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Abstract

In this paper, I develop a model of optimal taxation of capital income in which wealth
and income inequality is a result of capital income shocks together with frictions in finan-
cial markets. I use the model to study optimal taxation of various types of capital income:
capital income from controlled businesses, outside the business as well as bequests. In
presence of risk-return trade-offs, i.e., when more productive investments are riskier, I
show that it is typically optimal to have progressive saving taxes. Furthermore, in an inter-
generational context, I show that bequest taxes should be negative and develop a method

for characterization of long run efficient distribution of wealth.
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1 Introduction

How should wealth be taxed? The answer to this question requires taking a stand on the
process of wealth accumulation. Much of the optimal tax theory has tackled this question by
using models where households are subject to idiosyncratic labor income risk and accumulate
wealth as buffer against future income shocks. However, it has been documented that models
with idiosyncratic labor income risk fail to generate a concentration of wealth similar to that
observed in the data. It has also been argued that models with entrepreneurs who are subject
to capital income risk can generate a concentration of wealth similar to that in the data’. In
this paper, motivated by this insight, I study optimal taxation of entrepreneurial income and
wealth.

I analyze optimal design of tax schedules by developing a model where households are
subject to idiosyncratic capital income risk and private information. The productivity of in-
vestment projects stochastically evolves over time. In particular, productivity has two compo-
nents, a component that is known by the entrepreneurs in advance at the time of investment and
a residual component that is realized once investment is made®. The first component of pro-
ductivity can be interpreted as entrepreneurial ability. 1 assume that productivity, investment
and consumption are all private information to the entrepreneur. In such an environment, a
planner would want to insure entrepreneurs against productivity and income risk via redis-
tributive schemes. These redistributive motives together with private information, leads to a
trade-off between incentives to invest and insurance as in Mirrlees (1971); hence a Mirrleesian
approach to capital accumulation.

In this environment, I first analyze how taxes should be designed to achieve efficiency.
Second, I show how the developed model can generate long run distribution of wealth with
Pareto tail. Using techniques from probability theory, I provide a method for calculation of
the tail of the long run wealth distribution in incomplete market and constrained efficient
allocation. Thus shedding light on the question of what the wealth distribution should look
like.

As for the analysis of taxes, there are two main take aways from the model: First, hetero-
geneity in risk and return leads to progressive taxes on capital income outside the business.
The forces behind this result are constant return to scale and moral hazard. Due to constant
return to scale, the planner would like to have the most productive unit produce. However,
this comes at a cost due to moral hazard. In fact, as the desired investment increases it
becomes increasingly costly to provide incentive to invest. This convexity of cost of moral

! Aiyagari (1994)’s seminal paper is an example with idiosyncratic labor income risk that fails to capture the
concentration of wealth among the wealthy. For successful models with capital income risk, see Quadrini (2000),
Cagetti and De Nardi (2006), and Benhabib and Bisin (2009).

2This environment nests the models of entrepreneurship in Evans and Jovanovic (1989) and Gentry and
Hubbard (2004).



hazard implies that projects with higher return should have higher investment. This implies
that more productive households are bearing higher risk and hence should be discouraged
from investing outside the firm through progressive taxes on saving(outside of business).

Second, when ideas do not persist across generations, i.e., productivities are stochastic,
bequests should be subsidized. This result is driven by the way savings affect incentive to
invest for future generations. In fact, in this model contrary to models with labor income risk,
household’s consumption increases upon lying. This means that when saving is increased, the
value of truth-telling increases by more than value of lying. Hence, saving relaxes incentives
to invest in the future.

Finally, I provide a method to determine the properties of the tail of long-run distribution
of wealth. I show that a simple modification of the model can deliver a stationary distribution
for wealth and that this distribution is fat tailed. Similar to Benhabib et al. (2011), the main
idea behind this result is the fact that consumption growth across generations is stochastic.
This property together with appropriate borrowing limits for agents imply that a stationary
distribution exists. I show that the tail of the wealth distribution can be calculated using
a rather simple formula in both an incomplete market version of the model as well the con-
strained efficient version of the model. The methodology here therefore allows me to compute
the efficient distribution of wealth and compare it to data using simple formulas.

This paper is a first attempt in the analysis of optimal capital taxation in a model that can
capture reasonable properties of the wealth distribution. As I argue the model is consistent
with a concentration of wealth at the top. In addition, the data on business ownership and
entrepreneurship suggests that capital income risk is an important determinant of wealth
inequality at the top. In particular, as noted by Quadrini (2000) and Gentry and Hubbard
(2004) , there is a high concentration of business owners at tope of the wealth distribution.
They establish that of the top %5 of the wealthiest americans, around %70 are business owners.
Furthermore, most of the entrepreneur’s wealth is held in their business, approximately %41
and therefore subject to significant risk.

Despite this evidence, the literature on capital taxation has widely focused on labor income
heterogeneity as the main driving factor of inequality®. In this paper, I have investigated
the other extreme where capital income together with frictions in financial markets leads to
income and wealth inequality. Given that the results are very different from models with
labor income risk, the analysis here is a first step toward a more thorough analysis of capital
taxation.

Related Literature. This paper builds on the literature on optimal dynamic taxation(see
Golosov et al. (2003), Farhi and Werning (2010a), Golosov et al. (2010) among others.) This

3 An exception is Piketty and Saez (2012) who develop a model with accidental bequests and study its effect on
capital taxation. While their argue that accidental bequests are consist with micro data, they do not investigate
the implications of their model about the distribution of wealth in the economy. Another exception is Albanesi
(2011). However, she does not explore the implications of her model on the wealth distribution.



literature has mainly focused on environments with idiosyncratic labor income risk and their
implications about dynamic taxation of various sources of income. In this paper, I study
optimal taxation of various sources of income in a model with capital income risk and show
that capital income risk overturns some of the main lessons from the literature, namely that
the intertemporal wedge can be negative.

This paper is also related to a growing literature on the effect of taxation on entrepreneurial
behavior. Cagetti and De Nardi (2009) consider the effect of elimination of estate taxes on
wealth accumulation. Kitao (2008) and Panousi (2009) study how changes in the capital in-
come tax rate affects investment by entrepreneurs . However, none of these studies considers
the optimal taxation of entrepreneurial income. In developing my model of entrepreneurs,
I have relied on their benchmark models while abstracting from some details for higher
tractability.

Albanesi (2011) and Scheuer (2010) are early attempts in studying optimal design of tax
system for entrepreneurs. Scheuer (2010) focuses on the decision of entry into entrepreneur-
ship and its implication for differential treatment of entrepreneurs and workers. Albanesi
(2011) is perhaps the closest study to this. She considers a two period model where the en-
trepreneurs are ex-ante identical and invest in risky projects. She shows that it is possible to
have negative wedge on observable risky capital since it relaxes incentive constraint — while
the wedge on risk-free asset is positive in contrast to the negative bequest tax in this pa-
per. Furthermore, she considers different financing patterns by the firm and optimal taxes on
various securities.

