extensions: First price, second
price, and ascending price auctions are the prevalent existing auction forms which suggests that
they may have attractive features not modelled in the current paper. For empirical tests, we need to

have a theory of how existing market institutions work. Third, the optimal mechanisms developed

12The reader may have spotted a problem with this interpretation. The problem is that the capital raising restriction
is in terms of expected revenues - the seller cannot be assured of actually receiving C in each state of the world, since
revenues from the auction are stochastic. One way to get around this is to assume that there exists an uninformed
intermediary who is willing to pay the seller C' in anticipation of auctioning off the securities himself at an expected
revenue of E (7 (w)).

13Proofs for first price and ascending price auctions are available upon request.
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in the literature are often very complicated and involves unattractive features like payments from
losers, ability to precommit ex ante from a buyer’s point of view, the existence of side bets among
the bidders, etcetera. They are typically not robust to small changes in the environment in the
way that standard auction formats are (see Milgrom [21] for a discussion).

Equilibrium for the second price auction was characterized by Milgrom [20], and uniqueness
of this equilibrium was proved by Pesendorfer and Swinkels [25]. T give a sketch of the derivation
here. Since bidders are symmetric, I can without loss of generality analyze the situation from the
perspective of bidder 1. Denote by X = X; the signal of bidder one, and by Y1 = max,» X,
the highest signal among his opponents. The equilibrium bid function b (x) for a bidder observing

signal X = x is given in Proposition 1.

Proposition 1. (Milgrom, Pesendorfer and Swinkels): The unique symmetric Nash equilibrium

in the auction of security w (Z) is given by

b(z) = Ew|X=z,Y1=u1) (3.1)
_ /1w(z) f@l)? Fz])N g (2)
0 Jo @) F (2 |u)N "% g (u) du

dz (3.2)

where b (z) is increasing in x.

The equilibrium in Proposition 1 states that everyone bids based on the hypothesis that they
just marginally win the auction, which is when their signal is as high as the highest signal among
the opponents. The intuition for the equilibrium can be developed as follows: Suppose bidder
one has signal X = x and the highest signal among his opponents takes on value Y7 = y. If
bidder one wins the auction, and all other bidders bid according to equation 3.1, he will pay a
price 7 (w) = E (w|X =y,Y1 = y), since that will be the highest bid among his opponents. Upon
observing this price, he can deduce that the value of Y7 must have been y, so his own valuation
of the security conditional on winning at price 7 (w) will be given by E (w|X = z,Y; = y). This
gives him a conditional pay-off of E(w|X =2,Y1 =y) — E(w|X =y,Y1 =y), which from the
assumption of MLRP is positive if x is higher than y and negative if x is lower than y. He is
therefore only interested in winning the auction when his signal is at least as high as the highest

signal of his opponents, which is assured by bidding according to equation 3.1.
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4. Security Design: The single asset case

I now turn to the solution of the security design problem 2.1. First, I show that there is no loss
of generality from assuming that only one security is issued. This follows from two observations:
Firstly, if a security is split into two monotonic parts, bidders will line up in exactly the same order
when bidding for the parts as when bidding for the original security, since the bid function b (x) in
3.1 is increasing in x for all monotonic securities.!* Therefore, the same bidder will be the price
setter in all auctions. Secondly, since the bid function is a linear expectations operator on w (%),
the sum of bids for the parts will be equal to the bid for the original security. Since the same bidder
is the price setter in all auctions, the sum of the prices for the parts is therefore equal to the price
of the original security.'® Thus, revenue is unaffected by the split-up, so that there is no loss from

just issuing one security. This is stated in the following lemma:

Lemma 1. Suppose an admissible security w (Z) is split up into K admissible securities that are
sold in simultaneous auctions. Then, the revenue generated from these auctions is identical to the

revenue generated from selling w (Z).

One implication of Lemma 1 is that if the seller is very liquidity constrained and needs to sell
claims to all cash flows (A = 0), it is irrelevant how the securities are designed. The seller might
as well auction the whole asset. This in turn implies that, if there is no retention of cash flow, the
theory is silent as to what proportion of debt and equity a firm should have in its capital structure.
There needs to be some retention by the seller for security design to matter.!6

To further characterize the security design problem of the seller, it is convenient to decompose a
security w (Z) into its “smallest component” securities where each component security pays one if
cash flow is above a certain threshold v and zero otherwise. I denote such a security by an indicator

function 1z>,. Note that any admissible security can be expressed as a portfolio of component

"That b (x) is increasing in 2 for all monotonically increasing securities w (z) follows from the assumption of MLRP
and Theorem 5 of Milgrom and Weber [22].

15 As is shown below, this result does not hold when we look at the decision of whether to sell assets separately or
in a pool. Lemma 1 relies on the assumption that the signal space does not change when we split securities. This
is true when the signal space is one dimensional and securities are split into monotonic components. However, it is
not true when there are multiple assets about which bidders observe multiple (independent) signals. In that case,
a different set of signals are used in the evaluation of a single asset and a pool of assets. It is also not true if we
relax the monotonicity assumption (see Section 6.1 below), since monotonicity is crucial for preserving the ordering
of signals in the bid function.

Y6 This is also true in signalling models of capital structure. Signalling is done by retaining part of the cash flow.
How the cash flow that is sold is split over different securities is irrelevant.
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securities as follows:

1
d
w(Z)—/O 1z>v%dv

Therefore, using Lemma 1, I can express the auction of security w as a collection of infinitesimal

simultaneous auctions, each involving a component security 17>, with weight dl;—(v)dv. The security

v
design problem is then reduced to choosing the weights dqgf)v) on these auctions. The maximization

problem in 2.1 can be written as:

dw (v)
dv

1
max / [(1=X)E(1zs0) = E(1zsy — 7 (1250))] dv
/0

duv) el0,1

where 7 (1z>,) denotes the price in the auction of security 1z>,. The problem can thus be
viewed as one of deciding which component securities to auction off. The solution is obvious: It
is worth including 17>, in the security design if the expected benefit (1 —\) E (1z>,) is larger
than the expected underpricing E (17>, — 7 (1z>y)), or if the normalized underpricing ¢ (1z>,) =

E(1z>y —m(1z>y)) /E (1z>y) is smaller than 1 — A. If so, set dué—g}v) to one. Otherwise, set dqﬁlgv)

to zero.
Denote by h (y) the probability density function for the price setting signal Y, which is the

second order statistic in the sample of signals:

1
h(y) :/0 N(N-1)(1=-F(ylz) f(yl2) F(y|)" g (2)dz

(see, for example, Balakrishnan and Cohen [4]). Using this notation, the following proposition
summarizes the solution to the security design problem and derives an expression for the normalized

underpricing.

Proposition 2. The optimal admissible security design is given by

1
w(Z) = /0 1¢(1zzv)§1*)\ * 1z>ydv (4.1)

B(lzz0—7(12>0))
E(lz>y)

where ¢ (1z>,) is the normalized underpricing for component security 1z>,.
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The function ¢ (1z>,) is given by:

h(y)dy — (4.2)

T PZzv[X>yVi=y)-P(Z>v|X=yY1=y)
(/J)(lZZv) =
Y

P(Z >w)

;O
_ / 6 (1zs0 |y) h (y) dy
y=0

where ¢ (17>, |y) is the normalized underpricing conditional on observing a price setting signal

Y =y.

From Proposition 2, it is clear that the key to deriving the optimal security design is to under-
stand how the normalized underpricing for a component security 17>, varies with v. For example,
if ¢ (1z>,) is increasing over the entire range of v, low cash flows have relatively low underpricing.
Equation 4.1 then says that all component securities 17>, with v below some certain cut off level T
defined by ¢ (v) = 1— A\ should be included. This corresponds to a debt security w (Z) = min (Z,v).
On the other hand, if ¢ (1z>,) is decreasing over the entire range, high cash flows have lower un-
derpricing, and all component securities 17>, with v above some certain cut off level v should
be included. This corresponds to a levered equity security w(Z) = max (0,7 —v). In general,
¢ (1z>,) does not have to be either monotonically increasing or decreasing.

The degree of underpricing in the auction of a component security, which will determine whether
the component security should be included or not, is decided as follows. Given a certain realization

y of the price setting signal, the price 7 (1z>,) in the auction will be given by

m(lz20) = E(lzz|X =y Y1=y)

= P(Z>v|X=yYi=y)

Upon observing this price, the seller can deduce what the price setting signal must have been, and
can also deduce that the winner’s signal must have been at least as high. Therefore, the seller’s

valuation conditional on observing the price is

Ewlr(w)) = E(lzs|X >y, Y1=y)

= P(Zzv|X 2>y Y1 =y)

so that the normalized conditional underpricing ¢ (17>, |y) is given as the integrand in expression

4.2. This is the normalized average difference in valuation between a bidder who correctly observes
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the highest signal x and the second highest signal y (as measured by P(Z > v|X =z,Y1 =y)),
and a bidder who correctly observes the second highest signal but wrongly assumes that the highest
signal is the same (as measured by P (Z > v|X =y, Y1 =y)). L call ¢ (12>, |y) the informational
distance, as it depends on how much more information about the value of the security there is in
correctly observing the winner’s signal. For an arbitrary security w (Z), I write the informational
distance ¢ (w (Z) |y) as

é(w(2)|y) Ew(Z)|X >y," :;/()w—(g)()w ()X =y, Y1 =y)

Two separate criteria decide whether the informational distance given a certain realization of the
price setting signal is large or not. First, it must be the case that there is still some uncertainty left
about the value of the security after observing the price, and that observing an extra signal helps
reduce that uncertainty. The security must feature what I call residual information sensitivity. 1
define the residual information sensitivity for a security w (Z) as

Ew|X=HYr=y)—-Ew|X=0,Y1=y)
E(w)

r(w(Z)y)

This is the difference in valuation (conditional on the information already contained in the price)
resulting from a draw of either a high or a low extra signal. Note that the residual information
sensitivity is always at least as high as the informational distance, and therefore provides an upper

bound for ¢ (w(Z) |y) :

r(w(Z2)ly) = ¢ (w(2)ly)

This follows since the valuation F (w|X = x,Y; =y) is increasing in z (see Lemma 4). If the
residual information sensitivity is low, the valuation of the security is almost the same regardless
of the information in an extra signal. Therefore, the informational distance between the highest
and second highest bidder is small, and there is little underpricing.

