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Fisher randomization test
• In this model, the only source of uncertainty is from 

randomizing the treatment. This implies a simple, powerful, 
exact form of hypothesis testing.

• Example: Dr. Muriel Bristol* drinks a cup of tea and she claims 
she can tell whether milk was poured first or tea.

• In a randomized trial, where there were 4 cups of each type, 
she is asked to identify “4 of a kind” (that is, she is allowed to 
taste all 8, but is asked to choose the 4 that have been 
prepared the same way) she gets 3 of the 4 selections right. 
How likely is it that she has no skill?

*The famous tea example came from a real-life encounter between Sir Ronald Fisher and Dr. Muriel Bristol, a phycologist 
(studied algae), who claimed she could tell the method in which tea was prepared.

https://en.wikipedia.org/wiki/Muriel_Bristol


The Tea Experiment

Milk/Tea (MT)

Tea/Milk (TM)

Fisher: “Please identify the four cups in this randomized group of eight cups 
in which the milk was poured before the tea”

X

X X X

1 3 5 7

2 4 6 8

Research question: How likely is it that Dr. Bristol chose the number of 
correct selections due to chance alone? (How likely is it the H0 is true?)

Bristol: “The milk was poured before the tea in cups 1, 3, 5, and 8.”



Testing in small samples: Fisher’s exact test
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Fisher randomization test
• H0: No treatment effect (she has no ability, so she picks at random)

• Then what is the chance of picking this grouping by chance?

• Hypergeometric distribution

• Pr(>3 from Milk/Tea group, <1 Tea/Milk)

= Pr(3MT,1TM)+Pr(4MT,0TM)=17/70
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How many ways are 
there to choose 4 
cups to put the tea 
in first?
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How many ways are 
there to choose 3 
from the MT group 
and 1 from the TM 
group?

𝑃 “𝑝𝑟𝑜𝑝𝑜𝑟𝑡𝑖𝑜𝑛 𝑜𝑓 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑠𝑒𝑙𝑒𝑐𝑡𝑖𝑜𝑛𝑠”

=
′𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑡𝑜 𝑠𝑒𝑙𝑒𝑐𝑡 3𝑀𝑇: 1 𝑇𝑀′

′𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑤𝑎𝑦𝑠 𝑡𝑜 𝑔𝑢𝑒𝑠𝑠′

+



Fisher randomization test or 
permutation test

• Full distribution looks like this ®
• More generally you can simulate 

the distribution under the null 
when the exact distribution is not 
available.

0 1  2  3 4



Simulating Fisher’s test
Unit Outcome under 

treatment
Outcome 
under control H0: 𝜏=0

1 Y11 Y01 Y11=Y01

2 Y12 Y02 Y12=Y02

3 Y13 Y03 Y13=Y03

4 Y14 Y04 Y14=Y04

N Y1N Y0N Y1N=Y0N

Full data is 
observed



Simulating Fisher’s test
• For any given assignment to treatment and observed 

difference in mean, null hypothesis is no effect. H0: any 
difference in mean is due to chance, not the treatment

• If so, we observe the full data, and can simulate the full 
distribution of mean effects: randomly reassign units to 
treatment and control; Y1i=Y0i under the null, so we can 
compute new mean difference; simulate many times. This is 
the key concept undergirding randomization as the gold 
standard of “overcoming” the fundamental problem



Another example
Suppose that we assign 4 individuals out of 8 to the treatment:

Yi 12 4 6 10 6 0 1 1

Ti 1 1 1 1 0 0 0 0 = 6

(ω)

ω = 1 1 1 1 1 0 0 0 0 6

ω = 2 1 1 1 0 1 0 0 0 4

ω = 3 1 1 1 0 0 1 0 0 1

ω = 4 1 1 1 0 0 0 1 0 1.5

. . .