An important implication of my paper is the emergence of bequest subsidies when en-
trepreneurs are subject to capital income risk. This result is related to a large literature on
optimal capital taxation including Chamley (1986), Judd (1985), Kocherlakota (2005), and
Conesa et al. (2009), among others. In most of these studies the optimal tax rate on cap-
ital income/wealth is positive or zero*. Exceptions are Farhi and Werning (2008) and Farhi
and Werning (2010b) in which negative marginal tax rates emerge either as a result of a higher
social discount factor or binding enforcement constraints in the future. In my model, however,
subsidies are optimal since they relax future incentive constraints.

This paper is related to a body of research that studies power laws in economics, Cham-
pernowne (1953), Simon (1955), Gabaix (1999) and Benhabib et al. (2011)°. It is specially close
in its spirit to Benhabib et al. (2011). They show that in an intergenerational model with labor
and capital income risk and warm-glow bequest motives, the long-run distribution of wealth
is Pareto at the top with the tail being determined by the capital income risk only. In my

#Kocherlakota (2005) actually shows that wealth taxes are zero in expectation and hence some time negative
and some time positive. However, that result is specific to a particular implementation and there are other
implementations for which capital income tax rate is equal to the investment wedge and hence positive; see
Werning (2010).

5See Gabaix (2009) for an extensive review.



paper, I achieve this via borrowing constraint and a more powerful technique introduced by
Mirek (2011). Moreover, to my knowledge, this is the first study to characterize properties of
the efficient distribution of wealth. Further, Benhabib et al. (2011)’s analysis relies on a partic-
ular market structure. The analysis in this paper is more powerful in that I can characterize
the efficient distribution of wealth.

Finally, from a technical point of view, the model in this paper contains two main frictions,
a hidden action problem and hidden type problem. In general, this makes the problem very
hard to analyze. However, I use the first order approach, as in Pavan et al. (2009), to simplify
the set of incentive constraints and we derive conditions under which this first order approach
is valid. Since there are two types of private information, this model shares the same structure
as the model in Laffont and Tirole (1986) who study optimal regulation of a monopolist and
more recently Garrett and Pavan (2010) and Fong (2009).

The paper is organized as follows: in section 2, I develop intuition via a two period model.
Section 3, contains the dynamic extension of the two period model to an overlapping genera-
tions model. Section 4, discusses the properties of the long-run distribution of wealth. Section
5 concludes.

2 A Two Period Example

In this section, we focus on a two period economy in order to identify the key economic
forces. We start with a two period example to show one of the main results of the paper —
progressivity. As we see, the Modified Inverse Euler Equation — an equation governing time
series properties of consumption — proves useful in the analysis of the intertemporal wedge.
Hence, we derive a version of it for the two period example and further analyze saving wedge
for a case with log utility.

Consider a two period economy in which ¢t = 0,1. The economy is populated by a contin-
uum of entrepreneurs. Each entrepreneur is the sole owner of an investment technology or
project that is subject to idiosyncratic risk. In particular, entrepreneurs draw a productivity
shock, 6 € [,0], at t = 0. I assume that 0 is distributed according to the distribution function
F(0). I also assume that F(-) is differentiable over the interval [0,6] and f(0) = F'(6). The
value of the shock, 0, determines the distribution of returns to individual investment. If an
entrepreneur with type 0 invests k; in his private project, the project will yield an output of
y € RT that is distributed according to the c.d.f. function G(ylkq,0)(Gy(y|ki,0) = g(y|k1,0))
where G(+|-,-) is C! in all of its argument. Moreover, the mean value of y, given 6, k; is given
by 6k, ie., foy_ yg(y|kq1,0)dy = 6kq. That is the production technology exhibits constant return
to scale. Notice this formulation can stand-in for a more general constant return to scale pro-
duction function that employs labor and capital with labor being supplied competitively in



the labor market®. In section 3, I illustrate how an extension of this model to an overlapping
generations model can generate a long run distribution of wealth with fat tail.

To further simplify the analysis, we make the following assumption:

Assumption 1 The distribution of output at t = 1 is exponential, i.e., it satisfies:
1
y=c¢(0k), e~ F(q,E),n >0

1

This implies that Ee = 1 and that its variance is v

. Moreover, the distribution of y satisfies

(0k) " "
I (17)

We will refer to the p.d.f. of the € distribution as % (¢). As we will see, the above assump-

-1

8 (16, k) = (y (Bk) 1)1t (0

tion together with the log-utility assumption below, implies that optimal consumption in the
second period should be linear in income. This would further simplify the analysis in charac-
terizing saving taxes. Note that the above assumption implies that 5;‘(%511,’;)) or the likelihood
ratio is increasing and linear (and hence it satisfies the conditions in see Jewitt (1988) and

Rogerson (1985b).),

gk(lk0) 1 ry
ek o) k! [Gk 1]

In addition, entrepreneurs preferences are standard and given by

log(co) + Blog(c1)

where ¢ and ¢ are consumption of the entrepreneur at each period’. Entrepreneurs, there-
fore, consume in each period and invest at t = 0. We assume for simplicity that each agent is
endowed with ey units of labor income at t = 0.

For this economy, an allocation is given by {cy(0), c1(9,y),k1(9)}g:Q. An allocation is said
to be feasible if it satisfies the following:

[ eo(®) + k(@) aF@) < e W

0
/99 /Oy_cl(f%y)g(ylkl(f)),9>dde(9) < /:ekl(e)dF(e) @)

®Suppose that the production function is given by y = e¥ AGk*1/'~*1 where [ is labor input and e is a shock
realized once capital is put in place. If managers employ labor at + = 1, the profit maximization decision of the
firm in t = 1 is given by
max eV AP KM M — i

and therefore, aye¥ AG*k*“1]~*1 = w. Hence, a3, a1, §, and A can be chosen so that y = ¢0*k".
7In the appendix, we also provide how our results would change with u (c) = ﬁl_;;, o #1.

6



2.1 Saving Distortions with Observable Productivity

It is useful to characterize efficient allocations when a planner can observe entrepreneurs’
project type, 8, but cannot observe their consumption and investment. Note that when every-
thing is observable, it is optimal to have only the highest productivity entrepreneur 6 operate.
This is because of constant return to scale and full risk sharing. With consumption and in-
vestment unobservable, each project is risky and hence it is optimal to operate all projects.
Our goal is to characterize distortions to the saving arising from the moral hazard and how it
varies with average returns across projects.