However, high residual information sensitivity does not automatically translate into high un-
derpricing. The second criterion is that the winner’s signal is not revealed by the price setting
signal, so that there is some room for the winner to take advantage of the residual information
sensitivity. Upon observing Y; = y, the winner’s signal is revealed to be in the interval [y, H). The

informational distance is therefore limited if y is large, since the winner’s signal cannot be much
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higher. In particular, if y is in the top equivalence interval [H — 1, H) the winner’s signal must
also be in the top equivalence interval. In that case, there is no informational distance and the

underpricing is zero. These results are established in the following lemma.

Lemma 2. The informational distance (underpricing) ¢ (w (Z) |y) for a security w (Z) conditional
on observing a price setting signal y is zero if and only if one of the following conditions hold:
r(w(Z)]y)=0 (Zero residual information sensitivity)
2)ye[H—-1,H) (Winner’s signal revealed)
For price setting signalsy € [0, H — 1), the informational distance ¢ (w (Z) |y ) is bounded above

by the residual information sensitivity r (w (Z) |y).

A security then features little underpricing if it has minimal residual information sensitivity for
realizations of the price setting signal below the top of the signal distribution. This points to two
opposite strategies for reducing the expected underpricing. The first, maybe most intuitive, is to
include component securities that are very low-risk and hence have low unconditional information
sensitivity, in that a bidder’s valuation is not very dependent on his signal. Such a security is
also expected to feature low residual information sensitivity, and hence low underpricing, for most
realizations of the price setting signal. I call this strategy the immunization strategy, as it aims to
immunize the value of the security against the signal received by a bidder. Define the unconditional
information sensitivity 7 (1z>,) as

P(Z>v|X=H)-P(Z>v|X=0)
P(Z >w)

r(1z>y) =

It is straight-forward to show that the unconditional information sensitivity as well as the variance
of a component security is increasing in the cut-off level v. For example, the component security
17>0 is completely immune to private information, and therefore has zero underpricing. Increasing
the cut-off level v slightly above zero increases the risk of a zero pay-off slightly, but the residual
information sensitivity is still practically zero except for extremely pessimistic realizations of the
price setting signals. For higher realizations, a zero pay-off can be ruled out with reasonable
confidence, so that the value of the security is relatively precisely revealed by the price. The
information contained in the winner’s signal is then superfluous, and there is little underpricing.
In fact, the following proposition shows that there always exists a ¥ > 0 such that all component

securities 17>, with v < 7 should be included in the security design as long as A < 1. This
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corresponds to a debt security with face value 7.7

Proposition 3. There exists a 7 > 0 such that ¢ (1z>,) < 1— X for v € [0,7] and X\ < 1. Thus,

the optimal security design always contains a debt component w (Z) = min (Z,7).

An opposite strategy, which I call the sensitization strategy, is to include component securities
with very high cut-off values v. An example of such a security is levered equity, which includes
all component securities above a certain cut-off level v . Such securities are high-risk and have
high unconditional information sensitivity. However, if most of the residual information sensitivity
is concentrated to high realizations of the price setting signal, such a security will feature little
underpricing since the informational distance is small over the top range of price setting signals.
This will typically be the case when price setting signals below the top of the signal distribution
convey very negative information about the value of the underlying asset. In such a situation,
a price setting signal below the top reveals that the asset value is almost surely in the default
region. Therefore, the levered equity security is revealed to be almost surely worthless, regardless
of the realization of the winner’s signal. Debt, on the other hand, features considerable residual
information sensitivity exactly when default is likely, since the value of debt in the default region
varies one-for-one with the value of the underlying asset. Of course, after observing a price setting
signal close to the top, the residual information sensitivity of equity is much higher than the residual
information sensitivity of debt. However, the winner is no better equipped to resolve the remaining
uncertainty than someone who just observes the price, since such an observer will be able to deduce
exactly what the winner’s signal must be. Thus, in this region, the informational distance is small
for levered equity as well as debt, and the total effect is that equity will feature lower expected
underpricing than debt.

The sensitization strategy will therefore be more effective than the immunization strategy in
situations when a price setting signal below the top conveys very bad information. For few bidders,
this only happens when the underlying signal distribution is very skewed to the top so that high
signals are very likely except in bad circumstances. For less extreme signal distributions, the
immunization strategy will typically be more effective, leading to debt as a better security design.
As the number of bidders in the auction grows, however, the probability that the second highest

signal comes from the top of the signal distribution also grows, regardless of the shape of the

"1t should be pointed out that this result depends on the assumption that G (v) has no mass at zero. If there is a
positive probability of a zero cash flow realization, the corollary would no longer be true, since a security 1z>¢ is no
longer riskless.
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underlying signal distribution. This leads to an increased effectiveness of the sensitization strategy,
since a price setting signal below the top is increasingly bad news. Therefore, as the degree of
competition in the auction grows, levered equity becomes the optimal security design. This is

established in the following proposition.

Proposition 4. For any v > 0, the normalized underpricing ¢ (1z>,) goes to zero with N at the
same rate as F' (H — 1 |U)N , the probability that the winner is not in the top equivalence interval.
Since F'(H —1|v) is strictly decreasing in v, ¢ (1lz>,) goes to zero faster for higher v, and so
becomes decreasing in v over [u(N),1] where v(N) — 0. Therefore, the proportion of levered

equity in the optimal security design goes to one as N goes to infinity.

It should be noted that the underpricing for all component securities goes to zero as N goes to
infinity. However, the underpricing for high cash flows goes to zero at a faster rate, which leads to
the result in Proposition 4. Of course, for a fixed liquidity cost 1 — A, the optimal security design
with a very high degree of competition will be to sell the whole asset, since the underpricing for
each component security will be below 1 — X\ eventually. Proposition 4 should then be interpreted
as saying that on the path towards selling the whole asset, the security design looks more and more
like equity. In the capital raising problem, it is no longer true that more and more cash flows are
sold out as the degree of competition increases. The parameter A (C) will be increasing with the
number of bidders, since the seller can raise C' by issuing securities with less and less underpricing.
In the capital raising problem, the result in Proposition 4 is therefore that in the limit, the optimal
security design is levered equity with retention of lower cash flows.!®:19

Propositions 3 and 4 show that the component securities that are most likely to feature low
underpricing are the ones with either very low or very high cut-off values v. If ¢ (17>,) is increasing
over the entire range, pure debt is optimal, and if it is decreasing over the entire range, levered
equity is optimal. There are also cases in which ¢ (1z>,) is increasing over the bottom range

and decreasing over the top range, in which case the optimal security design is some combination

180f course, Proposition 3 states that there will always be some debt in the optimal security design. However, as
the number of bidders grows, this tranch of debt becomes vanishingly small (and, as was alluded to in a previous
footnote, would disappear completely if we allowed for some strictly positive probability of having Z = 0.)

"The result in Proposition 4 does not rely on the assumption of discrete signals (or, equivalently, equivalence
intervals of positive mass). However, it does rely on the fact that the support of the signal distribution is bounded,
so that a very high price setting signal reveals the winner’s signal with considerable accuracy. For signal distributions
with unbounded support such as the normal or the exponential distribution this may no longer be the case. I have not
been able to characterize the limiting behavior of the underpricing function in such cases, but it is entirely possible
that there exist signal distributions with unbounded support for which debt is optimal regardless of the number of
bidders. I leave further investigation of this issue for future research.
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of levered equity and debt with a retention of junior debt. It is over the middle range, where
neither the immunization strategy nor the sensitization strategy can be utilized effectively, that the
underpricing is the highest. Although I have not been able to prove that a combination of debt and
levered equity (possibly with zero weight on either) is generally optimal, the parametric example

below does have this feature.

4.1. Example

Suppose that signals and asset values are distributed as follows:

Distribution D1 Cash flow Z is uniformly distributed on the unit interval, and signals are
Bernoulli random variables with P (1|z) = 355 + k2, P(0|z) =1-P(1|2) = S + k(1 - 2)

where k € [0, 1] is a constant.

Adding a noise term, and using the notation developed above, the signal distribution can be

represented using a continuous random variable with density f (z|z) given by

Lhtke 1<X<2

Frl) = Lhkik(l-2) 0<X<1

The parameter £ measures how informative signals are. When k& = 0, signals are pure noise, and
as k increases, signals become increasingly more informative about the asset value.