ω = 70 0 0 0 0 1 1 1 1 -6

• The randomization distribution of !𝛼 (under the sharp null hypothesis) is

•Now, find

• Reject the null hypothesis H0 : Y1i - Y0i = 0 for all i, against the alternative hypothesis, 
H0 : Y1i - Y0i ≠ 0 for some i, at the 5% significance level if α̂ > z

z =inf z :P | α̂ |>z( )≤ 0.05{ }
Pr α̂ ≤ z( ) = 1

70
ω∈∑ Ω1 α̂ ω( )≤z{ }

α̂

!𝛼 = $𝑌! − $𝑌"



Testing in small samples: Fisher’s exact test

Probability of the observed difference 
in means given all the potential 
differences in means (with 
randomization) 



Experimental design: relative sample sizes for fixed N

Suppose that you have N experimental subjects and you have to 
decide how many will be in the treatment group and how many in 
the control group. We know that:

Problem
Choose N1 and N0, such that N1 + N0 = N , to minimize the 
variance of the estimator of the average treatment effect.
The variance of               is:

where p = N1/N is the proportion of treated in the sample.
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Experimental design: relative sample sizes for fixed N

Find the value p* that minimizes

Therefore:

and

A “rule of thumb” for the case σ1 ≈ σ0 is p* = 0.5
For practical reasons it is sometimes better to choose unequal 
sample sizes (even if σ1 ≈ σ0 )
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Experimental design: power calculations to choose N

• Recall that for a statistical test:
– Type I error: Rejecting the null if the null is true
– Type II error: Not rejecting the null if the null is false

• Size of a test is the probability of a type I error. Usually 0.05

• Power of a test is one minus the probability of type II error, 
i.e. the probability of rejecting the null if the null is false. 
Usually 0.8
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Determine power of statistical test

• Type I Error
– Common choice 5% level of 

significance or  Confidence = 1-
α=0.95

– I.e., you are willing to accept a 5% 
chance of false positive.

� Type II Error: 
� Common choice β=0.2 or Power=1-β=0.8.
� I.e., you are willing to accept 20% chance of saying there is no effect when 

there is, or a test that has 80% power (correctly categorizes a program as 
having no effect when that is true).

� As you decrease Type I Error, increase Type II Error 
� Seriousness of Type I vs Type II Error

� Type I Error commonly seen as 4x as serious as Type II Error
¡ 5/100 vs 20/100



Experimental design: what affects power?

• The precision (i.e., 1/variance) of within sample measures

– Inherent variability of the outcome we are interested in.

– Statistical power increases with the sample size in standard sampling.

• The size of the difference we are trying to detect.

– Precision to $1000 is a lot if we are trying to detect a 10k difference, little 
if we are hoping to detect a $500 difference.

– MDES " δ “: Minimum detectable effect size; you can calculate this based 
on alpha, beta, and N, but the interpretation is conceptual/relative to the 
outcome you’re evaluation; is the MDES ”big enough” to be meaningful?

• But when is a sample “large enough”?

• We want to find N such that we will be able to detect an average 
treatment effect of size δ or larger with high probability.



Power and size of a test



Simplest case of power analysis
• Key question: how big do the treatment and control 

effects have to be?
• Recall standard error of a mean: 

• Declines with n, which you get to choose. Suppose you 
want to test a hypothesis at a scale of (p)s.

Then need sample size of 200+ for significance at 1 %.

(xi − x)
2
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α /2 / p( )

2



Power calculations

• More generally power depends on effect size, 
sample size, the significance criterion, and the 
amount of variation in the data.



Power calculations with equal and known variances

Suppose that Y1 ~ (μ1,σ2), Y0 ~ (μ0, σ2)
Assume also that p = 0.5, so N0 = N1 = N/2. 
Let effect size δ = μ1 – μ0 .
Then, for the t-statistic of equality of means:

if the sample is large enough. Therefore:
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Power calculations with equal and known variances

The probability of rejecting the null μ1 – μ0 = 0 is:
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Power functions for N = 25, N = 50, and σ2 = 1



General formula for the power function (p ≠ 0.5, σ0
2 ≠ σ1

2)

 

Pr (reject μ1 – μ0 = 0| μ1 – μ0 = δ)

To choose N we need to specify:
1. δ: minimum detectable magnitude of treatment effect
2. Power value (usually 0.80 or higher)
3. σ1

2 and σ0
2 (usually σ1

2 = σ0
2) (e.g., using 

“benchmarked” or previous measures, might use 
historical data or similar studies)

4. p: proportion of observations in the treatment group if 
σ1 = σ0 , then the power is maximized by p = 0.5 
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Example: power study for GS
• We were running classroom experiment in India on a 

psychological intervention. Needed to know how many 
classrooms to include in the experiment.

• We found a paper that used a math test as an outcome. 
In this paper the standard deviation of the test score was 
1. The approximate treatment effect was 0.5 of a 
standard deviation for a scaled effect size of 0.5.

• For example: If the avg. classroom score is 75 with a 5 
percentage point (pp) standard deviation, we would want 
a sample size large enough to be able to detect a 2.5 pp 
treatment effect.  