Under this specification, an allocation is incentive compatible if

log (co (6)) + B 1o (c1 (6,4)) g (416, k (6)) dy >

maxlog (co (6) + k1 () ~ )+ [ log (c1 (6,9)) g (416, k) dy

The above specification, satisfies the conditions for the first order approach described in Jewitt
(1988) and Rogerson (1985b). As shown by Jewitt (1988), the first order approach is sufficient
in moral hazard problems when: 1) [/ G(7]6, k)dj) convex and decreasing in k, 2) [ ydG(y|6, k)
is concave and increasing in k, 3) hazard ratio %" is increasing and concave in y. Jewitt (1988)
shows that all of these results are satisfied for gamma distribution. Hence, we can replace the

above with its first order condition:

@ = P 1os (e (0.) 5 (o b (0)) dy 6)

Hence, the planning problem is given by

0 7
0, /9 [108(60(9))+,B /0 log(c1(8,v))g(y|k1(6),0)dy | dF(6) (@)

subject to (3), (1), and (2).
We start characterizing the optimal allocation via the following lemma:

Lemma 1 Consumption at t = 1 is a linear function of income, or
c1(6,e0k1 (0)) = ¢ (0) +(0) ¢

for some ¢ (0),C (0) > 0.

The above lemma implies that in a tax implementation of the constrained efficient alloca-
tion, the marginal tax rate on capital income inside the business is constant, i.e., tax function

is linear with respect to income.



Proof. Consider increasing log(ci (6,y)) by 1 unit for y € [§,§+ ] while decreasing
log(c1 (8,y)) for all other y’s by dg(77|6,k;1 (6)) for 6 small. This perturbation leaves the ex-
pected utility unchanged. Furthermore, it affect the incentives to invest by dgx (7|6, k1 (9)).
The cost of this perturbation is therefore given by

c1 (6) 6 (416, K1 (6)) — 3g (v16,k1 (8)) [ e1 (6,y) g (e, kn (6)) dy

At the optimal allocation, this cost has to equate the incentive benefits and hence

c1(0,7) g (910, k1 (0)) — 68 (916, k1 (0)) /C1 (0,y) 8 (v]0,k1 (0)) dy =y, (6) 5k (916, k1 ()
and therefore

(916, k1 (6))
(916, k1 (6))

c1(0.9) = /61(9,y>g(y|9,k1(9))dy+y2(e)if
= ¢(0)+u(0)7g

or
c1(0,e0k1 (0)) =¢(0)+C(0)e, Ve € Ry

for some ¢ (6), ¢ (6) > 0.
Q.E.D.
In order to further characterize the forces present in the model, we show the following;:

Lemma 2 Average consumption at t =1, [ c1 (0,y) g (y|6, k) dy, is equated across different types.

Proof. To see this, note that perturbing the allocation via multiplying ¢; (6,y) by 1+ ¢ for
0 > 0 small, has no effect on incentive since

J1og (e @) &) i (vle,k)dy = [ llog(er (6,y) +loge] g (v/6, k) dy

= / log (c1(6,y)) 8k (v]6, k) dy

The marginal cost of such perturbation is & [ ¢1 (6,y) g (y6,k) dy. Since 6 is observable, this
marginal cost should be equated across types.
Q.E.D.

Given the definition of ¢ and (, we must have

¢(0)+2(0) =9 (6") +(¢)

Note the above result is very similar to full risk sharing across different types. Since the plan-

ner can observe average productivity types 6, the marginal cost of delivering utility u (c1 (6,y))

8



uniformly should be equated across types. With log-utility, this translates to equating average
consumption across productivity types 6.

To characterize distortions to saving, we first define wedges for general securities. Con-
sider, a risky security D with dividends per unit held, d, distributed according to ¥ (d). For
this security, we can define the following wedge:

D : u’ (Co) = IB (1 - TD) E(d,y) [l/l/ (Cl) d]

Note that this wedge can be thought of as a marginal tax rate on each additional unit of
income earned from this security and it affects agent’s incentives to invest in that security. For

example, consider a bond that pays r units in each state of the world — for all ¢, T5 defined by

u' (co) =B (1—ts)rE [u' (c1)]

can be thought of as marginal tax rate on gross income from the bond, i.e., principal plus

interest. Note that given the above lemma, for a project of type 6, there is a wedge on equity

— claim to the revenue of the firm and is equal to 1 — ek;g (0). This is because for every
1(0)

unit increase in the revenue from the firm, the entrepreneur’s consumption increase by ¢ (6).

Although, these wedges resemble taxes, there is no reason that market mechanisms cannot

achieve efficiency. Given this definition, we can state the main result of this section:

6 = = : 1 1 9,1 1 -1
Theorem 1 Suppose that qy— 1 < Xwhere X = miny_, 1 |y + prex—" (3 —n)T (—17, i 17)} ,
-1

then cg (9),%, C(0), —¢(0) as well as t5 (0) are increasing functions of 6.

where in the above Proposition, I' (-, -) is the incomplete gamma function, g is the price of
consumption in the second period relative to consumption in the first period, and 7g () is the
wedge associated with a risk free bond with gross rate of return g~ 1.

Proof. In the Appendix.

The above proposition states that when 60 is bounded above, first period consumption,
capital-consumption ratio, as well as the riskiness of c1(6, y) increases with type. To see how
this implies an increasing wedge 7s (6), note that by definition

1 B ® 1
@ PO | e O

When —¢ (6), £ (0), and ¢ (0) are increasing in 6, then so is Tg (6).

Intuitively, the planner would like to invest as much possible in the highest productivity
project. However, due to moral hazard, this comes at a cost. Hence, the planner would like to
set the cost of moral hazard equal to the return to the investment, g6 — 1. Since the marginal
cost of moral hazard is bounded above, this is possible only up to a certain level. In other



words, when the return to investment is very high the cost of moral hazard is not enough to
prevent the planner from investing all the funds in the highest productivity project. It can also
be shown that the cost of moral hazard is convex in k. This implies that optimal investment
has to be increasing. Essentially, the presence of moral hazard introduces decreasing returns
to scale to an otherwise constant return to scale technology®.

More intuitively, since average consumption is equated across type and ( is increasing in
8, consumption is risker for higher productivity types and hence leads to a lower continuation
utility. Facing this increased risk, an entrepreneur would like to decrease its investment in the
project and increase its holding of a risk-free bond. Hence in order to achieve the efficient level
of investment, the planner should increase distortions on bond holdings, thereby discouraging
investment outside of business.