I will derive the optimal security design for this example further down, but suppose first the
seller splits the cash flow of the asset over a debt security D (Z) = min (Z, F) and a levered equity
security L (Z) = max (0,Z — F'), and has to decide which security to issue and which to retain.
Suppose he sets the face value F' of the debt such that both securities have the same expected value,
so that the decision will be based on which security features the lowest expected underpricing. It is
easy to check that the face value will be F' =1 — %, or about 0.3, and the expected value of each

security will be 0.25, which is half of the expected value of the underlying asset.? Also, suppose

first that k£ = % It is straight-forward to verify that the unconditional information sensitivity is

20More detailed calculations for this example can be found in Appendix A.
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higher for the equity security than the debt security:

E(L(Z)|X>1)-E(L(Z)|X <1) 53
E(L(2)) '

EDZ)X>1)-ED@Z)|X<1) |,
E(D(2)) '

In the auction of a security, the price setting signal Y will be either in the lower equivalence interval
[0,1) or in the top equivalence interval [1,2). The top left panel of Figure 4.1 depicts the prices
m(D(Z)) and 7 (E (Z)) for the two securities as a function of the price-setting signal for the case of
two bidders. (In the case of two bidders, strategies are pure in the discrete signal, which is why the
price just depends on what equivalence interval the price setting signal is in.) The price differential
between the lower and upper equivalence intervals is larger for equity, reflecting the greater uncon-
ditional information sensitivity. Also, the expected values of the securities conditional on the prices
(given by E (w(Z)|r (w))) are plotted. The difference between this expectation and the price is
the conditional underpricing. Over the top equivalence interval, there is no underpricing, since the
price reveals the winner’s signal and is therefore not biased downwards. All the underpricing occurs
over the bottom equivalence interval. It can be seen that debt features lower underpricing than
equity, and is therefore the security that should be issued.

The reason for this can be gleaned from the lower left panels in Figure 4.1, which depict the
pay-off of each security as a function of Z together with the probability density of Z conditional on
the price-setting signal being in a certain equivalence interval. The middle panel shows g (2 |Y < 1),
the probability density of Z conditional on Y being in the lower equivalence. This is the information
which is available to someone observing the price. There is still considerable residual uncertainty
about the value of the securities since the posterior is not very precise, and in this case the residual
information sensitivity of equity is the highest, since it is more sensitive to movements in the
underlying asset value. This is what leads to the higher underpricing. The bottom panel shows
g (z|Y > 1), which is the conditional density of someone observing a price from the top equivalence
interval. Obviously, since this density is skewed to the top, the information sensitivity of equity is
even higher. The debt security, however, is relatively likely to pay the face value in this scenario,
and so features less information sensitivity. Of course, the information sensitivity over the top
range is inconsequential for the underpricing.

The pictures in the right column of Figure 4.1 show the same plots for the case of N = 15.

With an increased number of bidders, the price setting signal is less likely to come from the bottom
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equivalence interval, which means that such an event is interpreted as very bad news. This is
reflected in the fact that the prices for both debt and equity are depressed over this region. The
effect is extra strong for levered equity, and the price is practically zero. The expected value of
equity conditional on the price coming from the bottom equivalence interval is also close to zero,
so that the absolute magnitude of the underpricing is small. For debt, the underpricing is higher,
leading to equity as the preferred security. Again, the explanation for this lies in the amount of
residual information sensitivity over the bottom interval. As can be seen from the middle right
panel, the conditional probability density g (z|Y < 1) is so skewed to the left that a price in this
region practically reveals that default will occur. This means that the value of equity is revealed to
be worthless, while the value of debt is still uncertain. Of course, if the price setting signal comes
from the top interval, equity is more information sensitive, but again this information sensitivity
has no impact on the underpricing

I go on to derive the optimal security design. In the Appendix, I derive the relative underpricing

¢ (1z>,) when auctioning a security 17>, as

PN — (55N - S_N)j:ETizﬂ (PO - (155"
¢ (1z>v) = - - (4:3)

The left panel of Figure 4.2 plots the underpricing function ¢ (1z>,) for different values of k
when there are two bidders. When k is very small, signals are very noisy and hence the asymmetry
of information is small. When £ is zero, there is no asymmetric information and the underpricing
disappears completely for all component securities. As k is increased, the unconditional information
sensitivity at all levels of v goes up except at v = 0. There is no underpricing in issuing a security
1z>0, as it is risk free and completely insensitive to information at all levels of k. For v > 0,
underpricing initially goes up as k is increased. This effect is stronger for higher levels of v, so that
debt is an optimal security design. This shows that the immunization strategy is more effective
for low values of k, since a low price setting signal does not rule out high values of z when the
precision of information is moderate. A risky component security therefore features high residual
information sensitivity even for low price setting signals.

However, as k gets even larger, the sensitization strategy starts to become effective over the
top range. This is because as signals become more informative, price setting signals below one

constitute increasingly bad news for highly levered cash flows. For example, when k = 1 the
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Figure 4.1: The top two panels show prices 7(w(Z)) for levered equity L(Z) and debt D(Z)
with face value 1 — 1/4/2 as a function of the price setting signal y. Also, the expected value
of the securities conditional on observing a price E(w(Z)|n(w(Z))) are shown. The underpricing
conditional on the price is given by the difference E(w(Z)|nr(w(Z))) — m(w(Z)). The middle two
panels show the pay off of debt and equity as a function of the asset value Z (left axis), and the
probability density of the asset value g (2]Y" € [0,1)) conditional on observing a price setting signal
in the lower equivalence interval. The bottom two panels show the security pay offs together with
the probability density of the asset value g (z|Y € [1,2)) conditional on observing a price setting
signal in the upper equivalence interval.
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Figure 4.2: Relative underpricing ¢ (1z>,) for N = 2 (left panel) and N = 7 (right panel). Assets
are uniformly distributed on [0, 1], and signals are given by P (X =0|v) = 352 + k(1 — ), P(X =
1v) = £ + kv.

probability of observing a low signal if the asset value is above v is below 1 — v. For a component
security 1z, with v close to one, a price setting signal below one therefore signals that the security
is almost certainly worthless, and there is no residual information sensitivity.

The optimal security design is easily obtained by aggregating all composite securities such that
¢ (1z>y) < 1—A. It is straight-forward to show that ¢ (1z>,) is quasi-concave in v for all values of
k and N.2! This implies that some combination of debt and levered equity will always be optimal,
as ¢ (1z>y) is either increasing or decreasing over the whole range, or initially increasing and later
decreasing. The choice of security design is illustrated in the left panel of Figure 4.2 for A = .9.
When k = .1, it is optimal to sell the whole asset, as ¢ (1z>,) never crosses 1 — A\. When k = .2,
the optimal security is debt with face value .5. When k = 1, the optimal security is debt with face
value .11 and equity that starts paying off at v = .89.%2

The right panel of Figure 4.2 shows ¢ (1z>,) for N = 7. This illustrates the effect of increasing
the number of bidders. Underpricing in general goes down as the number of bidders increases, since

the degree of competition goes up. Consistent with Proposition 4, the decrease in underpricing is

2L A function f () is quasiconcave if the derivative changes sign at most once.

2In the capital raising problem, the optimal security design is found by finding the X (C) such that the sale of the
security made up of the component securities with ¢ (1z>,) < 1— X (C) raise an expected amount of capital C. This
A(C) will be lower the lower the general level of ¢ (1z>,). For example, in Figure 4.2, the optimal security design
for A = .1 when k = .2 is debt with face value .5. The same amount of capital can be raised when k& = .1 by issuing
debt with a slightly lower face value, corresponding to a A (C') below .05.
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most dramatic for high cash flows. Therefore, levered equity becomes a more dominant component
of the security design. For example, for k = .5, equity is now part of any optimal security design
while debt is always optimal when N = 2. The effect is stronger the larger the level of initial
information sensitivity as captured by the level of k. For k = 1, the underpricing has all but
disappeared for all cash flows higher than .7. Note that, in fact, the effect is so strong that it is
now cheaper to raise low levels of cash for k = 1 than for £ = .1. This is so since underpricing for
debt securities - the optimal security when k = .1 - disappears slower than underpricing for equity

securities. As N is increased even more, equity becomes optimal for low levels of k as well.

5. Security Design: The multiple asset case

The previous analysis assumed that bidders only have private information about one asset. I now
turn to the important generalization where the seller is endowed with multiple assets or projects,
about each of which bidders can have private information. This introduces an extra dimension to
the security design problem in that a seller now has to decide not only on how a security should
depend on the underlying cash flow, but also on whether the underlying cash flow should come
from a pool of assets or an individual asset.

Suppose the seller has I assets denoted by Z1, ..., Z1 to sell. Assets are distributed independently
of each other.? Each bidder draws a set of signals X1, ..., X1, one for each asset. The security
design involves two steps: First, the seller partitions the assets into K pools {Ji, ..., Jk } , where K €
{1,...,I}. Denote by |Ji| the number of assets in pool Ji and define a new variable Z; = Z;E]‘jjﬁ
The variable Zj is the normalized aggregate cash flow in pool Jg. Then, for each pool Ji the
seller issues |Ji| identical asset-backed securities wy, (Zy) where wy, is a function of the normalized
aggregate cash flow Zj and is admissible with respect to Z;.2* All I securities are then sold in

simultaneously run auctions.?

