EFACR 1|2b]oz
STACCHETTI /STOLYARD\/
4:00AM

Durable Goods and Aggregate Fluctuations

Ennio Stacchetti and thitriy Stolyarov
University of Michigan

PRELIMINARY AND INCOMPLETE, DO NOT CITE
July 3, 2002

Abstract

We consider an economy with two goods, a durable and a non-durable good, pop-
ulated with a continuum of infinitely lived agents who differ in their income level and
interact through borrowing and lending. Each agent chooses the consumption path for
the durable and the non-durable good. We further assurne that durables may depreci-
ate in an abrupt, discontinuous manner. The last assumption gives rise to the optimal
decision rules that are not of (s, S) type: consumers switch between two replacement
frequencies at irregular intervals. As it turns out, consumers who follow these rules
would spend all of their windfall income on durables. This feature of our model helps
explain several empirical regularities in aggregate consumption behavior.

1 Introduction

Durable goods are purchased repeatedly because they depreciate over time. Apart from
physical decay, one major reason for depreciation is obsolescence. New and better models
periodically appear and make the old ones obsolete. Over the post-war period in the US,
the price of consumer durables relative to non-durables and services has been falling at an
average of 2 percent a year. However, obsolescence is by no means a continuous process.
For example, new car models are introduced once a year only. Home appliances, electronics
and furniture also follow yearly cycles. Sometimes new models are drastically different from
previous ones, causing obsolescence to be abrupt. It turns out that irregular obsolescence is
important in explaining the consumption patterns for durable and non-durables goods.

We consider an economy with two goods, a durable and a non-durable good, populated
with a continuum of infinitely lived agents who differ in their income level and interact
through borrowing and lending. Each agent chooses the consumption path for the durable
and the non-durable good. The agent’s state variables are prices, her liquid wealth and her
stock of durable. The assumption of no resale makes durable purchases infrequent, because
the service from the current stock of durable good acts as a fixed cost of adjustment. We
characterize the optimal consumption rules and the distributions of durable goods holdings
that give rise to price-stationary equilibria.




In equilibrium, consumers endogenously partition into classes, with each class following
a distinct durable replacement rule. Two types of rules are optimal, depending on the
consumer’s class. One type, which we term a “fixed” rule, is similar to the familiar (s,9)
rule with a constant replacement frequency that rises with agent’s income. The other type is
a “flexible rule”, where the individual switches between two different fixed rules at irregular
intervals. Flexible rules arise as a way to smooth durable consumption in the presence of
abrupt obsolescence. A key difference between the two types of rules is how the agents who
follow them react to wealth shocks. Consumers who follow a fixed rule adjust only their
non-durable consumption in response to a small wealth shock. By contrast, consumers who
follow flexible rules adjust only their durable consumption. This dichotomy in response to
shocks allows our model to match several empirical observations on aggregate consumption
behavior.

It is a robust empirical observation that aggregate durable consumption is more volatile
than aggregate non-durable consumption. Our model can match this observed excess volatil-
ity of durables because consumers from flexible rule classes adjust only their durable con-
sumption and leave non-durable consumption unchanged. In addition, the relative size of
flexible rule classes is negatively related to the depreciation rate of the durable. Therefore,
the more “durable” the good, the more volatile its aggregate consumption.

Another empirical regularity is that lower income consumers have a substantially higher
cross-sectional volatility of durable purchases. This feature arises in our model because
consumers who belong to the same class have close income levels. Low income classes
replace durables infrequently and thus have low average per period durable expenditures.
Then, consumers who do purchase durables in the current period spend much more than the
average for their class, implying higher volatility.

According to Caballero (1990), aggregate durable purchases are slow to respond to ag-
gregate wealth shocks. This effect is present in our model, because a positive shock induces
few consumers to replace their durables immediately. Most consumers save the extra wealth
and switch to a higher replacement frequency after a delay. Thus the aggregate expenditure
adjusts slowly.

Beyond this, the model’s predictions match, for example, the observation in Adda and
Cooper (2000) that the impulse response of auto sales to price and income shocks exhibits
dampened oscillations. This feature of the model is due to consumer heterogeneity and fixed
costs of adjustment. As stated, an aggregate shock induces some, but not all, agents to
change their durable consumption. This, in turn, affects the future distribution of durable
goods holdings and introduces echo effects that make future sales of durables oscillate. The
oscillating impulse response is inconsistent with Mankiw’s (1982) ARM A (1, 1) specification
for durable expenditure process that is based on a representative agent framework. OQur
results thus warn that empirical tests of permanent income hypothesis that ignore agent
heterogeneity may produce misleading results that falsely reject the hypothesis.