It is perhaps worth discussing the incentives for truth-full reporting given the above ef-
ticient allocation. Note that in this model, average continuation utility is decreasing in 6.
However, first period consumption as well as investment are increasing in 6. Hence, when
f’s are private and households face the above mechanism, it is not clear whether households
would like to lie upward or downward. However, we can characterize the incentives for opti-
mal reporting strategy. When an agent of type 6§ pretends to be f the utility attained by that
agent is given by

U (9,60) = maxlog (co (0) + k1 (0) — 12) + ,B/log <c1 (9, e@fc)) dH (¢)

Using the envelope theorem and after some manipulations, we can show that

) d (ki (6) 0 X X 0
£U(9,9) =7 (C(l)(e)) + ﬁlog (Co (9)+k1 (9) <1—§>>

The first term above, the saving rate, is increasing in 6, following proposition 1. Hence, the

A

6=0

sign of the above is positive, if co () + k1 (8) (1 — g) is increasing, i.e., when lying upward
utility in the first period increases. It turns out that in mose simulations, this term is positive.
Hence, facing the above mechanism, households would like to pretend to be of higher pro-
ductivity. Through this strategy, they would receive a higher transfer from consumption and

investment at t = 0 and this effect dominates the increase in risk in consumption at t = 1.

2.2 Private Information About Productivity

Here we assume that agents are privately informed about their productivities. Moreover, the
planner cannot observe consumption and investment by a particular agent at t = 0. The

planner can only observe income y at t = 1. By the Revelation Principle, we can focus on

8 A similar result shows up in Bennardo and Chiappori (2003).
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direct mechanisms in which each type reports his productivity. We call an allocation incentive
compatible if it satisfies the following;:

log(co(8)) + B [~ log(c1(6,1))g(vlk (6), 0)dy ®)
> maxlog (co(8) + k() — k) + B [ log(c1(8,))z(vk,0)dy
0,k 0

The RHS of the above inequality is the utility that a type 6 receives when he reports  and
invests k. Moreover, I call an allocation incentive feasible, if it is incentive compatible and
feasible.

The assumption about private information features two type of incentive problems: a
hidden type problem and a hidden action problem. The hidden type problem implies that,
when facing the full information efficient allocation, agents with higher productivity — 6,
have incentive to lie downward about their productivity type even if they invest "the right"
amount. By lying downward and investing ele(g), higher productivity agents can enjoy higher
consumption in the first period. Moreover, the hidden action problem implies that even if the
agents tell the truth, the full insurance in the second period leads to under-investment in the
first period.

Given above definitions, a utilitarian planner that maximizes entrepreneurs’ ex-ante utility

solves the following problem:

9 o0
60(9),c111(12;(),k1(9)/9 [log(co(‘))Hﬁ /0 log(c1(6,))g(ylk1(0),0)dy | dF(6)

subject to (1), (2), and (5).

First Order Approach. As can be seen, the set of incentive compatibility constraints is large
and this complicates the characterization of optimal allocations. Here, as before, I appeal to
the first order approach to simplify the set of incentive compatibility constraints and discuss
the validity of this approach in this environment. In particular, let U(0) be the utility of type

6 from truth-telling. Then we must have
U (6) = maxlog (co(8) +k1(8) ~k) + 5 | ~log(er (B,y)3(vIk O)dy

If we assume that the allocations are C! in 6 and y, then incentive compatibility yields the

11



following first order conditions and Envelope condition:

5 =" /°°u<c1<e,y>>gk<y|k1<e>,e>dy ©)
@ ) T +ﬁ/

The Envelope condition associated with this problem is given by

C19 (6,y)8(ylk1(8),0)dy = 0 )

u'e) = aae log (<o(0) + ki (8) — k +ﬁ/ tog(c1 (0, y)s vk W on k1 (6)

~ B [ tog(e1(®. )30 (v 0)dy
Note that since g(y|kq,6) is a function of 6kq, I can write go(y|k1,0) = %gk(y|k1, 6). Hence,

the above envelope condition combined with the first order condition simplifies to

1k (0)
9C0 (9)

u'(e) = 8)

We say an allocation is locally incentive compatible if it satisfies (6) and (8).

The above conditions are necessary for incentive compatibility. However, it is not clear
that they are sufficient for incentive compatibility. Our aim, here, is to provide sufficient
conditions under which the local incentive compatibility implies incentive compatibility, i.e.,
the First Order Approach(FOA) is valid. As mentioned before, there are two frictions in this
model: an adverse selection problem and a moral hazard problem. Regarding the adverse
selection problem, there has not been much success in finding general assumptions on primi-
tives that validate the FOA®. In the appendix and in line with Pavan et al. (2009), we provide
monotonicity conditions on endogenous allocations that can be easily checked and are sufficient
to ensure that FOA is valid.

Given the above discussion and conditions provided in Appendix, in what follows, we
relax the set of incentive compatible constraints and only impose local incentive compatibil-
ity. This further simplifies the analysis of the planning problem and enables us to further
characterize the properties of the optimal allocations.

Hence, the relaxed problem becomes the following;:

0
max U(0)dF (6 -
C0(9),61(91y),k1(9),U(9)/9 (0)dF(6) (P1)

9There are special cases for which assumptions on fundamentals exist. For example Myerson (1981) and
Guesnerie and Laffont (1984) show that when principal and agent are both risk neutral, a monotone likelihood
ratio assumption on the distribution of types validates the FOA.

12



subject to

/99[c0(9)+k1(9)]dP(6) < o ©)

[ [ awsuin@.omaro < [ oo (10)
() = log(co()) +p | log(cr(,))g(ylki(©), O)dy

u'e) = %lzggg; (11)

B[ tog(cu(e1)sululin (), 00y = o 12)

In what follows, we refer to (11) as the adverse selection constraint and to (12) as moral hazard
constraint.

Unfortunately, the analytical characterization of saving wedge proves impossible with pri-
vate information about . However, here we provide partial characterization by providing a
modified inverse Euler Equation that will prove useful in characterizing taxes and wedges.
We call this the Modified Inverse Euler Equation. We have the following proposition:

Proposition 1 (Modified Inverse Euler Equation). Suppose that c;, ki > 0, a.e. Then any solution
to (P1) must satisfy

q v 1 1
kﬂ@@W—1V+EA yaﬁa?ﬁﬁWMWL@@%—w( (13)

co(0))

where q is the relative intertemporal price of consumption, and u (¢) = logc.

The proof can be found in the appendix.

This equation extends the results in Rogerson (1985a) and Golosov et al. (2003) to the
described environment. A key condition in deriving the IEE in Golosov et al. (2003) is the fact
that marginal utility is observable by the planner. In general optimality of allocations implies
that a perturbation of the allocations that keeps utility of all types unchanged must keep the
cost unchanged. In particular, any such perturbation at any given period t should imply that

MCt + MCt—l—l - O

where MC; is the marginal cost of such perturbation. When marginal utility is observ-
able, i.e., consumption is separable from the source of private information, a perturbation in
consumption that keeps utility unchanged along every history does not change incentives —
Bru(ci(ht)) + B u(ceqr (M, hepq)) is unchanged for all k. Since, the source of private in-
formation is separate from consumption and the utility from consumption has not changed,
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the perturbed allocation must be incentive compatible. This implies that the marginal cost

of the perturbation at period t is given by MC; = m while at period t + 1, it is given

by MCi41 = —qs1E [m ]ht} — with g;11 being the relative shadow value of aggregate
consumption. In our environment, however, consumption is non-separable from the source
of private information. Hence, a perturbation in consumption alone will induce some agents
to lie and breaks the incentive compatibility requirement. Therefore, there are incentive cost
associated with such perturbations. The last terms in (13) capture these costs. Here, we give a
heuristic derivation of (13).