23The assumption of independence is less restrictive than it seems. The Z;’s can alternatively be viewed as
orthogonal factors that bidders get signals about. An asset can then be a linear combination of these factors, and
the pooling choice is whether securities should depend on several factors or not.

2 BEquivalently, the seller could have issued a single security wy (EieJk Zi) that is admissible with respect to the

iy, Zi- The bid function b (z) is homogenuous of degree 1 in the sense that a bid b (x)
for a security w’ = ¥ is given by b’ (z) = %, where b () is the bid for security w. Hence, the identity of the winning
bidder and the revenue raised is unchanged if k simultaneous auctions of identical securities w’ are run instead of one
auction for the security w.

25 The restriction that auctions are simultaneous is important. With sequential sales, bidders might have an incentive
to hide their information in earlier stages. The equilibrium analysis becomes much more complicated and is beyond

the scope of this paper.

total aggregate cash flow >
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The optimization problem of the seller can now be written as:

{J17'“7JK}

such that wy is admissible V&

K
max { |kl max {(1 = A) B (wg) = B (wy, =7 (’wk))}} (5.1)
k=1

The outer optimization is the pooling problem, and the inner the security design problem studied
in Section 4, with the exception that the security now depends on the value of all assets in the pool.
Hence, strategies in the bidding game will depend on the vector of signals {Xy;};c J,- 1n general,
handling multidimensional signals in auction games is highly complicated (see Axelson [3]). For the
purposes of this paper, I circumvent these difficulties by using distributional assumptions on the
signal space that allow me to represent the signal vector {Xp;};¢ 7, With a one-dimensional statistic
X,, such that the equilibrium described in Proposition 1 is still valid.?® As was shown in Axelson
[3], one set of distributional assumptions that allows for this type of aggregation is when assets are

i.i.d. and signals about each asset are Bernoulli random variables:

Lemma 3. (Axelson [3]) Suppose assets are independently identically distributed, and each signal
Xy is either 1 or 0 with P (X,; = 1|z;) increasing in z;. Define the variables {Xn}fl\[:1 as X, =
Y ic Jp Xni + Sn, where Sy is a uniform noise variable distributed on [0,1). Then, equilibrium in
the auction of an admissible security w (Zy) is given as in Proposition 1, using X, as the one

dimensional signal observed by bidder one.

One set of distributional assumptions that satisfy the conditions in Lemma 3 is distribution D1
used in the example above. 1 will assume for the remainder of this section that the assumptions in
Lemma 3 hold.

The pooling problem with no retention and no security design was studied in Axelson [3]. In
that paper, it was shown that a pooled sale is optimal if the number of assets is large enough for a
fixed number of bidders, while separate sales becomes optimal as the number of bidders grows. The
intuition again has to do with minimizing the informational distance. Pooling assets will change

the underlying signal distribution in the auction. The signal a seller observes about a pool of assets

6 This restriction is not without loss of generality. With a discrete signal space, it is always possible to construct
a one-dimensional sufficient statistic X,, for the vector of signals observed by bidders. However, for the equilibrium
given in Proposition 1 to be valid using the set of statistics { X7, ..., Xn } as signals, it is also required that the variables
{Xl, oy XN, {Zi}ieJk} are affiliated (see Milgrom and Weber [22]). The existence of statistics that are both sufficient
and satisfy affiliation is not generally guaranteed. When such statistics cannot be found, the equilibrium analysis is
much more complicated.
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can be viewed as the average of the signals he observes about each single asset. Pooling therefore
increases the central tendency of the signal distribution, while decreasing the thickness of the tails:
Average signals become more common and extreme signals less common. If the number of assets
is large enough, and if the assets are not too correlated, this “diversification” effect of pooling will
make the informational distance between all bidders very small, since all bidders will be expected
to draw average signals. Therefore, the underpricing per asset goes to zero as the number of assets
in the pool goes to infinity, holding the number of bidders fixed. However, as the number of bidders
grows, the price setting signal is increasingly likely to be drawn from the upper tail of the signal
distribution. Since the informational distance is small when the price setting bidder draws a signal
from the top of the distribution, a fatter tail leads to lower underpricing. Therefore, individual
sales become optimal as the degree of competition grows, holding the number of assets fixed.
Propositions 5 and 6 below show that these results continue to hold when retention and security
design is allowed on top of the pooling decision, but that seller utility can be improved through the
security design. Furthermore, the optimal security design will be intimately linked to the optimal

pooling decision.

Proposition 5. Suppose the seller has a capital raising requirement of C < FE (Z;) per asset.
Then, as the number of assets I goes to infinity, the optimal security design is debt with face value
F = C backed by the normalized pool cash flow Z = L%lﬁ

The result in Proposition 5 can be understood as follows. As the number of assets in the pool
grows, the normalized cash flow Z becomes increasingly centered around the expected value E (Z;).
Therefore, the riskiness of debt with face value F' < E (Z;) goes to zero, as does the information
sensitivity. Pooling thus gives an extra kick to the immunization strategy. The expected value of
such a debt security goes to D, as the debt becomes less and less risky. Hence, the seller can raise
arbitrarily close to the maximum (ex ante) expected capital E (Z) by issuing debt with face value
close to E (Z).

Levered equity, on the other hand, becomes increasingly undesirable relative to debt as the
number of assets in the pool grows. The sensitization strategy does not work well with a signal
distribution that is concentrated in the middle and has thin tails, since price setting signals below
the top do not signal particularly unfavorable information. The higher unconditional information
sensitivity of levered equity therefore translates into higher residual information sensitivity and

higher underpricing for most price setting signals.
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Figure 5.1: The figure shows relative underpricing ¢(1z>,) for pools Z = % containing 1, 3,
6, and 10 assets. Signals and assets are distributed according to D1 with N = 2 and k = 1. The
graph was produced using numerical simulations. As the number of assets in the pool increases,
debt with face value less than .5 becomes cheaper and cheaper to issue, while equity becomes more
and more expensive to issue.

This illustrates that in general, security design should go to one of two extremes - either make
the security as informationally insensitive as possible, or make it as informationally sensitive as
possible. Pooling pushes in the first direction by making the overall cash flow less information
sensitive. Debt helps to enhance this effect. Equity, however, works in the opposite direction,
so that the net effect is at neither extreme. Equity works best if each asset is sold individually.
Therefore, we may very well have a situation where equity is optimal for a seller who has access
to only one asset, while debt is optimal for a seller with several assets to pool. An illustration of
how having access to a larger pool of assets affects the relative underpricing is given in Figure 5.1.
For a single asset, some combination of debt and equity is optimal. As the number of assets grows,
the cost of issuing debt goes down, while the cost of issuing equity goes up. For a fixed face value
F < E (Z;) on the debt security, the seller raises more and more capital as the number of assets in
the pool backing the debt increases. This is partly because the normalized underpricing goes down
(as is illustrated in Figure 5.1), and partly because the expected value of the debt security goes up
as default becomes less and less probable.

The analysis above shows that pooling gives extra leverage to the immunization strategy. How-

ever, as was shown in the single asset case, the sensitization strategy tends to become more impor-
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tant when the degree of competition increases. This will also be true in the multiple asset case,
and will lead to a preference for selling equity backed by single assets, as is shown in the following

proposition.

Proposition 6. As the number of bidders goes to infinity, equity backed by individual assets

becomes the optimal security design.

The results in Propositions 5 and 6 show that the optimal security design depends on the number
of assets a seller has access to relative to the degree of competition in the market. When the number
of assets is large relative to the degree of competition, the immunization strategy works best, leading
to debt backed by pooling as the optimal security design. When the degree of competition is large
relative to the number of assets, the sensitization strategy works best, leading to equity backed
by individual assets as the optimal design. Note that Propositions 5 and 6 are limiting results,
where first the number of assets and then the degree of competition is taken to the extreme. I have
not given a full characterization of intermediate cases. The exact relation between the number
of assets and the number of bidders will depend on the specifics of the signal distribution. For
example, it is easy to find examples where separate sales dominates pooling even if there are only
two bidders. However, the intuition developed above suggests that even in intermediate cases, the

pooling decision and the security design decision should be linked.

6. Extensions

6.1. Non-monotonic security design

In this section, I show that the monotonicity requirement imposed throughout is not innocuous,
and relaxing it can lead to substantial decreases in underpricing. I do this within the context of an
example. The idea is the following: With monotonically increasing securities, any security which is
not risk free will feature some expected underpricing. The immunization strategy can never be made
completely effective, since even debt securities will have some information sensitivity left. However,
if a non-monotonic security is introduced, it may be possible to make it completely insensitive to
information even if it is not risk free. For example, imagine a security which is increasing in the
value of the asset for low cash flow realizations, but decreasing for higher cash flow realizations. A
bidder observing a high signal might have the same expectation about the value of such a security

as a bidder observing a low signal. If that is the case, the information in their signal is less valuable,
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and I show below that it is sometimes possible to construct a non-monotonic security which has
zero underpricing.