The related recent literature is vast, but there are some gaps in it that this paper fills.
Many macroeconomic models that are used for studying consumption of durables and non-
durables feature continuous adjustment of the durable stock as an equilibrium outcome.
This feature arises because adjustment is either frictionless, as it would be in a presence of
a perfect resale market, (e.g. Mankiw, 1982) or the costs of adjustments are convex (e.g.
Bernanke, 1985). Such models tend to only partially account for the “excess smoothness”




of durable consumption. On the other hand, there is another large body of literature that
models the replacement problems for durables in either representative agent setting (Gross-
man and Laroque, 1990, Eberly, 1994) or with heterogenous agents (Adda and Cooper, 2000,
Caballero and Engel, 1999, Caplin and Leahy, 1999, Fisher and Hornstein, 2000). This class
of models either feature only one good (the durable) or abstract from general equilibrium
considerations, or both. A third body of literature (e.g. Caballero, 1993, Bar-Ilan and Blin-
der, 1992, Attanasio, 2000) does not feature optimization at the microeconomic level and
assumes that the optimal replacement policy for the durable is an (s, .5) rule.

Our contribution to the literature is that we develop a model that brings infrequent
adjustment and agent heterogeneity into a two-good general equilibrium framework. We
also show that the optimality of (s, S)-type replacement rules for durables is sensitive to
assumptions about depreciation.

2 Model

We consider an economy with two goods, a durable and a non-durable good, and a continuum
of agents of mass 1, indexed by w € [0, 1]. The durable good is indivisible and each unit has
a useful life span of T' > 2 periods. It is produced by a constant returns to scale technology
that uses py units of the non-durable good for each unit of the durable good. The consumers
are infinitely-lived and have a (common) separable utility function v(e, ¢) = z,+u(c), where
a € {0,1,...,T} denotes the age of the durable good consumed, z¢ > x1 > -+ Zp_q > o7 =
0, and c is the amount of the non-durable good consumed. Durable goods of any age less
than T are perfect substitutes and each agent consumes at most one durable good (additional
units of the good provide no utility). We think of the non-durable good as money for the
consumption of other goods, and of u as an indirect utility function. The consumers and the
monopolist discount future payoffs by 5 € (0,1). Thus, if an agent consumes in each period
t a durable good of age o and an amount ¢; of the non-durable good, his total discounted
payoft is

S B, +ule)]

We assume that v’ > 0, v” < 0, and 4/(0) = c0. A consumer “type” w € [0, 1] is endowed
with y(w) units of the non-durable good in every period. Without loss of generality, we
assume that the function y : [0, 1] — R, is strictly increasing. The consumers can borrow
and lend. Let r; denote the interest rate in period ¢.

An interest rate sequence {r;};>¢ is a Walrasian equilibrium price if the aggregate non-
durable demand in every period is equal to the total supply:

Y=AEWM¢

THE CONSUMER’S PROBLEM: A consumer must choose the periods when he purchases a
(new) unit of the durable good, and the amount of the non-durable good he consumes in
every period. A durable purchasing policy 6 = {0:}+>o specifies in which periods the agent
buys a new unit (6; = 1) or keeps the old unit he has (6; = 0). For any 4,5 € N, let
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i@®j =min{i+j,T} and ¢S j = max{i— j,0}. Given an initial unit of age a_,, & purchasing
policy determines the age of the unit consumed in every period ¢ > 0 recursively as follows:
o, =0ifd=1land oy = ;1 D 1if 6, =0.

Given the interest rates {r¢};»0, it is convenient to study the consumer’s problem im-
mediately after he makes his durable good decision in period 0 but before he decides on
the non-durable consumption for period 0, and the problem before he makes any decision
in period 0. In the former problem, d; is not a decision variable (has already been chosen).
The total initial wealth of an agent type w is

wole) = y(e) [f[ 1 j} ,

t>0 Lr=0

and becomes wo(w) — dopo after the durable good decision is made in period 0. Below,
whenever it is clear from context, we omit the type w.

We say that an agent is in state (ag, wo) when he has wealth wy and a durable of age oy.
The problem of an agent with initial state (ag, wp), after the durable good decision §; has
been made in period 0, is

Ulao,un) = e 3" 8o, +u(e) )
,0,W >0
s.t. Wiy1 = (1 + Tt)[’wt — 5tp0 - Ct]

a1 = (1= 6pp1)0: © 1]
Ct 2 Ou 5t = {0, ].}, Wiy, 2 0

Note that oy =0 if 6,41 = 1 and qu4; = a; ® 1 otherwise. For convenience, we will often
write U,(w) instead of U(a, w).

The problem of a consumer with initial state (ag,wg) before any decision is made in
period 0 is

J(Qo, wo) = Sorg{%}i} U((l - 50)&0, Wo — (50])0).