Quick calculation

• Simplest formula suggests
n > t

α /2 / p( )
2
= 1.96 / 0.5( )

2
≅16

or 16 classrooms would suffice. But suppose we want to be 
more conservative, and suppose we want to observe an effect 
size as small as 0.1 of standard deviation. Using the example 
from the last slide, this would be a 0.5 pp effect size.

n > t
α /2 / p( )

2
= 1.96 / 0.1( )

2
≅ 400

Per the assumption and proof we discussed, 1.96 
is the t statistic for a sample size large enough 
that we can assume a normal distribution of 
means



But this can be quite inaccurate

• sd=1, delta=0.1, alpha=0.95
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Dealing with clustering
• Clustering reduces power, so you need a larger sample 

to achieve the same MDES as a non-clustered 
experiment

• Now suppose that students are organized in 
classrooms. No such thing as 4000 individual students. 
You get them in rooms of 30 each. How many 
classrooms do you need?

• Question is how correlated is what is going on inside 
classroom? If each kid is independent, answer is just 
4000/30.

• But if each child in a classroom is correlated, you need 
even more observations.



Dealing with clustering

• To solve this you need a significantly more 
complicated formula (or Stata).

• But if the intraclass correlation (ICC) is 0.1 of a 
standard deviation, then it turns out you need 
about 547 classrooms with 30 students each!

• On the other hand, if effect size is 0.5, then 23  
classrooms is enough. 



Stata basics: Sample size calcs w/ 
cluster RCTs

sampsi 1 1.1,sd1(1) sd2(1) // What sample size do I need with a 
0.1 MDES, where the sd of the T and C groups are both 1?
sampclus,obs(30) rho(0.1) // How many clusters do I need with 30 
observations per cluster and in ICC of 0.1?

sampsi 1 1.5,sd1(1) sd2(1)
sampclus,obs(30) rho(0.1)

Other useful power commands to review (in the recitation)
power oneprop
power onemean
power twoprop
power twomeans

Mean of control group, desired mean of treatment 
group if MDES = 0.1



Threats to the validity of randomized experiments

• Internal validity: can we estimate treatment effect 
for our particular sample?
• Fails when there are systematic differences between 

treated and controls (other than the treatment itself) 
that affect the outcome and that we cannot control 
for

• External validity: can we extrapolate our estimates to 
other populations?
• Fails when the treatment effect is different outside 

the evaluation environment



Most common threats to internal validity

• Failure of randomization

• Non-compliance with experimental protocol

• Attrition



Most common threats to external validity

• Non-representative sample

• Non-representative program
– The treatment differs in actual implementations
– Scale effects
– Actual implementations are not randomized (nor 

full scale)



Example: Job Training Partnership Act (JTPA)

• Largest randomized training evaluation ever undertaken in the 
U.S.; started in 1983 at 649 sites throughout the country

• Sample: Disadvantaged persons in the labor market 
(previously unemployed or low earnings)

• T: Assignment to one of three general service strategies
• classroom training in occupational skills
• on-the-job training and/or job search assistance
• other services (e.g. probationary employment)

• Y: earnings 30 months following assignment

• X: characteristics measured before assignment (age, gender, 
previous earnings, race, etc.)

















A final word about policy outcome

After the results of the National JTPA study were 
released, in 1994, funding for JTPA training for the youth 
were drastically cut:

A Final Word about Policy Outcome

After the results of the National JTPA study were released, in

1994, funding for JTPA training for the youth were drastically cut:

Spending on JTPA Programs

Year Youth Training Adult Training

Grants Grants

1993 677 1015

1994 609 988

1995 127 996

1996 127 850

1997 127 895



Revisiting SUTVA

• Recall our tacit assumption throughout: Stable 
Unit Treatment Value Assumption.

• Essentially the treatment from one unit does 
not interfere with the treatment from another.

• But in many real settings this can’t be true: 
spillovers and externalities.

• Experiments can help us to deal with this.



Example: Miguel and Kremer

• Idea:
– Effect of health on schooling (but we assume that 

schooling à income)
– Externalities
• Important for policy
• Intellectual curiosity
• Recent obsession in applied economics (should we 

care?)