Suppose there is one asset and that signals follow distribution D1 with parameter k = 1. Thus,
there are two possible signal outcomes, X = 1 and X = 0, that occur with probabilityP (1|7 = z) =
zand P(0|Z =2) =1— z, and z is distributed uniformly between 0 and 1. Suppose we want to
construct a security wj (Z) such that the expected value of the security is the same regardless of

what signal you observe:
E(w (2)|X =1)=E(w (2)|X =0)

There are many ways of doing this, but one way is to set w; (Z) = Z for Z <%, and w (Z) = 0 for

Z > Z, where Z solves

/Ezg(z |IX =1)dz= /Ezg(z|X =0)dz (6.1)
0 0

Using the distributional assumptions above, you can show that the solution is Z = %. Notice that
the expected value conditional on observing a signal is just the unconditional expectation of the

security, since we have

E (w1 (2))
= PX=D)E@w (Z)|X=1)+(1-P(X =1))E(w (2)|X =1)
= B (2)|X=1)

Therefore, the security has zero unconditional information insensitive, since observing a signal does
not change the valuation. I now claim that it is an equilibrium in the auction of w; (Z) for all
bidders to bid the unconditional expectation, so that there is no expected underpricing. That this
is an equilibrium is clear from the fact that conditional on winning, no further information about
the security is gained, so that the expectation stays at E (w1 (Z) |X = z) = E (w1 (Z)). Deviating
by bidding higher or lower gives zero expected profits: If you bid higher, you always win the auction,
and so will pay E (w; (Z)) which is your valuation. If you bid lower, you never win the auction.
Therefore, you can sell security w; (Z) without any underpricing, generating a certain revenue
of E(w;(Z)) = 35, which is about 56% of the expected value of the underlying asset. For any

capital raising requirement below this level, the seller captures the entire surplus, and is obviously
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better off than in the case where he is restricted to issuing only monotonic securities. It is relatively
straight-forward to show that for any capital raising requirement (or any liquidity parameter \),
the seller is strictly better off if allowed to issue non-monotonic securities relative to the case where
only monotonic securities are allowed. Typically, he will issue at least one non-monotonic security
similar to the one described above, plus possibly a “residual” monotonic security.

One implication of the above analysis is that when non-monotonicity is allowed, it is no longer
the case that the seller is as well off when issuing a single security backed by a certain asset as
when issuing multiple securities, a result that was established in Lemma 1. The irrelevance result
in Lemma 1 hinged crucially on the assumption that a higher signal translates into a higher bid for
each security issued. This no longer holds for non-monotonic securities, as the previous example
showed. In general, the seller is made better off when issuing multiple securities. For example,
even in the case of no retention, it is easy to see that seller revenues can be improved in the
example above if he splits the cash flow of the asset over two securities w1 (Z) (defined above) and
we (Z)=Z — w1 (2).27

Thus, non-monotonic securities, when they are allowed, are likely to be part of an optimal
security design. However, it should be noted that the form of the optimal non-monotonic security
design is typically more sensitive to assumptions about the underlying signal distribution than is
the case for monotonic security designs. For example, to solve for the right cut off value Z in
equation 6.1 above, the seller needs to know the exact shape of the posterior distributions given
certain signal realizations. Even a small error will upset the equilibrium and can lead to lower
utility than the simple alternative of selling the whole asset. This may be one of the reasons why

such securities are not commonly observed.

2TThe analysis above is made simple by the fact that there are only two possible signal realizations. Without this
assumption, it is not generally possible to construct risky securities that feature zero underpricing. However, it is
always possible to improve somewhat on the immunization strategy by issuing a non-monotonic security that pools
some of the signals, thereby reducing the information sensitivity. A general proof of this result for the case of two
bidders with an arbitrary number of signals is available from the author upon request. Also, although a full treatment
is beyond the scope of this paper, it is possible to utilize the sensitization strategy more fully with non-monotonic
securities. For example, by issuing securities that pay off only when the value of the underlying cash flow is below
some low cut-off level Z = z,, it may be possible to completely reverse the ranking of signals so that bidders observing
lower signals submit higher bids for the security. In that case, the winner’s signal is revealed if the price setting signal
is in the low range rather than the high range, so that residual information sensitivity over the low range is less costly.
But such a security has its residual information sensitivity concentrated exactly over the low range of price setting
signals, as it pays off only when the underlying asset value is low. As the number of bidders grows, it may therefore
be utility improving to issue such a security in addition to a levered equity security.
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6.2. Endogenous Information Acquisition

In this section, I endogenize the collection of information by introducing a cost 6 of observing the
signal vector X and solve for the equilibrium number of participants in the auction. I show that,
for the particular setup I study, all major results still hold.

If information acquisition is done before the security design stage, the previous analysis remains
intact since the security design does not affect the information acquisition. The interesting situation
is when potential bidders can react to the choice of security design. I propose the following game-

form:

1. The seller chooses the security design, which is observed by all potential bidders

2. Bidders decide whether to pay 0 to get to observe the signal vector. I assume that they
decide sequentially (in some arbitrary order) and that everyone can observe the choice of the

previous players.?®

3. Bidders decide whether to participate in the auctions or not.

4. The auctions are run.

An informed bidder always has a positive expected surplus, so he always participates. When
there are no informed bidders in the auction, everyone bids the ex ante expected value and there
is no underpricing. When there are some informed bidders in the auction, all the uninformed bid
as if they received the lowest possible signal, and receive zero expected profits in equilibrium. The
informed ignore the uninformed and bid according to Proposition 1 where N is the number of
informed in the auction. Since the expected surplus of an uninformed bidder in an auction is zero
unless he is alone in the auction, I assume that all uninformed bidders stay out. If there is only
one informed bidder, he gets the asset for free, and so the underpricing is E (w (Z)). I also assume
that 6 < E (w(Z)), so that there will always be at least one informed bidder in the auction.

Given a security design w = {wk}szl, denote the expected underpricing by

K

U(w,N) = Z |Jk| B (w, — 7 (wg))
k=1

28With sequential choices, we get the simple and intuitive outcome that the total acquisition cost should equal (or
be just below) the expected surplus in the auctions. This outcome would also be an equilibirum if we assumed a
simultaneous choice by participants, but in that case there would also be a range of equilibria in mixed strategies for
which the analysis becomes harder. The qualitative features of the solution would not change.

33



where the dependence on the number of participating bidders N is made explicit. It is then an
equilibrium for the N first bidders to acquire information and no one else where N is the smallest

solution to

NO < U(w,N) (6.2)

(N+1)0 > U(w,N+1)

Thus, the aggregate information acquisition cost should just be compensated by the expected
surplus given to the bidders. The equilibrium number of bidders is unique when the expected
revenue E (7 (wy)) is (weakly) increasing in N, which is the typical case. This follows since U (w, N)
is then decreasing in N, which ensures that there is a unique solution to 6.2. Denote this solution

by N (0,w). The sellers problem 2.2 can now be restated as

min U(w,N (0,w)) (6.3)

{wi HE | admissible
K
such that » [ Ji| E (7 (wg)) > C

k=1
The goal in this section is to show that all results in the paper still go through under this
specification, with a re-interpretation of NV in terms of 8. To show this, I make the assumption that
expected revenues are increasing in the number of bidders for any admissible security. This is the
typical case, although I do not supply a formal proof. Given this assumption, the reasoning is as
follows: If we solve the security design problem above for all values of 8, there will be an equilibrium
number of bidders N* () at the optimal security design. Suppose instead we are handed this
function N* () at the outset, and are asked to solve the security design problem for a given value
of 0. Then we get the right solution by treating N* () as the exogenously specified number of
bidders (that is, treating N as not changing with the security design.)?® Thus, Propositions 2 and
3 hold with N = N* (6) taken as exogenous. Also, by letting 6 go to zero, we get the same security
design results as in Propositions 4 and 6: As 6 goes to zero, N* (6) goes to infinity, and equity

backed by individual assets becomes the optimal security design.

29 As is shown in the proof of Proposition 7, there is a slight modification in the capital raising requirement when
we treat N* (6) as exogenous: We now have the following capital raising constraint:

E (1) = max (C, E (w) — N* (6) 0)

The extra term is a consequence of the discrete number of bidders.
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To analyze the situation where the number of assets grows, assume that 0 is the cost per asset
of observing the signal vector. In Proposition 5, I let the number of assets grow and showed that
debt backed by a pool of assets was the optimal security design, and that the underpricing per asset
goes to zero. With endogenous information acquisition, a similar result holds, although with the
caveat that the underpricing per asset must not be driven below 26. If the expected underpricing
per asset for auctions with more than one informed bidder goes to zero, only one bidder will decide
to get informed. This will result in the mazimal underpricing U (w,1) = F (w). Hence, the seller
must assure that at least two bidders participate, or that the underpricing per asset is equal to at
least 26. For situations where the number of assets is not too large and the information acquisition
cost 6 is not too big, this lower bound on the underpricing is unlikely to be met. The seller should
then minimize underpricing by issuing debt backed by the entire pool. However, as the number of
assets grows very large, this will no longer be an optimal security design. The seller must issue
a security that features enough information sensitivity to warrant information collection by two
investors. He can do that by reducing the size of the pools, and by changing the shape of the
security to make it more information sensitive. Although the optimal security design will involve
some pooling in the limit, the actual shape of the security design and the size of the pool backing

each security will be indeterminate. I gather these results in the following proposition.

Proposition 7. Assume 7 (wy) is increasing in N for all admissible wy. Then, N* () is decreasing
in 6 and limg| g N* (#) = co. The solution to the security design problem taking N* () as exogenous
for a given 0 and using the capital raising condition E (7) = max (C, N* (0) ) is the optimal security
design. Propositions 2 and 3 hold with this modification. Propositions 4 and 6 hold when replacing
limpy_,oo with limg_,q .