Again, for convenience, we will often write V,,(w) instead of V(a, w).
Fix a durable purchasing policy é (optimal or otherwise). Then, the consumer’s problem
reduces to

max Zﬁtu(q)
(esw) t=>0

s.t. Wiyt = (14 73)[we — 6epo — ¢
¢ >0, wygq >0

The assumptions on u imply that the following first order conditions (FOC) are necessary
and sufficient:

Bl (eq) = o/ ([T (1 +72)], @

=0

where Ay > 0 is a Lagrange multiplier.




DEFINITION: An equilibrium is price-stationary if there exists r > 0 such that
rp =71 forall t > 0.

The next theorem states that the only interest rate that is compatible with a price-
stationary equilibrium is r = (1 — 8)/8.

Theorem 1. In a price-stationary equilibrium with interest rate 7, § = (1 + r)~! and
every consumer of type w € [0, 1] consumes a fixed amount c¢(w) of the non-durable in every
period.

Proof: The FOC f*/(c;) = Ao/(1 + 7)! imply that «/(c;) is increasing (decreasing) if
B(1+7) <1 (> 1). Since u” < 0, this implies that ¢, is decreasing (increasing) if S(1+7) < 1
(> 1). This is the case for every consumer of every type w. But in equilibrium we must have
that

1
/ ct(w)dw =Y forall t > 0.
0

Thus, in equilibrium, (1 + ) = 1 and ¢(w) = c(w) for all ¢, where u'(c(w)) = Ao(w). m
Theorem 1 says that any optimal solution to (1) has constant ¢ every period. Therefore,

we can transform the problem (1) by letting the consumer choose ¢ once and for all and

then use the rest of his wealth b = w — - to optimally purchase durables. Then, with

1-5
(1+ )"t =3, (1) becomes

_ u(c) R
U(a’w)'cg?&ﬁl(l—/ﬁv“(w 1—5))’ @)
where
_ ¢
Va(b) = Jg{%ﬁ}gﬂ T, 4)
st.b = poy B
t=0

appr = (1= dp4a)[0e D 1]

is the optimal value function of a consumer who has budget b to spend on durables. This
problem can be transformed into a Bellman equation. Consumer starts with a budget b and
a durable of age a = 1, ...,T and decides whether to keep or replace his current durable. If
consumer keeps the current good, he gets the service flow z, this period, and enters next
period with budget % and the good of age e 1. On the other hand, if the consumer decides
to replace his durable, he acts as if his current good is useless and gets Vr (b) - the present
value of having a useless good. Therefore, the optimal value function must solve

L]
p
We will now turn to solving the problem (5), and will then determine the optimal non-

durable consumption from (3) given V, (b).
CycricaL Pouicies: Consider the following two rules.

Vo (b) = max{:z:a + Vo ( ) Vr (b)} ya=1..,T. (5)

e R-fixed rule: replace the durable good each time it reaches age R.
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e R-flexible rule: buy durables in such a way that each durable is replaced when
it reaches age R or age R+ 1 for R < T. The T-flexible rule is to replace each durable at
age that is greater or equal to 7T'.

There are T'+ 1 fixed rules (R =1,2,...,7+ 1), and T flexible rules (R =1,2,...,T).
The (T + 1)-fixed rule is to never replace the durable (and eventually consume no durables).
Let by r be the budget that allows a consumer to follow the R-fixed rule from initial state

a< R
ﬁR—a

ba’R = Wpo, o< R, R= 1, ,T (6)

It is also convenient to define b, 741 = 0, for o < T and bryy 741 = po- Let v, r be the
present value of durable goods services resulting from following the R-fixed rule from state

v
RS

Va,R = Xa,r + 1ir<T) - : Xo,r (7)

_ 5R

Given an initial durable of age «, the consumer can follow the R-flexible rule only if his
wealth is in a certain range. The minimum feasible wealth to follow the rule corresponds to
the case in which the consumer can only afford to replace each durable when this reaches
age R+ 1, and the maximum feasible wealth corresponds to the case in which he can afford
to replace his durable each time this reaches age R. Thus, the R-flexible rule is feasible only
in the wealth interval [by gi1, Do r)-

Let Ag denote the marginal utility of wealth for a consumer who switches from an R+ 1-
fixed rule to an R-fixed rule. :

Xo,r Xo,n+8%zp

UR,R — UR+1,R+1 1 128 = —1_gR+T 1— g%
Ar = P — — = (XO,R — TR : (8)
bR,R - bR-f—l,R+1 Po 1-pR ~ 1_pRTT 1— /B

This number will also turn out to be equal to the marginal utility of wealth of a consumer
who follows an R-flexible rule. The following lemma will establish that when the discount
rate is sufficiently large, the optimal solution to (4) is always a flexible rule.