Consider a proportional perturbation in ¢ (6) ,k1 (6) by 1+6,and ¢ (6),7 (6) by (1+9) F.
Note that this perturbation, does not change the incentive compatibility constraints nor the
utility of type 0. To see this, consider the utility of type 6,from the perturbed allocation U (6).

We must have:

1(6) = logeo (6)+ | log (¢ (6) +(8)e)h(e) de

= U
Furthermore,
[ u@sdy = o [T108 (140 (6(6) 42 (@)e)) (e~ 1) h(e)de

= T, o8O+ L)) (re—1)h(e)de

1 o 1
= 1—+(5/O “(Cl)gkdy—m

k1(0)

and NG is unchanged as a result of the perturbation. This implies that the cost of such

perturbation should be equal to its benefits. In terms of t = 0 consumption, the benefit is

given by
(0 =1k )3+ 1= (1+6) ] [“c1(6,9) (vlks (0),0)dy

while the cost of the perturbation is dcg (#). Equating the cost and the benefit would result in
equation (13).
Equation (13) is useful in partial characterization of the saving wedge. Note that when
. , Ck(0) . o . ,
capital consumption ratio (@) 18 increasing in 0, one can show that the saving wedge is

increasing. Mechanically this is because both Ié—é and E [u' (c1)] Eﬁ are both increasing

functions of % Hence, we have the following proposition:

Proposition 2 Suppose that in the solution to (P1), investment-consumption ratio, %, is increasing

in 0. Then t£! () is increasing in .
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where 7£ is the saving wedge implied by the solution to (P1). Intuitively, when the planner
would like to achieve higher saving rate in the form of risky capital by higher productivity
types, it needs to tax other forms of saving heavier, i.e., increasing 75 (D). In all of the
calculated numerical simulations, investment-consumption ratio is increasing in 6.

Note also that as it is common in problems with hidden information, the local incentive
constraint (11) does not bind at the extreme values of § = 0,0, i.e., its associated multiplier is
0. This implies that the distortion to saving is equal to those characterized in section 2.1. So
we have the following corollary:

Corollary 1 Consider the solution to (P1) and its implied saving wedge T5! (0). Then TE' (9) =
L1 (0) for 6 = 6,0. Furthermore, TE (6) > tE1(0).

Numerical Example. In order to shed more light on mechanisms at play, I provide a
numerical example!’. Figure 1, displays average consumption at t = 1 and how it moves with
6. Note that due to private information, average consumption in the second period cannot be
equated across types. However, as we have mentioned above, households would like to lie
upward and in order to prevent them from doing so, it is optimal to have a decreasing average

value of consumption.

.0Cr

[ei0,9)dc

1.1 1.z 1.3 1.4 1.5

AverageProductivityf

Figure 1: Average Consumption as a Function of rate of return

1We solve a cost minimization problem instead of utility maximization problem. Furthermore, we assume
that 6 is uniformly distributed so that the average return on investment varies from 3% to 50%. The other
parameter values are ¢ = § = 0.95, and A- the multiplier associated with promise keeping constraint, is set to 1.

Note that the problem is homogenous in A or the promise utility w.We will discuss this in more detail in section
3.
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Figure 2, shows the saving wedge as a function of 6 as well as its relation to the saving
wedge with full information about 6. Note that the saving wedge with private information
is almost the same as the one with observable. Obviously this depends on the distribution
of 0’s. However, it points to an important observation that in the model with observable
6’s, households incentive for lying is not that strong and hence the differences between the
two models are small. This can also be further seen from the small variations in the average
consumption at £ = 1.

0.35

Ts

1.1 1.2 1.3 1.4 1.5

AverageProductivity#

Figure 2: Saving Wedge with Public and Private Productivity

Finally, Figure 3 shows the slope of ¥ — ¢1 (6,y). In implementation with taxes, this can be
interpreted as marginal tax rate on income inside the business. As we have mentioned before,
the tax marginal tax rate with respect to income from the business is independent of y and
dependent on 6. This figure shows that the income tax schedule with respect to income from
the business is progressive, i.e., increasing with respect to average productivity or average
income. Note that this is true despite the fact that { () is increasing in 6. The figure also
establishes that perhaps a progressive tax on total capital income — the sum of income from
business and outside business, almost implements the optimal allocation since both tax 7, (0)
and 7, (0) are increasing in 6 and are close in numbers.

3 A Dynamic Extension

The two period model, although informative about optimal taxes on capital income, is short

of a full analysis of optimal capital taxes. In particular, any relevant model of optimal capital
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0
0.10f l-—c (refk)
dy

1.1 1.2 1.: 1.4 1.8

AverageProductivity#f

Figure 3: Marginal tax rate on business income, 7,

taxes should be consistent with dynamic wealth and its distribution in the society. In this
section, I develop a fully dynamic model of optimal capital taxes based on the the two period
economy described above. The model developed satisfies diminishing returns in the aggre-
gate, constant returns at the individual level as well as bequest motives via altruism. I will
discuss the models implication on optimal capital taxes and estate taxation. Later in section I
discuss the implication of the model on optimal taxes and optimal distribution of wealth.

The basic model is an overlapping generations extension of the two period model. Time
is discrete, t = 0,1,---. At each period ¢, a continuum of households are born, indexed by
i € [0,1]. They live for two periods, t and ¢ + 1. At t they are endowed with a unit of labor in
each period, which they supply inelastically to perfectly competitive markets.

When young at period ¢, households are endowed with a technology that transforms pe-
riod t-consumption and labor input into t + 1-consumption. That is, each household at date ¢
is endowed with a production function

Yirr1 = (Airskien) L5
where kj; 1 is the amount of capital invested at ¢, [;;;1 is the amount of labor hired at t + 1
and Aj; 1 is productivity. Similar to the two period model, Aj;11 = 0;:¢j;1 where 0;; is known
at t, when household i is deciding about how much to invest and ¢;;1 will be realized at
t + 1. The ex-ante prodcutivity is drawn from a distribution F (6)(f € © = [Q, 9}) and €j;11
is distributed according to a gamma distribution, I <17, %) Throughout the paper, we refer
to the distribution of € as H (¢) and call the distribution of y;;1 induced by k11 and ;44
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as G (y|0,k,1). Both 6; and &1 are i.i.d. In order to produce, households hire labor from
competitive labor market. At ¢, households decide how much to consume versus to invest in
the technology.!!