Assume the acquisition cost 0 is fixed per asset. Then, as the number of assets I goes to infinity,
the optimal security design is to issue pooled securities such that the underpricing per asset is 260.

The size of the pools will be finite, and the security design is indeterminate.

7. Conclusion

I have developed a theory of security design in which a seller chooses the form of the securities to
minimize private information rents of potential investors. In the single asset case, I show that debt
securities are often optimal when the number of bidders is small. As the degree of competition

increases, levered equity becomes optimal. In the multiple asset case, I show that debt backed by
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pooling is an optimal security design when the number of assets is large relative to the number
of bidders, while equity backed by individual assets becomes optimal as the degree of competition
increases. As is shown in an extension where information acquisition is endogenous, varying the
degree of competition in the auction can alternatively be interpreted as varying the cost of acquiring
information.

The results of the model are broadly consistent with observed patterns of security design. For
example, the prediction that a large asset base should be sold through debt issues backed by a pool
is consistent with securitization patterns in the asset-backed securities markets, while equity issues
are more prevalent when the asset base is more focused (as is the case for individual firms).

The theory developed here may also be applied to analyze a variety of other phenomena. For
example, the results have implications for the life cycle patterns in the financing of a firm. A
feature of the theory is that it can provide an explanation for both debt and equity within the
same framework, and provides conditions under which we would expect to observe one rather than
the other. In the life cycle of a firm we might expect the degree of competition among investors
and the availability of information about the company to be smaller at early stages, leading to a
preference for debt securities. As the company grows older, information is more widely accessible,
and more investors have their eyes on the company. At this stage it is possible for the company to
issue equity through an IPO.

Similarly, it is possible to explain why different financial systems seem to favor different types
of securities. In a bank oriented system with little capital market competition for the financing of
companies, debt should be more prevalent. In a stock market based system, information acquisi-
tion is cheaper and the pool of investors larger, which makes it easier to issue equity. Improved
information technology and increased investor participation in stock markets would also lead to an
increased propensity of firms to issue equity at an earlier stage of the company life cycle. The in-
creased fraction of young firms in stock markets, both in the US and in Europe, may be a reflection
of this development, as is the decreased fraction of large diversified conglomerates.

Finally, the theory suggest a role for financial intermediation. As was shown in Proposition 5,
having access to a large number of assets can reduce the underpricing per asset by allowing the
seller to construct pooled securities. If a seller has access to only a single asset, there is room
for a financial intermediary to step in and synthesize pooling by bringing together assets of many

sellers and finance them through a pooled issue.> When information acquisition costs are high, we

30Tf it is infeasible to find a sufficiently large number of assets at any single point in time for this type of pooling to
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would expect such intermediation to arise endogenously. Similarly, the theory would predict that
as information acquisition costs in the economy go down, we would expect to see disintermediation
as single asset sales become more beneficial. A more detailed investigation of these issues is left for

future research.

be beneficial, it may be possible for an intermediary to engage in intertemporal pooling. For example, an underwriter
who is involved in a large number of IPOs over time may be able to synthesize pooling by giving preferential treatment
to investors who take allocations in each IPO, making it harder for investors to “cherry pick” (see Benveniste and
Spindt [5] for a theoretical IPO model with this flavor and Cornelli and Goldreich [8] for empirical evidence).
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APPENDICES

A. Derivation of underpricing in Example 4.1

This appendix delineates the calculations behind the example develop in Section 4.1. The expected

value of debt and equity are calculated as

E(D(Z) = /0de2+/le,2

F

1
E(L(Z)) = /(z—F)dz

F

Setting these equal gives F' =1 — 75

The unconditional information sensitivity for equity is calculated as
E(L(Z)|X>1)-E(L(Z)|X<1)
E(L(Z))
1
[h(z=F)A+2)de— [L(z-F) (A —(1-2))dz
1

1

~ .53

where g (z|X > 1) = % =I+zandg(z|X <1)= % = 1 — (1 — 2) are used. The
unconditional information sensitivity for debt is calculated similarly.
The price for a security given a price setting signal is calculated using Equation 3.2. The

expected value conditional on observing the price is calculated as

E(w(Z)|r(w) = E(w(Z)|X 2y (r(w), 1=y (r(w)))

! (1-F(yl2)) f(yl2) F (y])" >
= w (2 dz
/0 ( )fol (1= F(ylu) f(ylu) F(ylu)¥ > du

for the cases where the inverse y = y =1 (r (w)) exists, which is when N > 2 and the price setting
signal is in the top equivalence interval. For cases when the inverse does not exist, the price will only
reveal what equivalence interval [a, a + 1) the price signal came from. In that case, the expectation

is calculated as

Ew(Z)|r(w)) = EWw(Z)|X >a,Y1€[a,a+1))
/Olw(Z) (1—-F(al|z))P(Y1€[a,a+1)|z)

dz
fol (1-F(alz))P(Y1€la,a+1)|u)du
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The cost function ¢ (1z>,) is given by

6 (1750) = /0 6 (Lzsoly) b (y) dy

(This follows since ¢ (1z>, |y) = 0 for y > 1). We have that

P(Z>v|X>yYi=y)-P(Z>v|X=yY =y)
P(Z >wv)

1% _ flylz)? (yIZ) “29(y)
Jy “hga— T )Pl ™ Zg(u)da

1 -G (v)

d(lz=vly) =

so that ¢ (1z>,) becomes

¢(122”):1iv/01M (ylz)d /fo 3;"2 (yy||;))N2du/1 (yIZ)dZIdy

where T use g (2) =1, G (v) = v, and h(y fo (y|z) g (2) dz. Note that we have, for y < 1,

Fyl2)? Fyl)" ™ = P(0]2)* (yP (0]2)"

hiylz) = N(N—=1)P(0]z)(1—yP(0]2)) (yP(0]z))"

This follows from f(y|z) = P(0|z) and F (y|z) = yP(0|z) for y < 1. Plugging this into the

expression for ¢ (1z>,) and noting that all integrals over z are versions of fvl P (0]2)" dz, where

/UlP(O\z)Ndz _ /vl <1;2k+k:(1—z)>N_ldz

we have

gives the result in 4.3 after integration over y and straight-forward manipulation.
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B. Proofs

The following lemma, which is practically a restatement of Theorem 5 of Milgrom and Weber [22],

is used repeatedly below.

Lemma 4. For any monotonically increasing security w (Z) withw (1) > w (0), E(w|X = z,Y1 = y)
has the following properties:

1) It is increasing in x and y

2) It is constant in x over an equivalence interval x € [a,a + 1) for some integer a

3) For x > 2/ and x not in the same equivalence interval as =/, E(w|X =z,Y1=vy) >

Ew|X =2,Y1=y)

Proof. 1) and 3) follow from Theorem 5 of Milgrom and Weber [22]. To show 2), note that
E(w(Z)|X =z,Y1 =y) can be derived as

1
Ew(Z)|X =2,V =y) = /0w<z>g<z|X=m,Y1=y>dz

_ /1w(2) flz)f(Mi=ylz)g(2)
0 S (@) f (Y =ylu) g (u)du

_ /1w(2) flz) flylz) Fyl2)" 2 g(2) @
0 o F@lu) fylu)F (y[u)N g (u)du

The first step follows from Bayes’ law. I use the notation f (Y7 = y|z) to denote the density for the
highest signal among N—1 bidders. This density is given by f (Y1 = y|z) = (N — 1) f (y|2) F (y|2)V 2
Plugging this in gives the second step. But f (x|z) is constant over an equivalence interval, which
proves 2). l

Proof of Proposition 1:

Equilibrium for the second price auction was characterized by Milgrom [20], and uniqueness of
this equilibrium was proved by Pesendorfer and Swinkels [25]. The derivation of Equation 3.2 was
done in the proof of Lemma 4, which also shows that b (z) is increasing in z. B

Proof of Lemma 1:

For any monotonically increasing security w (Z), the bid b(z) = E(w (Z) | X = z,Y] = z) will
be an increasing function of the signal x (Proposition 1). Hence, the identity of the winner and
the price setter in each auction will be the same. Denoting by by, (x) the bid function for security

w; (Z) given a signal x we have
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b (@) = E(w(Z2)|X =2,V =2) = E (Zlewk (Z)|X =z,Y1 = x)

=Y BE(wi (2)|X =2, Y1 =2) = Y4y buy(z) (@)

The price in the auction is given by the bid of the second highest bidder, and since he has
the same identity in each auction, we have that = (w (Z)) = Zszlﬂ(wk (7)), so revenues are
unchanged. H

Proof of Proposition 2:

Expression 4.1 is proved in the text. The expected underpricing in Expression 4.2 can be derived
as follows. For any security, conditional on observing a price 7 (w) = E (w|X =y,Y1 =y), the

seller’s expected underpricing is given by
Ewlr(w)) —m(w)=EWw|X >y Y1=y)-Ew|X =yY1=y)

The expression for 7 (w) follows from Proposition 1. The seller’s expected value of the security is
E(w|X >y,Y1 =y), since the seller can infer from observing the price that the second highest
signal must have been gy, and can also infer that the winner must have had a signal which is at
least as high as y. Expression 4.2 then follows by integrating over outcomes for the price setting
(second highest) signal, and from the fact that E (1z>,|A) = P(Z > v|A) for some conditioning
event A. H

Proof of Lemma 2:

That 7 (w(Z)|y) > ¢ (w(Z)|y) follows since E (w|X = z,Y; = y) is increasing in x (Lemma
4). This proves both that r (w (Z) |y) = 0 implies ¢ (w (Z) |y) = 0 and that ¢ (w (Z) |y) is bounded
above by 7 (w (Z)|y). That y € [H — 1, H) implies ¢ (w (Z) |y) = 0 follows from Lemma 4.