Lemma 1 The optimal value function for the replacement problem (4) when o = T is

AT . b, be [0, bT,T]
Vr(b) =< vri1,r+1+Ar- (b —bri1,pt1), b€ [br+1,r+1,0mE8], R=T-1,..,1 . (9)
U1,1, b= b1,1
if and only if
B 1+ 8) > 1. (10)

For every wealth level b € [0, by 1], the optimal replacement policy is an R-flexible rule. That
is, for every k > 0

{T,T+1,...} bel0,brr]
T4l — Tk = {R, R + 1} b € [bR+1,R+1) bR,R] y R = T — 1, 1 (11)
b2 b1y

1

)




Proof: See Appendix

Knowing V7 (b), we can use the Bellman equation (5) to recursively construct V, (b) for
all & < T. In particular, we have

Lemma 2 The optimal value function that solves (5) is

_ Va,R+1 -+ .AR . (b - bQ’R+1) y b c (ba,R—G—la ba,R) y R= T, e, O
Va(b)—{ Ve (b), b> bon fora=1,.,T.
(12)
The corresponding optimal replacement policy is
07 b < ba+1,cx+1
5a (b) = {0, 1}, ba+1,a+1 S b S ba_l,a for a = 1, . T. (13)
1, b > ba—l,a

Proof: See Appendix

Consumers who follow an [R-flexible rule have a constant marginal utility of wealth equal
to Agr. This implies that their non-durable consumption should be constant and equal to
cgr, with

U (CR) =A R-

Suppose that consumer initially has the good of age a. The wealthiest consumer who follows
the R-flexible rule consumes cg and replaces his good every R periods. His wealth is

Cr
-p

On the other hand, the poorest consumer who follows the R — 1 flexible rule also replaces
his good every R periods, and therefore spends exactly the same amount b, r on durables.
However, this individual must be strictly wealthier, since he consumes cz_; > cg:

We,R (CR) = + ba,R-

Cr

1-8

Now take consumers with wealth w between wq g (cr) and wa g (cr—1). We will show that
they consume different amount of non-durable, depending on w, but spend exactly b, r on
durables, regardless of w. That is, all these individuals follow an R-fixed rule. The following
lemma establishes this result formally.

For every «, R, define wy, g () as the total wealth that is necessary to follow an R-fixed
rule from the initial state o and consume ¢ of non-durable every period.

Wa,r (CrR-1) = + bo,r > Wa,r (CR)

c
1-p

Let co g (w) be the inverse function for wea g (¢):

Car (W)= (1= 8)(w—buor)-

Wa,R (C) = + ba,R
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Figure 1: Optimal consumption of non-durables

Lemma 3
ch (w) = arg max (1“5023 +V, ('w — 7 f 5)) :
e (), € [tz (cn) War (ca-1)]
* o Ca,p\W), ifwe Wy R CR),Wa,r\CR-1)], R=T+1771
Ca (U}) N { CR, if we [wa,R+1 (CR) y Wa,R (CR)] 3 R= T: Ty 1 - (14)
The optimal consumption rule for durables as a function of total wealth is
0, W < wa+1,a+1 (Ca)
6% (w)y =< {0,1}, Watiet1 (o) S WL Wam1,0(Ca) fora=1,.,T. (15)
1, W > Wam1,a (Co)

Proof: See Appendix.

3 Stationary Equilibrium

If all the consumers follow a R-fixed or (R, cg)-flexible rule, they separate by their state into
disjoint closed classes. For simplicity, we only consider here the case T' = 3, so we can refer
to Figure 1. Let co = c13(w) and ¢4 = cga(w) s0 that wai(co) = W and wes(cs) = w for each
«. Then define

Wg = [waR(CR),waR(CR_l)], a = 1, . ,R and R = 1, Ceey 4
WER—H = (waR+1(CR),’LUQR(CR)), a = 1, ey R+1and R= 1, ceay 3




(Recall that wyr(c) = wgrr(c) for all @ > R and ¢ > 0, and that wa4(c3) = wsa(cs) for all o)
Note that for each o, {Wg}h_; U{W&g,1}%_, forms a partition of [w, w|. At the beginning
of every period, agents with state in Cx = %, [{a} x Wg] follow the R-fixed rule, and
with state in Crp = US [{a} x Wgg +1) follow the R-flexible rule. The classes Cr and
Crr+1 are closed: if an agent follows the R-fixed rule, for example, and his initial state is in
Cr, then his state remains in Cg forever. In the long run, there are no consumers in state
(2,w) with w > wsi1(c1), in state (3,w) with w > waa(cy), or in state (o, w) with o < 3 and
w << ’LU34(03).

We construct a stationary equilibrium in which each class represents an economiy in
autharchy: it does not borrow from or lend to agents in any other class. To achieve this, we
construct specific wealth distributions for each class. The classes that follow flexible rules
require a more delicate balance and the construction of their distributions is more complex.