Setting

• Busia, Kenya – very poor
• 1.3 billion people worldwide have hookworms 

and roundworms
• 200 million have schistosomiasis
• Transmitted through contact with fecal matter 

(hookworm,roundworm) or infected 
freshwater (schistosomiasis)

• Low cost treatment



Setting (continued)

• Treatment at the school level – 75 schools and 30000 
students

• 3 groups: 
– In 1998 – group 1 treated
– In 1999 – group 1 & 2 treated
– In 2001 – all are treated

• Reason? – Equity? Is this a good trick to randomize?



Baseline comparison



These kids are sick



Understanding treatment

• Apart from worm treatment:
– Program provides education (is this 

bad?/interpretation)
– Ethical problems (consent)
– Other worries (expectations)



Understanding compliance



Empirical strategy (1): direct effects

• i-school, j-student, t-year
• T1, T2- indicate first and second year of 

deworming
• The beta’s are the interesting coefficients.



Empirical strategy (1): direct effects

reg health_outcome year1_deworm year2_deworm 
age sex mom_educ dad_educ i.school



Empirical strategy (2): externalities

• N= # of pupils in other schools within X
kilometers (spillover effect)

• Nt = # of pupils in other schools within X
kilometers that were treated (contamination 
effect)

• Key strategy: randomization not only of your 
treatment assignment, but of your neighbors.

• Implies density of your neighbor’s treatment 
status is also randomly assigned.



Direct effects: first stage



Across school externality



Second stage: schooling



Second stage: schooling



School externalities (across)



Quantile treatment effects

• Recall that randomized experiments allow us 
to compute treatment effects not only for 
means but also for other features of the 
distribution.

• Practically relevant are quantile treatment 
effects. 

• E.g., we might be interested whether at the 
75th percentile there was a positive treatment 
effect.



Quantile treatment effects

• Q50(Y1)-Q50(Y0)
• Q25(Y1)-Q25(Y0)
• Q75(Y1)-Q75(Y0)

Q50(Y1)Q50(Y0)
Q25(Y1)Q25(Y0)

Q75(Y0)
Q75(Y1)



QTE vs Q(TE)

• What we are identifying is the quantile
treatment effect, not the treatment effect of 
the quantiles.

• I.e., just the difference between the n-th
treatment and control percentiles, not the n-
th percentile of the treatment-control 
difference.



Example: Bitler, Gelbach, Hoynes

due to a significant increase in transfers of $40,
an effect of about 4 percent.

The bottom three rows provide means and im-
pacts for binary variables indicating the fraction of
quarters for which the person had positive levels
of income, earnings, and transfers in the full 16-
quarter period. For example, the value of 0.852 for
“any income” means that among women assigned
to Jobs First, 85.2 percent of all person-quarters
had a positive value for at least one of unemploy-
ment insurance (UI) earnings, cash assistance, or
food stamps.11 The results show that the probabil-
ity of having any earnings was 7.1 percentage
points greater among the Jobs First group than the
control group, an effect of 14 percent relative to
the control group baseline. The probability of hav-
ing any income or any transfers is essentially
identical across treatment status over the full 16-
quarter period.12

Both theory and the evidence above on the
time limit suggest that in the first 21 months
after random assignment—before time limits
bind for anyone—effects induced by Jobs First
are very different from effects during the final
27 months. Thus, we separately estimate mean
treatment effects for the pre– and post–time
limit periods. The second set of columns con-
cerns the first seven quarters of data, while the
third set concerns the last nine quarters. The
results suggest that average earnings increased
7 percent in the pre–time limit period and 6
percent in the post–time limit period; in each
case this effect is insignificant, though Jobs
First significantly increases the fraction of per-
son-quarters with any earnings in each period.
Mean impacts for transfers are starkly different
in the early and later periods. During the first
seven quarters, Jobs First members received
$212—or 16 percent—more in transfers than did
control group women. During the later period,
Jobs First members received $98—or 12 per-
cent—less in transfers. The same pattern is clear
for the fraction of person-quarters with positive
transfers.

The net result of these changes in earnings
and transfers is that Jobs First increased mean
total income significantly—in both economic
and statistical terms—in the pre–time limit pe-

11 This also means that about 15 percent of person-
quarters had no value in any quarter for any of these
variables, which could mean that 15 percent of persons
never have any income, that everyone has positive income
for all but 15 percent of quarters, or something in between.
We return to this issue below.

12 The share having any earnings can increase even while
the share having any income does not because women
caused to work by Jobs First assignment would have had
welfare income if assigned to AFDC.