It remains to show that unless conditions 1) and 2) in the lemma hold, ¢ (w (Z) |y) > 0. But from
Lemma 4, E (w (Z) | X = H,Y; =y) is strictly larger than F (w (Z) | X =y, Y1 =y) fory < H—-1if
w (Z) is monotonically increasing and non-constant. Therefore, F (w (Z) |X >y, Y1 = y) is strictly
larger than E (w (Z) | X =y, Y1 = y) unless w (Z) is constant. But if w (Z) is constant, the residual
information sensitivity is also zero. B

Proof of Proposition 3:

That ¢ (1z>0) = 0 is obvious. Also, for v > 0, it follows from Lemma 4 that ¢ (12>,) is strictly
positive. If ¢ (1z>,) is continuous in v, it follows that for any A < 1, there exists a ¥ such that
$(lz>y) < 1 — X for all v € [0,7], so that all component securities with a cut-off level below

v should be included in the optimal security design. That ¢ (1z>,) is continuous follows since
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P(Z>v|X=2Y1=y)= fvlg(z | X =x,Y1 = y)dz, and hence ¢ (12>, |y ), is continuous in v. B
Proof of Proposition 4:
Denote by Y the price setting (second highest) signal, with associated density h (y). Since
¢(1z>y|y) =0for y > H—1 (Lemma 2), I have that

HﬁlP(Z>’U|X>yley)—P(Z>’U’X:yY1:y)
1s0) = SAES £ = : h(y)d
oz = | e (4) dy

o P(Z2> 0¥ =) P(Z20)

H*<L}%ZzMX=%m=y>

e ) hlz = o dy

The first equality follows from expression 4.2, and the third from Bayes’ law.

Note that fylial h(y|Z>wv)dy=P(Y < H—1|Z >wv). Therefore, if I show that

lim

1_
N T PZzoY=y)

for some strictly positive ¢, we have that P(Y < H —1|Z >v) > ¢ (1z>y) >eP (Y <H —-1|Z > v)

and hence ¢ (1z>,) goes to zero with P(Y < H — 1|z > v). I show this as follows:

P(Zzv|X=yYi=y) [9GIX=yYi=y)d
P(Z Zzv|Y =y) fvlg(z\Y:y)dz

1 f(X=y,Y1=y|z)g(2)
fv f(X:yll,Y;l:y) dz
1 h(ylz)g(z
f'u (y}ll(l)l.sz( ) d

1 Flylz)2F(y|z)N 2
. T )2 F(ylu) 2 g(w)du? (2) dz
1 (1—F(y|2)) f(ylz)F(y|z)N 2
ffu fbl(l_F(y|“))f(y\u)F(y|u)N*ZQ(u)dug (z) dz

A(y,v,N)

~ A(y,0,N)

where A (y,v, N) is given by

3 L2 Fyl2)N 2 g(2)dz
A(y,v,N) = v
(w0 ) Jr(=F(yl2) fylz) F(yl2)" 2 g(2)dz
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Divide numerator and denominator of A (y,v, N) by F (y|v)"¥ 2 and take the limit as N — oo to

get

1 2 (Fylz)\ N2 p
]\;im A <y7 v, N) _ ]\}im ffu f (y ‘Z) (F(y|v)> g (;)_22
- T A-Fl) fwle) (R g as

f(ylv)
1= F(ylv)

This follows since F' (y |v) is strictly decreasing in v from MLRP. From the non-degeneracy assump-

tion, f (y|v) and g (v) are bounded away from zero. Therefore, as N — oo, we have that

PZzvlX=yVi=y) 1-Ful0) [f(ylv)
P(Z>v|Y =y) fyl0) 1-F(ylv)

The hazard rate %%';—) is given by

L Fyls) [T,
Tl ‘A Tl

For y < H — 1, this is strictly increasing in z from the assumption of MLRP. Hence, we have that

1-Flo)_ f(ylv)
f(yl0) 1—=F(ylv)

<1 Yv >0

Hence, ¢ (1z>4) goes to zero with P (Y < H —1|Z >v).
I now derive the rate at which P (Y < H — 1|z > v) goes to zero. We can write P (Y < H —1|Z > v)
as
P(Y<H-1|Z>v) /1P(Y<H 1]y =284
- B v - 1-G(v)
! N N-1 9(2)
_ / (F(H 11" + N~ F(H-1]2) F(H ~1]2)" ) =22 g

v 1-G (’U)
Again, note that F (x|z) is decreasing in z. Dividing the above by F (H —1|v + &)™~ for some
¢ > 0 the integral goes to infinity as N goes to infinity. Dividing by F (H — 1 |v — 5)N71, the
integral goes to zero. Since € was arbitrary, we must have that ¢ (1z>,) goes to zero at a rate

proportional to F(H —1|v)N~!. (Note that I have not pinpointed the exact convergence rate;
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that is, a function ¢ (V) such that limy_ P(Y+J_V§|ZZU) = C > 0 for some strictly positive

constant C'. All T need is that ¢ (1z7>,) goes to zero faster for a higher v.). Since F/(H —1]v)"N !
$(17>0)
$(1230)
v >0, ¢(lz>y) becomes decreasing for all v > v as N — oo, and equity dominates except for a

is decreasing in v, we have that goes to infinity with N for v/ > v > 0. Hence, for any

vanishingly small range around v = 0. B

Proof of Proposition 5:

I
Divide the pool of assets Z{:l Z; into /I identical securities Z = Zi\:/%Zz. Asymptotically,

the distribution of Z — v/IE (Z;) is normal with zero mean and standard deviation o2 (Z;). It is

I . I )
Yimi Xin _ (Zf/lTX”’> also reaches

straight forward to show that the renormalized sum of signals

VI
a non-degenerate asymptotic normal distribution, both unconditionally and conditional on Z. As
I
I goes to infinity, the auction of a security Z = % will therefore be associated with a certain

fixed amount of underpricing U > 0. When selling the whole asset pool, the underpricing therefore
grows at rate v/I with I (since the whole pool of assets consists of v/T such securities with fixed
underpricing). The underpricing per asset in the pool goes to zero (see Axelson [3]).

Imagine selling a debt claim backed by such an asset Z with face value F = /I (E (Z;) —¢)
for some € > 0. The cash flow to debt is given by min (Z, F'). Since P (Z < F) — 0 as I goes to
infinity, the cash flow to debt goes to a degenerate random variable with expected value F' and
variance zero, a virtually risk free debt claim. In the limit, the expected underpricing in the auction
of such a claim is therefore zero. This implies that the expected underpricing for the residual equity
claim max (Z — F,0) is equal to U. Thus, all underpricing is concentrated on the equity part. Also,
note that per asset, the amount of capital raised through the issuance of these debt securities goes
to E (Z;) — e, which can be made arbitrarily close to the upper bound F (Z;) by making ¢ small.
Hence, for any capital raising requirement, debt strictly dominates. l

Proof of Proposition 6:

The beginning of this proof is identical to the proof of Proposition 4 except for the derivation of

the limit of P(i%glg‘:é’g):y). I now have to condition on a vector of asset realizations {z;} instead

of a scalar z, where {Z;} = {Z1, ..., Z;} is the vector of I assets that make up the pool Z =3 Z;.
We now have that

P(Z>v|X=y,Yi=y) _ fvlg(z|X:y,Y1:y)dz
P(Zzv|Y =y) fvlg(z\Y:y)dz
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J(l{zi})*F(yl{zi 1) *g({z1])
Jeys aiz Sy T@Hua})PF @)Y g ({u})d{ui} yi iz

f U—FOU=I G POD ol g roa

Lk zizv [, 3 O=Fl{ud)f wl{w}) Fu{u})Y2g({uh)d{u} ™

_ A(y,v,N)
~ A(y,0,N)

where A (y,v, N) is now defined as

oy smo T W2 F (yl{2)" g ({2i}) d {2}

Ay, v, N
(e ) = Sy e A= Fyl{z}) £ wi{z) F (y {z)Y 2 g ({z:}) d {=:)

Here, [ (5} 2> denotes a multiple integration over all asset vectors that sum up to at least v.3!
Define the function Finax (y,v) as Fax (y,v) = argmaxy; 1.5~ 5, — F (y [{2:} ), with associated “den-
Sity” fmax (y,v) defined as fmax (y,v) = f (v |arg max (Fpax (y,v))). Since F (y [{z}) is decreasing
in each z;, Fiax (y,v) is strictly decreasing in v. Also, from the non-degeneracy assumption, g ({z;})
and f (y|{zi}) are bounded away from zero. Divide numerator and denominator of the expression

above by Frax (y,v)" "2 and take the limit as N — oo to get:

lim A(y,v,N) =
Jim Ay, v, N)

- Jisiss oo £ (1230 (B ™2 g () 21}

N ey nm F WD) (= Py l{z)) (B g () d {=)

Jmax (Y, v)
1 — Fax (¥, U)

P(Zzv|X=yYi=y) _, 1=F(yl0) _fmax(y)
Therefore, as N — oo, we have that P(;>v|ig ;) Y f(y‘zé) I_me(;v).
1-F(yl{zi})

o) s strictly increasing in each z; for y < H — 1, and since arg maxy, 1.5~ ,,— F (y {2:}) >

Since the hazard rate

{0} for v > 0, this is strictly smaller than one for all v > 0. Hence, ¢ (1z>,) again goes to zero

with P(Y < H —-1|Z > v).