A wealth distribution for Cg is a vector F' = (Fy, ..., Fg), where for each o, F,, : Wg —
R, is a non-decreasing function such that F,(wsr(cg)) = 0. The total mass of agents in
Cr with durable of age a is Fi,(war(cr-1)). Similarly, a wealth distribution for Crp4 is a
vector F' = (Fy,..., Fry1), where for each «, F,, : Wg5,; — R, is a non-decreasing function
such that F,(wari1(cr)) = 0.

When an agent follows the (R, cg)-flexible rule, his next period wealth is kg(w) = (w —
¢r)/B if he keeps the durable and rg(w) = (w — cr —po)/B if he replaces it. Similarly, when
a consumer with initial state (o, w), w € [Wor(cr), War(cr-1)], follows the R-fixed rule, his
next period wealth is w + Abyr, where the constant Ab, g does not depend on w (for R = 2,
for example, Ab; 3 = —Abs s = po/(1 + ).

Consider the class of agents that follow the 1-flexible rule. If an agent has initial state
(1,w) with w € (waz(c1), wor(c1)) € Wiy, he can arbitrarily choose between replacing and
keeping the durable. Assume that for an arbitrary m € (wza(c1), woi(c1)) (the same for
all agents), the agent keeps the durable when w € (wgq(c1),m] and replaces it when w €
(m, wor(c1)). Let

B = {F = (F, F:) | F, : W{% — R is bounded and continuous, « = 1,2}

with the norm ||F|| = max {||F1], || F2||}, where ||FL]| = sup {|Fa(w)| | w € Wi3}. For any
given population mass My, > 0, let

K = {F € B | F is a wealth distribution for C1z : Fi(win(e1)) + Fa(wni(c1)) = Mz}

If today’s wealth distribution for Cis is given by F' € B, tomorrow’s wealth distribution is
given by U(F) = (U1(F), Us(F)), where Wo(F)(w) = Fi(k; '(w)), w € W, and

[ BT (w)), if it (w) <m
Ba(F)w) = { Fy(ri*(w)) + [ (7 (w)) = Fu(m)] i vyt (w) >m

Since K is a closed, bounded and convex subset of the Banach space B, and ¥ : K — K is
continuous, Schauder’s fixed point theorem guarantees the existence of an F' € K such that
F =39(F).

Suppose the initial wealth distribution of agents following the 1-flexible rule is given by
the fixed point F. Then, the aggregate total net demand of this class

AR (w) — (1 - ) { / wdFy(w) + / wsz(w)]

wi1(c1)

D = Miseq +p0/

m
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is constant over time. If D > 0, for example, then this class is a net borrower every
period, and over time, their total discounted borrowing will amount to D/(1 — 3). But each
individual’s total discounting borrowing is 0. This is a contradiction. Thus, D must be 0,
and this class doesn’t borrow from or lend to any other class.

A similar argument holds for the class of agents that follow the 2-flexible rule, where we
can place an arbitrary population mass Msg.

An individual that follows the 1-fixed rule spends the same total amount in every period,
and thus doesn’t borrow or lend. Thus, the 1-fixed rule class is also authartic.

For the class Cr (R = 2,3), let F be an arbitrary wealth distribution for Cx such that
Fo(war(cr-1)) = Mg/R (here Mg denotes the total mass in class Cgr). Then, the mass
of agents with durable of age a is Mg/R for all « in every period. Since the aggregate
durable consumption in any period is equal to the mass of agents with durable of age R in
that period, the aggregate durable consumption is constant over time. Since each individual
consumes a constant flow of non-durables, the aggregate non-durable consumption is also
constant over time. Hence, as for the 1-flexible rule class, the net borrowing/lending of the
Cg class is constant over time and therefore must be 0.

Finally, each agent that follows the 4-fixed rule never buys a new durable and consumes
a constant flow of non-durables. Hence, he doesn’t borrow or lend, and the 4-fixed rule is
also authartic.

4 Properties of Equilibrium

The equilibrium described in Section 3 has a number of properties that are consistent with
the evidence on aggregate durable purchases.

4.1 Slow adjustment of durable purchases to aggregate wealth
shocks

It has been noted in the literature (e.g. Caballero, 1990) that the response of durable
purchases to aggregate wealth shocks is slower than predicted by a frictionless adjustment
model. The origins of this slowness is easy to understand within our framework. Suppose
that every consumer in our economy receives a positive wealth shock. Assume that the shock
is sufficiently small, so that we can ignore the consumers who change their wealth class as
a result of the shock. Individuals who follow a fixed rule will exhibit no adjustment at all -
they will spend all their extra wealth on non-durable consumption. In contrast, consumers
who follow a flexible rule will change only their durable consumption. However, the only
consumers who will increase their durable spending immediately are those who follow an R-
flexible rule and have goods of age R. Consumers who follow the same rule but have goods
of age a < R will the extra wealth to increase their durable consumption at some point in
the future, but will leave their current durable and non-durable consumption unchanged.
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4.2 Volatility of durable consumption