When old at period t + 1, households collect revenue from the production technology,
consume and leave bequests. Hence a household born at f, consumes ¢, at t and cq 41 at
t + 1. It determines how much capital to purchase with wealth inherited from their parents,
ki1+1, at t and determines how much labor to employ. A household born at t has the following
utility function:

Vi = Etlogcos + Blog ey + B Visa

where V; is the utility of a household born at t.

Given this environment, an allocation is given by

{colt((f,yt*l),C1,t(9t,]/t)/kt+1 <9t,]/t71) Sl (et/yt) }telNu{O}

where

Gt = (ef/ 9i—2/ 91‘—4/ e /emedZ)
y = <]/t—1/3/t—3/ e /y(t—l)mod2>

are the histories of shocks for a household born at t. Moreover, i , (0", y'~1) is the distribution

of histories for the young generation at t and p; , <9t _1,yt> is the distribution of histories
for the old generation at t. We call an allocation feasible if

/@wﬂ)/zwxmﬁ/ﬂ [Co,t <9f,yt71> + kpsq <9t,yt71>} diy,; <9t’yt71> (14)
T /@)(t/zwaL(H)/ﬂ Ct—1t <9t71’yt> dpy s q (9t71/yt)

t—1 _t
= /®W21 xR (D72 Yedhy g (9 Y )

t—1 _t—1 t—=1 t\ _
\/é"t/ﬂ ><]R£L<t71)/21 lt (9 Iy ) dyl,t—l <0 /y > i 1 (15)

where 11, and 1, ,_; are the measure of histories induced by the history of investment and
hiring k¢, I;.

Note that there are two ways to interpret this model. One is that capital fully depreciates across periods
and y; is the output produced at f. Another interpretation is that y;; is the value of output produced at t plus
the depreciated value of capital. The basic assumption, under this interpretation, is that an outsider cannot
distinguish changes in the value of physical capital from revenue generated from it. This interpretation is
preferred and throughout the paper, I use this interpretation of the model.
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Information. I assume that the agent privately observes 0;,¢;,1 as well as investment and
consumption. The planner can observe the output from the project as well as labor input and
total transfers {7o; (6',y' 1), 71, (0", ¥'"!)} - used for consumption and investment, to the
households. By revelation principle we can focus on direct mechanisms. So given a transfer
scheme T; <9t_2,yt_1> = {TT,T 07,y 1), T (05,y71),07 3= 02, yT 1 = yt_l}pt, each

agent solves the following:

(e (05 ) = e s pigen
+

CO,flcl,t/kt+1/lt+1/9

+B2Vips (er (Ht‘l,é,yt“))] dF (01) dG (ye410s, kiy1, L)

subject to

cot (1) +kev1 (0r) = Tor (0(6r))
e (0 yi1) = T (0(61),ye1)

where in the above budget constraints, I have suppressed the history of shocks prior to t.
An allocation {co, c1 ¢, kt+1,l141} is said to be incentive compatible, if it is a solution to the
above problem for appropriate transfer values.

We assume that a planner evaluates allocation according to the following welfare function:
Vo + V1

that is the planner cares about the welfare of the first two generations. This welfare criterion,
although time-inconsistent, implies that within each date, the planner puts equal weight on
all the agents alive.

We call an allocation incentive efficient if it maximizes the above objective, feasible and
incentive compatible.

Labor Demand. Before starting to characterize incentive efficient allocations, we show
how one can solve for labor demand by firms. Note that since labor input is hired at the spot
and is observable by the planner, we can write the output by the production unit as

ye = gul{ ™"
and write all the allocations in terms of histories of §j' as opposed to y’- one can think of 7
as labor productivity. Using this modification, the return to /; from planner’s point of view is
(1 —a) gl " for each individual production unit with labor productivity 7;. Hence it should
be equated to its cost which is the same for all entrepreneurs — it is equal to the ratio of the
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Lagrange multiplier on 15 to 14. Hence,

(1—a)gel ™ = pe (16)

where p; is the same for all households. Replacing the labor demand in the production

function, we will have

1— 1—a

1—a\ & 1 1—a) «
= i = Ak
7 ( P ) Yi ( P ) o

= KeeOky

and hence production is linear in k. We denote the distribution of y;;1 induced by k;; and

Ot, G(Yes1lketr, 0r).

Recursive Formulation and Incentive Compatibility. In our setup, since shocks are i.i.d.,
promise utility is a sufficient statistic to keep track of history for each individual. In particular,
for any agent born at t, ex-ante utility is given by

wy (ef—z,y“l) = /@ " [logcolt+,810gcl,t—|—,52wt+2 (ef,yf“)]dF (61) dG (4|01, kisr)
+

Given this definition, incentive compatibility can be written as the following

U (Gt,yH) = logco,s (61) +5/R Hogci e (01, Y1) + Pwist (01, yi41)]dG (4|01, kiyr) >
+

max log (Co,t (6) + ke (0) — k> + 5/ logers (B, yer1) + Bwita (0,y141)]dG (]/t|9t/ k>
Y. R,

where history before ¢ is suppressed for easier notation. As before, we focus on local incentive

constraints:
1
o ﬁ/}R Hog et (01, Yig1) + Bwir (01, Vig1)]8k (vt |0, kiyr) dys
) +
d b1\ Lk
() = g

Given the above simplification of the incentive compatibility constraint, instead of focusing on
a welfare maximization problem, we focus on minimizing the cost of providing certain level
of utility to households. We also focus on the component planning problem of providing a

certain level of utility to an agent with a certain history. This component planning problem
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can be written as

P/(w) = max /@ (g eice 10k (6) — co (8) — k (6)

co,c1,k,w' U
+4q: /Ooo [—c1(8,y) + qr11Per2 (W' (0,))] 4G (y|6,k (0)) dF (8) ((P))
subject to
/U(G)dF(G) S

logco (6) + B [ [1og (c1 (6,1) + pu' (6,9)] dG (ylo,k (6)) = U (6)

o Lk®)
B log(c1 0,)+ B (0.9)] 5 vk @), 0)dy = 18)

where g; is the intertemporal price of consumption.

An allocation is incentive efficient if for a sequence {g;, x;} it is the solution to the above
sequence of problems given a wy and w; as well as (16). Furthermore, g, x; as well as wy
and w; are determined so that (14) and (15) are satisfied. Accordingly, stationary allocation is
defined when g;’s and x;’s are constant.