TABLE 4—MEAN OUTCOMES AND IMPACTS

All quarters Quarters 1–7 Quarters 8–16

Jobs First AFDC
Adjusted
difference Jobs First AFDC

Adjusted
difference Jobs First AFDC

Adjusted
difference

Average quarterly level
Income 2,745 2,609 136** 2,744 2,450 294*** 2,748 2,733 14

(35) (57) (64) (31) (48) (53) (44) (67) (78)
Earnings 1,658 1,561 97 1,195 1,113 82 2,020 1,908 112

(35) (58) (64) (29) (49) (52) (45) (68) (78)
Transfers 1,088 1,048 40** 1,550 1,337 212*** 728 825 !98***

(15) (16) (20) (17) (17) (22) (17) (18) (23)
Fraction of quarters with
Any income 0.852 0.857 !0.005 0.908 0.906 0.002 0.809 0.820 !0.010

(0.005) (0.005) (0.007) (0.005) (0.005) (0.006) (0.007) (0.006) (0.009)
Any earnings 0.561 0.490 0.071*** 0.519 0.442 0.077*** 0.593 0.527 0.066***

(0.007) (0.007) (0.009) (0.007) (0.007) (0.009) (0.008) (0.008) (0.011)
Any transfers 0.626 0.622 0.004 0.794 0.756 0.038*** 0.496 0.519 !0.023**

(0.007) (0.007) (0.009) (0.006) (0.007) (0.009) (0.008) (0.009) (0.011)

N 2,381 2,392 4,773 2,396 2,407 4,803 2,381 2,392 4,773

Notes: Standard errors in parentheses calculated using 1,000 nonparametric bootstrap replications. ***, **, and * indicate
statistical significance at the 1-percent, 5-percent, and 10-percent levels, respectively (significance indicators provided only
for impact estimates). All statistics computed using inverse propensity-score weighting.
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Example (con’t)

fer income. The size of the reductions in trans-
fer income can be quite large: the largest
quarterly reduction is $550, and the reduction is
at least $300 for all quantiles from 64 to 76.
Results not reported here show that most of this
reduction is due to the smaller fraction of Jobs
First than AFDC women who receive any cash
assistance in quarters 8–16 (the difference is 8
percent, compared to a 2-percent-larger fraction
of Jobs First than AFDC women who had in-
come from at least one of food stamps and cash
welfare). When we estimate QTE results for
cash assistance ignoring food stamps and in-
cluding only those person-quarters having pos-
itive cash assistance, the QTE estimates are
actually almost all positive. This result reflects
the more generous Jobs First disregard, given
eligibility. Thus, the negative QTE results for
transfer payments in Figure 6 are primarily
driven by reductions in the rate of cash assis-
tance, which shifts the entire transfer cdf left-
ward, so that the inverse cdf shifts downward.

C. QTE for Total Income

We plot QTE results for total measurable
income (earnings plus food stamps plus the
amount of cash assistance sent by the state to
welfare recipients) in the pre–time limit period
in Figure 7. These results again suggest a large
degree of treatment effect heterogeneity: they

range from 0 for the bottom 10 quantiles—
where total income is 0 in both groups—to $800
at the top of the range. The mean treatment
effect for this period is $294, so again the range
of quantile treatment effects is large compared
to the mean treatment effect. It would be inter-
esting to decompose QTE for income into a
function of the marginal QTE for earnings and
for transfers. However, there need not be any
particular relationship between QTE for total
income and QTE for its components. Without
strong assumptions (e.g., rank preservation), it
is impossible to draw general conclusions about
the relationship between QTE for the various
distributions.

Figure 8 plots QTE results for the post–time
limit period. The figure clearly shows that Jobs
First affects the distribution of total income, in
stark contrast to the trivial mean treatment ef-
fect of $14. QTE estimates for total income are
zero for the first 18 quantiles and are actually
negative for the next 24 quantiles; the largest
estimated reduction in quarterly total income is
$300.

Before the adoption of PRWORA, many wel-
fare advocates expressed great concern that wel-
fare reform would harm large numbers of
(actual or potential) welfare recipients. Yet a
common conclusion in the welfare reform liter-
ature is that few if any welfare recipients have
been harmed. Given relatively short lifetime

FIGURE 7. QUANTILE TREATMENT EFFECTS ON THE DISTRIBUTION OF INCOME, QUARTERS 1–7

Notes: Solid line is QTE; dotted lines provide bootstrapped 90-percent confidence intervals;
dashed line is mean impact; all statistics computed using inverse propensity-score weighting.
See text for more details.
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