Volatility of durable consumption by income: Evidence shows that volatility of durable pur-
chases decreases significantly with income. In our model, as it turns out, higher income
consumers do have lower volatility of durable spending. This is because consumers with
higher income replace their durables more frequently, and therefore each durable purchase
represents a smaller deviation from average durable spending per period. To illustrate this
phenomenon, take consumption class Cg of arbitrary mass Mpg. For each individual in this
class, the average per period spending on durables equals bg g (1 — 3). In equilibrium, at any
moment of time %M r individuals spend zero on durables, and the rest of the consumers,
mass -}EEM r, spend po. Then the cross-sectional volatility of durable spending for class Cg can
be defined as average squared deviation of durable spending divided by the squared mean

spending within the class:
B Mp - [bpp (1- B))" + 3 Mr - [po — brr (1 - B))°
br,r (1 - B)]* M

Proposition 1 oy is an increasing function of R.
Proof: Rewrite (16) as

Or = (16)

11 Do
] | PO
IR R+R[bR,R(1—

2
1
B)_l} R

(2
1-p

Volatility of durable consumption relative to non-durables: Another robust result in the
empirical consumption literature is the higher volatility of durable consumption relative to
non-durable. As stated above, in our model different consumers will react differently to
a shock in wealth. Individuals who follow a fixed rule will adjust only their non-durable
consumption, and individuals who follow a flexible rule will adjust only their durable con-~
sumption. The reaction of aggregate consumption to an aggregate wealth shock will depend
on the mass of consumers in consumption classes Cr versus the consumption classes Cr ry1.
All other things being equal, if consumption classes Cg are relatively small, aggregate durable
consumption will be more volatile. It turn out that the size of consumption class Cj is re-
lated to the difference between xg_1 and zg,but the size of consumption class Cr gy is not.
Consumers who follow an R-fixed rule (are in class Cg) must have non-durable consumption
level between cg and cgr_1. The closer these two levels are to each other, the smaller is the
consumption class Cr. As shown in the proposition below, faster depreciating durable goods
imply larger feasible size for the class Ch.

Proposition 2 The size of the consumption class Ck, fw Cn dw, is an increasing function
of z R—1—TR-

Proposition 2 implies that durable goods that have low depreciation and/or obsolescence
rate will also have higher volatility of expenditure relative to non-durables.
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43 APPENDIX

Proof of Lemma 1: Any replacement sequence for durable goods can be represented as a
sequence of purchase dates {7x},.,, where 7441 — 7% > 1. The present value of the service
flow provided by the durables from the sequence {74} equals

{Tk} Zﬁ” X07k+1 —Tk (17)

k=0

and the cost of sequence {7} equals

b= po Z B
k=0

Consider first the case when b > by, when the consumer can afford to replace his durable
every period. Since there is no other replacement sequence that gives a higher payoff, the
consumer will replace every period and have the payoft equal to v11.

Step 1 Prove that

Vr(b) 2 Z ({rx};b). for any {7} and b € [0, by 1] (18)

Suppose that the payoff from following the replacement sequence {74} can be represented as
a convex combination (with weights {Ag ({7x})}5_,) of the payoffs from following different

fixed rules:
({Tk} b (1 - Z)\R) +Z)\R Vir bRR) (19)

R=1
with

T T
ZAR'bR,R = b, Z/\R <1
R=1 R=1

Since A; > 0 and Agyy — Ar > 0 for every R = 1,...,T — 1, the value function Vr (b) is
concave.! Then (19) would imply (18) be definition of concavity.

In order to show that representation (19) exists for any replacement sequence {7}, group
together all terms in (?7) that have the same replacement frequency:

o0

{Tk:} b Zﬁﬂc XO TEH1—TE Z Z 5Tk XO,R -

R=1 ke{kITk_’_l—Tk:R}

T

5 D SR PP S (D SR B

R=1 kE{k:Tk+1—T‘c=R} R=T+41 kE{k:T]H_l—Tk:R}

Api1— Ar = (Xo,ry1 — Xo,r) — ﬁ ($R+1 (1 - BRH) —zg (1 - BR)) =

R R+1 R+1 R R+1
y 1-8 1— 1-8
p - Tr — - $R+1+IRI_B = (Tr — Try1) 15 >0,
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The last line used the fact that for any R > T X, g = Xor. Then, (??) can be rewritten as

Z ({1x};b) = Z ArVr (br,r) = Z ArVr (brg) + (1 — Z )\R) Vr (0),

k=1 R=1
where
A — S ke therpan—reery B ) (1 Y, R=1,.,T-1
D kelkrepy Ty B (1-85), R=T