Characterization. In what follows, we characterize the solution to the component planning
problem (P) and discuss the main properties of the distortions. The first point to be noted in
characterizing the solution to (P) is that the problem is homogenous in w. That is, we only
needs to study properties of the optimal allocation for when w = 0. We have the following
theorem:

Proposition 3 Given {q:, «;}, the value function and policy functions associated with ((P)) satisfy the

following
P (w) = —Bpe0-P)
co(0,w) = co (0) 1P
c1(8,y,w) = c1p(8,y)e?=P)
k(0,w) = ki (0)e“1—P)
w (0,y,w) = @ (0,y)+w
U@,w) = U(0)+w
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where Ay, cot, c1t, kt, Wt and Uy solve the following sequence of problems

— By = max/@ [aqix; 10k (0) —co (0) — k (0)

1 [ [e10,) + qaBrae @0 0P G (o, k <e>>] dF (6) (19)

subject to

/U(e)dF(e) — 0

log o (6) + B [ [log (c1 (6,y)) + B’ (6,4)] dG (ylo, k() = U (6)

f o 1k(0)
. (9) N 560 (9)
B[ llog(cr (6,4)) + b’ (6,1)] g vIK (6),6)dy = 601(9)

The above proposition, implies that stationary allocation solve problem (19) in its station-
ary form, i.e, when Ay, g; are constant.

It is worth noting that (19) is very similar to (P1). The only additional instrument available
to the planner to provide incentive is w’ (6,y). However, one can show that since the margin
between w’ (6,y) and c; (6,y) is undistorted, the above problem can be written in a similar
fashion to (P1) using a different discount factor B and intertemporal price 4;. In the appendix,
I show that in the objective the last integral is replaced by

ﬁ / —¢1(6,y)dG

and continuation utility for the old agent becomes

%/logcl (0,y)dG.

We provide this formulation in the appendix. Given this formulation, one can show that
similar to the two period example, c1 (0,y) is linear in y.

What the above characterization suggests is that in the stationary version of the problem,
distortions or wedges are independent of history w. When the problem is non-stationary,
wedges depend on time but not on specific history. Hence, they inherit the correlation struc-
ture of the shocks, i.e., they are i.i.d.

Given that the dynamic problem is very similar to the problem discussed in section 2,
similar properties are satisfied and we do not further characterize the saving wedge for the

young, i.e., this is equivalent to Ts in section twoperiod. However, an object of interest is
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distortions to saving for the old. One can interpret these distortions as marginal tax rate on
bequest. The following modified inverse Euler equation sheds more light on the forces in
determining the sign of the bequest tax:

Proposition 4 In the solution to (P), optimal consumption must satisfy the following equation:

1 1
qtgl Eipq = + It Et (aqiqoKi430142 — 1) (20)

u' (cot+2) wiley) B
Gip 1 !
aqgikp10 — 1) + —Er———— =
(aqsrcss16; — 1) B U (c1y) u' (cot)

Proof can be found in the appendix.

(21)

The above equations show that saving distortions are different when young and old. In
particular, when old, there are forces toward subsidization of saving while when young, sav-
ing should be taxed. The difference lies in the role of saving and its effect on the incentive
constraint. In particular, for an old household, a extra unit of saving would relax their de-
scendants incentive constraint. This is because when lying households are consuming more
and hence have a lower marginal utility. A small increase in consumption in every state of
the world, increases household’s utility from telling the truth more than that of lying and
hence relaxing future incentive constraint. Hence, bequests should be taxed negatively. When
young, this effect is the opposite. An extra unit of saving tightens the young household’s
incentive to invest in the project and hence saving should be taxed.

The above modified Inverse Euler Equations although informative, do not necessarily pin
down the sign of the saving wedge for the old. However, we can show the following result:

Theorem 2 Suppose that in the solution to the component planning problem above % cq (9, w) + ky (9, w) (1 -

b
0 and that u (0) < 0, where y (0) is the multiplier associated with (17). Then

P, (cora) < (cuy).
qt+1

That is bequests should be subsidized.

Proof can be found in the appendix.

Note that this is in contrast with the results from labor income risk models, e.g., Golosov
et al. (2003). In particular, in models with labor income risk, risk-free saving or bequests
should always be taxed due to its perverse effect on labor supply. Absent bequest taxes,
households would like to save and work a lower number of hours. More technically, the
most attractive lying strategies are those in which consumption decreases upon lying. Due
to concavity of the utility function, a unit of saving increases the value of lying by more than

its impact on the value of telling the truth. Therefore, saving/bequest should be taxed. In
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this model, however, the opposite effect is satisfied. The most attractive lying strategy for the
young is lying upward in which consumption increases. Hence a unit of bequest from the old
relaxes future incentive for their descendants to invest.

3.1 Steady State

Here we consider the effect of private information on steady state level of capital as well as
properties of the stationary distribution of consumption, capital and promised utility. Note
that in a steady state, g; is constant as well as x; and B;.

We define steady state as an allocation Cy, Cy, K, Y,and L such that

Co+Ci+K =Y
L =1

where Cj is the aggregate consumption by the young, C; is the aggregate consumption by
the old and K, Y, and L are capital stock, output, and aggregate hours respectively. These
aggregates should be consistent with the solutions of the component planning problem above.

To characterize the steady state of this economy, we start by aggregation. Suppose that dis-
tribution of promised utility for the young in each period is given by ¥ ; (w). Then aggregates
are given by

Cor = /@ co (8) dF () / By, (w)
Cii = /@ c1 (8,y) dG (y]6,k (8)) dF (6) / 0B d¥y , 1 (w)
Kiow = /@ k (0) dF (6) / =By, (w)

1
o= /@ x0k (0) dF (6) / 0B d¥) , 1 (w)

Furthermore, from labor demand, we must have
| = kTaedk (9)

and hence aggregate labor demand is given by

11% / 6k (8) dF (6 / 0B d¥y , ., (w)
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Then, feasibility implies that

Cot+Cip+ K1 = Vi
Ly =1

Note that given the policy function for w, we must have
/ B, (w) = / 200 1=B) 4G (y16,k (8)) dF (6) / =By, (w)

The above analysis suggests that in order to have stationarity of the optimal allocation, it must
be that
/ 209 (1-B)4G (y16,k (8)) dF (6) = 1

One can show that in order for @ (6, y) to be the solution to (19), we must have [ e?@¥)1=F)dG (y|6,k (9))
5—;12. Therefore, for stationarity, we must have = 4. This result is similar to a result in Farhi

and Werning (2012). They show that in a standard Mirrleesian model, stationarity and log-

utility implies that rate of interest has to be equal to the discount factor. Both results follow

from inverse Euler equation. Here one should note that

2 1 1

u' (corr2) ' (cox)
and hence, stationarity of consumption for the young implies that 4 = .

3.1.1 Stationary Distribution

It can be show that, similar to most model of dynamic contracting with private information,
the stationary distribution is trivial and almost all the agents will be at the lowest possible
utility level, —co. To see this, note that w;» = w; + @ (6¢,€41). Moreover, Ee®(Ouert1) —
land therefore, by Jensen’s inequality, E@ (6¢,&:41) < 0. This means that in the long run, w;
converges to —oo. So the so called immiseration result holds. As we will see in the next section,
this property holds in a model with incomplete market as well. In the following section, we
introduce a method to resolve this issue similar to Albanesi and Sleet (2006) and Atkeson and
Lucas (1995). We do so by introducing a lower bound on promised utility. Further, we use a
power mathematical technique to characterize the tail behavior of the stationary distribution
of wealth.