31T cannot write h(y|z) = N(N—1)f(y|z) (1 —F(y|z)) F(y|z)Y 2 anymore, as it is no longer necessarily
true that the aggregate signal X for bidder n is independent of signal X'of bidder m conditional on the sum of
values Z =5 Z;: f(X =2, X' =2'|Z=2) # f(z|z) f(2'|z). Only if I condition on the whole vector {z;} does
conditional independence hold.
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I can now write P(Y < H —1|Z > v) as

P(Y<H-1|Z>v)

[ EERTPRRYY B vy 9dah) o
- /{zi}:z%zv(”ﬂ L)Y+ N (H = 1) F (H =1 {))" ) {25

Again, note that F (z|{z}) is decreasing in each z. Dividing the above by Fiax (H — 1,0+ &)Y

for some € > 0, the integral goes to infinity as N goes to infinity. Dividing by Finax (H — 1,v — e)N ,

the integral goes to zero. Since ¢ was arbitrary, we must have that ¢ (1z>,) goes to zero at

a rate proportional to Fiax (H — 1,1))N. Since Fax (H — 1,v)N is strictly decreasing in v, we
d(1z>v)
$(1z0r)
like in the single asset case (except for a vanishingly small range around v = 0). The rate of

goes to infinity with NV for v > v > 0, and hence equity dominates just

again have that

convergence of equity that starts paying off at v is proportional to Fiyax (H — 1, v)N. Note that the
smaller Fiyax (H — 1,v), the faster the convergence. Therefore, the larger fimax (H,v), the faster the
convergence.

I now show that if the seller needs to raise a certain amount of capital C' per asset, individual
sales dominate pooling as N goes to infinity. I show it for the case of a pool of two asset Z = %
versus individual sales. The proof generalizes easily to the case of more than two assets. To raise
C per asset when selling the pool Z, the optimal security in the limit as N — oo is levered equity
L(Z) = max (0, Z — v")with cut off value v" such that

/Ul(z—v’)g<¥:z>d220 (B.1)

/

Similarly, for individual sale of asset Z; (and symmetrically for Z5), the optimal security is equity

with cut off value v such that

/1 (z21—v)g(21)dzn =C (B.2)

We know that the underpricing of the pooled asset goes to zero at rate proportional to f (H |{Z1,22}) =
P(Xn1 =1|Z1 =721) P(Xy2 = 1]Zy = %) where {Z1, 2} minimize f (H |{21, 22} ) subject to 2322 =
v, while the underpricing for the individual asset goes to zero at rate P (X,1 =1|Z1 =v). If 1

in f(H |{z1,22}) can be set lower or equal to v while still having 2$22 = ¢/, the result fol-
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lows immediately since P (X,1 = 1|Z; = z1) is increasing in z;. This is so since in that case
we have P(an =1 |Z1 I/Z\l)P(Xng =1 |Z2 = 22) < P(an = 1|Zl = Zl)P(Xn2 =1 |Z2 — 22)
< P(Xp1 =1|Z1 =v), so the underpricing for the individual asset goes to zero faster. For this not

”+1 I show that this is not possible while preserving

to hold, it is therefore necessary that v’ >
the capital raising conditions B.1 and B.2. Equivalently, I show that for v/ = ”TH, the expected
value of the capital raised in the pool is smaller than the expected value of the capital raised in the

individual sale, or that for all v, we have

/jlﬂ <z_’U;—1>g<Z1—;Z2 _Z> dZS/vl(h—v)g(zl)dzl (B.3)

2

Zi+Zy _ Z)

To show this, rewrite the convolution density g ( which, for the relevant case z > %,

becomes

Zy+ 7 !
g(lTQZ,z):Q/ 9(21) g (22 — z1)dz
2

z—1

Using Fubini’s theorem and a change of variables, I can then rewrite the left-hand side of B.3 as

/;L < U+1> <2/2:_19(Zl)9(22—21)d21> dz

1,1
1
= / / §(u—1+zl—v)g(u)dug(zl)dzl
v v+1—21

so that B.3 becomes

/vl </1 1(u_1+zl—v)g(u)du—(zl—v)>g(z1)dzlgo (B.4)

+1—21 2

But this always holds, since the expression in parenthesis is strictly negative for v < 1:

1 1
/ l(u—1+zl—v)g(u)du < / l(fz’l—U)L(J(U)QI'U

v+1—21 2 +1—2z1 2
< (a—v)

The first relation follows from u < 1. This concludes the proof. B
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Proof of Proposition 7:
Denote the optimal solution to 6.3 by w* (with corresponding number of bidders N* (6)). First,
I show that

N*(0)0 < U (w*,N*(0)) < (N* () +1)0 (B.5)

That N*(0) 0 < U (w*, N* (0)) follows from inequality 6.2. Suppose U (w*, N* (0)) > (N*(0) + 1) 0,
contrary to the claim in B.5. From 6.2 and the fact that U (w,N) is decreasing in N, we also
have that (N*(0) +1)0 > U (w*, N*(0) + 1) and that U (w*, N*(0) +1) < U (w*, N*(0)). Note
that, unless w* = Z, we can always increase the amount of capital raised and the underpricing
continuously by adding on more cash flow (more component securities) to the security design.
Therefore, there exists a security design w’ that raises more capital than w*, and that features
underpricing U (W', N* (0) + 1) = (N*(6) + 1) 6. But then, it is better to issue security w’, since
N (W' 0) = (N*(0)+1)0 > U (w*,N*(0)). This contradicts the optimality of w*, and hence B.5
must hold. Expression B.5 also implies that the optimal security design minimizes N* (0) subject
to the capital raising restriction.

Next, I show that N*(6) is decreasing in #. Suppose w; is the solution to 6.3 for 6 = 6.
This implies that N (61,w) is minimized at w; subject to raising enough capital, since N (,w) 0 <
U(w,N (0,w)) < (N (0,w) + 1) 6. Now suppose that 6 is decreased to § = 02 < 0;. Suppose that wo
is the solution to 6.3 for § = 0. Now suppose that N (02,w2) < N (01,w1), contrary to the claim in
the Proposition. But then, since U (w, N) is decreasing in N, we must have N (01, wz) < N (02, w2)
to satisfy 6.2. But then N (01,w2) < N (02,ws) < N (01,w1), which contradicts that N (61,w) is
minimized at wq.

Now suppose, contrary to the claim in the Proposition, that N* () does not go to infinity as
0 goes to zero, but instead goes to some constant Ni. We have that for any C' > 0, and for any
w, U(w,N1) > € for some ¢ > 0 (that is, if the security design is not completely risk free, and
there is a limited number of bidders, there must be at least some underpricing). From 6.2, in the
limit we must have (N1 4+ 1)60 > U (w, N1) > €. But since 6 goes to zero, this cannot hold. Hence,
limg g N* (0) = oo.

I now show that the solution to the security design problem taking N* () as exogenous for a
given 6 is the optimal security design, with the modification that the capital raising constraint is

E (7 (w)) =max (C,E (w) — N*(0)0). First, note that if C' < F (w) — N*(0) 0, any security design
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that raises an amount of capital E (7 (w)) € [C, E (w) — N*(0) 0) will not satisfy the participation
constraint in 6.2, since U (w, N*(0)) = E (w) — E (7 (w)) < N*(0) 0, which contradicts that N* (0)
was the optimal solution.

Call the solution to the problem with this modified capital raising constraint wj;. Thus,
w1 minimizes U (w, N* (0)) subject to the capital raising constraint and admissibility, so that
U (w1, N*(0)) < U (w,N*(0)) for all w. Now suppose w; is not the solution to 6.3, so that there
is an we with U (w2, N (0,w2)) < U (w1, N (0,w1)) and N (0,w2) = N*(0) < N (0,w1). But since
U (w1, N) is decreasing in N, we then have U (w1, N (,w1)) < U (w1, N*(0)) < U (w2, N*(0)),
which is a contradiction. Hence, w; must be the solution to 6.3.

This shows that Propositions 2 and 3 hold with N replaced by N* () and with the modified
capital raising restriction. That 4 and 6 hold with the modification that we let 6 go to zero instead
of letting N go to infinity also follows, since for N* (§) — oo the optimal solution given any capital
raising condition is equity backed by single assets.

Last, redefine the acquisition cost 6 as being per asset and let the number of assets grow.
Proposition 5 showed that for any fixed number of bidders N > 2, the underpricing per asset can
be made arbitrarily small by issuing debt backed by the pool of assets. Note that, for any fixed 0,
this will violate the participation constraint in 6.2. When the underpricing per asset goes below
20, there will be only one informed bidder, who will capture the entire surplus F (w). Hence, the
best the seller can do is drive the underpricing per asset down to 20. This will in general involve
some amount of pooling, but not to the full degree. Also, the shape of the security backed by the
pool of assets is indeterminate. It is easy to see that by an appropriate choice of number of pools
backing each security and the security design, there is a continuum of security designs that raise C

per asset subject to featuring the right amount of underpricing. B
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