The above expression for Ap implies that
T 71 oo
> ArbrrR=Do- Y > B +pee ). Br=m) =0
R=1 R=1 ke{k:Tk+1—Tk=R} ke{k:Tk_‘_]_—TkZT} k=0

It is left to show that -
Z Ap < 1.
R=1

For this, denote Ri = Tx,1 — T and group the terms in Z£=1 Ag in the order of replacement
date 7. Then

T = oo o oo
Soan=30p (1 pmnER) <3 g (1= M) = Y Y p =T <L
R=1 k=0 k=0 k=0 k=0

(20)

We have established that Vr (b) is an upper bound for max(.,} Z ({7x};b). It is left to

demonstrate that show that this upper bound is actually reached for {74} that satisfy (11).
Step 2 Prove that

BT (1 +8) > 1= 3{rx}: Vr(b) =Z ({7s};b)
Since V7 (b) is piecewise linear, (9) implies that for any budget b
Vi (b) = Z ({7x}; b) <= {7} satisfies (11).

This is true if and only if for any b € [bge1,r+1,0rR], B =1,...,7 — 1 there exists a way
to spend b replacing durables only at age R or at age R+ 1 and for any b € [0,br,r] there
exists a way to spend b replacing durables only at age T or older. Let By denote the set of
budgets that can be spent by replacing durables at age R or R+ 1, beginning date 7,. We
will demonstrate that

BT (14 B) > 1 <= By = [bri1,r+1,brp) forallk>0and R=1,..,T —1

Let Bxi1 = [bry1,r+1, br,5)- Then, replacement &+ 1 occurs either R periods or R+1 periods
after replacement k, so

By = [po+ B bp i1 Rt Do+ 5R+le,R] U [po + BRbR 1R+, PO + ﬁRbR,R} =
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= [br+1,re1,P0 + B 0rR] U [po + B%bR41,R11, R R] -
Therefore,
Bi = Bis1 = [bry1ret, brr) <= po+ B brr > po + BRbri1 =

Jé; 1
Finally, note that for b € [0, br 7], Bx = Bxs1 = [0, br,r] always holds, since

= —= R+ >1= BT 1+8)>1

Bk = UORO-——T [pO:pO + BRbT,T] = [0, bT,T] .

Proof of Lemma 2: First, we will establish that following the flexible rule is feasible
from any initial state a« = 1, ..., T if and only if (10) holds.
Claim: for every a=1,...,T
boz+1,cx+1 < bcx—l,cx
if and only if (10) is satisfied
Proof: For &« < T — 1 we have

1 p
1—ﬁa+l<1—/3°‘

max (1_1—:[3’2—:) < f =

1-fT <M =1 (1-5Y) > (1-p)
Bt +p)> 1.

ba+1,cu+1 < ba—l,a —

Fora=T
B

brovr <brar <1< - — pr 1+ > 1

n
The proof of Lemma 2 will be done by induction. First, set o = T and check that (5)
holds and that (13) describes the optimal replacement decision. For a = T' (5) becomes

Vr (b) = max {BVT (%) Vi (b)} |

We can compute SVp (%) from (9) be noting that

€ (0, bT,T) —be (O, bT—l,T)

| o

Then, for all b € (0,br_1.7)
b
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At b = br_; 1, the slope of gVp (%) changes to Ar._1, but the slope of of Vi (b) remains at
Ar (as shown in the figure below). Besides, Vr (b) is concave, so its slope is higher than that

of AVir (g)
! AT—I VT (b)

b
AT IB VT E

¥

Therefore, for all b > br_;
b
Ve > v (5 ).
which implies that ¢ (b) = 1. Also, if b < py = bri1741, replacing the durable is not
feasible, so &7 (b), should equal zero on [0, bry1741]. Finally, since SVr (%) = Vr(b) on
[br417+41,br—17), the consumer is indifferent between keeping and replacing good T', so

dr (b) = {0,1}.
Next, suppose that V,; (b), where o + 1 < T is described by (12). We will then show

that

V,, (b) = max {a:a + BVans (%) Vi (b)}

is described by (12) and that

) Ta+ BVas (B) ) b < barran
E) ,Vr (b)} =\ either, Bortort < b < bourg - (21)

max {ma + BVQ+1 (
VT (b) , b> bcx—l,a

To compute the expression for z, + 8V,11 (%) from (12), note that

b
B € (bat1,m+1, ba+1,R) < b € (ba,r+1,b0,r), R=T,...,0+1,

€ (bR+1,R+17 bR,R) L=} c (bR,R—i-l,bR-l,R) ) R= a,..., 1

| o
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Substituting this into (12) and using the expression (9) for Vr (b) on (bat1,a+1,00) yields

; To + BVotiri1 + Ar - (b — Bbayr,rr1), b€ [baribar], R=T,...,a+1
ZTat+BVan (—) = ZTa+ BUatietr + Ao (b — Bbotrat+1), b€ [baatba-1al

ﬂ Lo + BVT (%) ) b > bcx—l,cx
(22)
We will now show that for all b € [bat1,6+1sba—1,0],
b
To + BVarr (E) = Vr ()

Since [ba+1,cx+1> bcx—l,a] - [ba,cH—Ia ba—l,cx]: IISiIlg (22) ylelds

b
To + BVar1 (B) = Ty + Prasr,a+1 + Aa - (b— Bboi1a41) -

On the other hand, since [bat1.a+1,ba—1a] C [Bati,at1; ba,a), Using expression (9) for R = o
yields
Vr (b) = VUa+la+1 + As- (b - ba+1,a+1) .
These two expressions are identical if and only if
Lo + Aa (1 - ,8) ba+1,a+1 = (1 - 5) Va+1,0+41
Using (6), (7) and (8) in the above expression, its left hand side becomes
1'50 (1_:6) (l*ﬁ) (X0a+13a$a) X0a+1

o X a T a = - =(1—- —— = (1 a4-1.a4+1-
$+< 0, 1__5'7;)1_5!1"‘1 1_/6(1-{-1 ( 5)1_13064-1 ( 5)U+11+1
In order to show (21), it suffices to demonstrate that the difference

Vo (5) - BVan (%)

is weakly increasing in b. We will show that for every b, Vz (b) has a (weakly) larger slope.
For b € [bat1.at1)ba1.0] We know that both functions are equal and have the same slope A,
(see figure below).

A

4 4
s 1 (0)

b
Ko + ﬂVaH [E]

¥

b b

aH,a+ ba~1,a a,a b

b

a,a+l
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Expression (22) says that for any b > by—1 .4

T+ BVt (%) =z, + SV7r (%) )

Then, since Vr (b) is concave, its slope is larger than that of SVp (%)

On [ba.at1sbat1asi], the slope of Vr (b) equals Aqiq, but the slope of z4 + BVopa (%)
equals A, < A.41. Finally, we must show that Vr (b) has (weakly) higher slope than
To + BVas1 (%) on [0, baa+1]. This interval can be represented as

[03 bcx,cx+1] = U£=Q+1 [ba,R+1) ba,R]

According to (22), the slope of z4 + fVat1 (%) equals Ag on [by rt1,00r), R=a+1,..,T.
If o + BVar (%) has the slope no larger than that of Vi (b) at the point b = b, g, then it
follows from concavity of Vi (b) that Vr (b) must have the higher slope on the whole interval
[be, R+1, bag]- To check this, simply note that b, p < bg g, which implies that the slope of
Vr (b) at b = b, g is at least Ag. Thus we have established (21).

Combining (22), (9) and (21) yields

{20 () 20 -

— Va,R+1 + AR : (b - ba,R+1) be [boz,R+17 ba,R] ) R= T: cey O
Vr (b) b > ba,a

To conclude the proof, note that (13) follows trivially from (21). m

1-8
is increasing in ¢ for any w, there is a unique c satisfying the first order condition, and this
point is a maximum. Taking the first order condition in (3) yields the following two cases:

Case 1 For w € [Wo r+1(Cr),War (cr)], R =T,...,1, the first order condition holds as
equality

Proof of Lemma 3: Since « (¢) is strictly decreasing and the slope of V,, (w —

' (¢ (w)) = Ag,

which implies that ¢}, (w) = cg-
Case 2 The first order condition holds as inequality. Temporarily, define Ary; = oo,
Ag =0, ¢ry1 =0, and ¢y = 0o. Then, whenever

Ar1 <u'(c (w)) < Ag, R=1,...,T+1 (23)

it must be the case that
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For (23) to hold when ¢, (w) = cq g (w), w must satisfy the inequality
cr < (1= B)(w—bar) < cre1 <> w € [War (cR) , War (cr-1)], R=T+1, ..., 1.

To get 47, (w), observe that consumers who are indifferent between keeping and replacing a
good of age o must follow an a-flexible rule. Therefore, their non-durable consumption equals
Ca, and they act as if they follow the optimal policy (13) with a budget b = w — 1—’3}/3 This
immediately implies (15) on [Wat1,0+1 (Ca) s Wa—1,4 (Ca)]- The budget allocated to durable
purchases is an increasing function of the total wealth w. Therefore

> (bawl,a)

C
b> boo = w > 5t ba-1a = Wa—1,a (Ca)

and

Cp (bat1,a+1)
b < bat1a+1 <= W < % + bat1at1 = Watt,a+1 (Ca) -

Then (13) implies (15) for w < Wat1,a41 (Ca) a0d W > Wo—1 4 (Cy)- W
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