2
12This is coming from the fact that P’ (w) is a martingale, i.e., P’ (w;) = %EtP’ (Wi2).
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4 Long Run Distribution of Wealth

In this section, I discuss how the model developed above can generate a long-run distribution
of wealth with a Pareto tail and what an optimal Pareto tail looks like. I first illustrate, how an
incomplete market version of the above model can generate a Pareto tail for the distribution

of wealth. We then will illustrate how this tail is affected with optimal taxes.

4.1 An Incomplete Market Model

Our incomplete market version of the model is very similar to Angeletos (2007). Suppose that

when young, households have two options for investment: invest in the risky project with

11—«
t+17

old, households hire labor to produce output form a competitive labor market with wage wy.

production function (A; 1ksy1)" 1 or to borrow and lend using a risk free bond. When

When old, the households leave bequest for their descendants. Given this market structure,
the budget constraints for the young and old households are given by

cot +kip1 +brp1 = Rear + wy

_ a1l—ua
et a2 = (&10ki1)" [ — wiraliin + Repabr

An equilibrium is defined as the solution to the following problem

Vi (a) = max/ [log co+ Blogey + B*Viio (a’)} dGdF (P)

subject to the budget constraints above as well as

(o)
Wii2j
a Z _ht — E 4
SO Rt R

Note that the above borrowing constraint is a natural debt limit and #; is the present value
of labor income by future generations and it can be interpreted as human capital. Further R;

and w; are determined so that

[ b (@, dF @) dyy (a)+ [adp,, (@) = 0

/ o1 (a,00,001) dH (gr11) dF (6)) dy, , (a) = 1

where ¥, and ¢, ; ; are the distributions of asset for the young and the old at period t. As

before, profit maximization implies that

(1 — 0() (€t+19tkt+1)[x lt_—&—al = Wi41
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and hence

1—«

& 1l—n 1—a\ «
7 = (e410iki1)" [ — wiplir = « (w 1) er10tki 1
t+

= Reep 10tk

Once labor demand is determined, the above problem is a classic portfolio problem studied
by Samuelson (1969) . The utility function is homothetic while the budget set is linear in
allocations. This means that the policy functions are linear in an appropriate state variable.
Because of the existence of labor income, assets are not the state variable. However, we can
show that if we define

ar = ar+hy
hiio
Ritq

Bt+1 — bt +
Then the budget constraints become

cot +ki1+bi1 = ARy

C1t+ A2 = T+ Repqbigg

where 4; and Bt are physical asset together with present value of future generations labor in-

come — what can be interpreted as human capital. Given this definition, we have the following

theorem !>

Proposition 5 The policy functions in (P’), satisfy the following

kt (9,(1) = Skt (9, Rt+1) ﬁRt (61 + ht)
h
b1 (6,0) = spi (6, Rist) PRy (a+ he) — -2
t1
Co,t (9,[1) = (1 — IB) R; (ll + ht)
ce(e0,a) = (1—PB)P(Rer180ks (0, Ri1) + Regaspr (0, Rev1)) Re (a + he)
ari(e,0,8) = B*(Rip105s (0, Ris1) + Rogasps (0, Reg1)) Re (a+ hy) — by

where sy (0, Rey1) +5pt (6, Re1) = 1 and

/00 ﬁt+1€9 - RtJrl
0 Sk,t (9; Rt+1) (kH—lGE — Rt+]) + Rt—|—1

dH (€) = 0 (22)

The above result is familiar from Samuelson (1969) as well more recently Angeletos (2007).
With log utility, the total saving rate is . Furthermore, the break-down between bond and

13The analysis here closely follows that of Angeletos (2007).
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equity is given by the portfolio choice equation (22). In the appendix, we show that s;; (6, R)
is increasing in 6.

As it can be seen in the above, total value of financial assets and human capital is a random
process with i.i.d. growth. As shown in Champernowne (1953), Gabaix (1999), among others,
such process deliver stationary distribution with Pareto tail. However, pure random growth
usually does not deliver stationary distribution. In particular, for any random variable ¢, and
stochastic process X; with X; 1 = (;,1X;, log X;;1 is a random walk and hence its variance
converges to co.Furthermore, log X; converges to 0 or co almost surely depending on whether
Elog  is negative or positive.

In the above model, steady state implies that
B2 / (Rebs (6,R) + R (1 — s (6,R))) dF (8) dH (¢) = 1
and hence from Jensen’s inequality
/ log [B2 (kebsi (6, R) + R (1 — 5 (6,R)))| 4F (6) dH (&) < 0

This implies that a; + h; converges almost surely to zero. That is since households can borrow
against their descendants labor income, over time, they accumulate debt so that their financial
wealth, i.e., bequest, is negative and equal to the negative of their human capital.

That households accumulate debt over time suggests that a simple borrowing constraint
would fix this problem. In fact, it can be shown that if we impose a; > —a, where @ > —hy, then
a stationary distribution exists. Furthermore, a result by Mirek (2011) allows us to characterize
what the tail of the distribution looks like. We present a slightly simplified version of the
theorem here:

Theorem 3 Consider a stochastic process X;y1 = P (X¢, Ay) with Xo = x where Ay € A are i.i.d.
according to some measure p on the metric space A and X; € R.. Suppose that ¢ satisfies the following
conditions:

1. 4 is continuously differentiable with . bounded above and that for all A, x, limy_,o tip (t71x, 1)
exists and is finite. Furthermore, suppose that M (A) exists such that

. —1 .
%1—138 t <t X, /\) =M(A)x,
2. Forall A € A, there is a random variable N, such that

[P (x,A) — Myx| < [N,|,Vx € Ry

3. log |M,| does not have support of the form rZ,
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4. There exists some a > 0, such that
E (|MA|“) =1

5. M satisfies E (|M|" log |M|) < oo,
6. For the random variable N defined above, E (|N|") < oo.

Then, there exists a unique random variable X with measure v exists such that

lim t*Pr ({|X| > t}) =¢

t—o0

where ¢ is non-zero if one of the following two conditions are satisfied:

. E(IN]") _ - (E(NF)\®
Sliglo W = O(fO?’ S0 < OO) or 515?0 E— < 0

and X; converges to X in probability.
Condition 1 is worth discussing. Applying the L’hopital’s rule implies that
lim £y (t x,A) — x1p (o0, A)

Hence M) = ¢, (o0, A). Hence, the determinant of the tail of the stationary distribution is the
slope of ¢ (x, A) with respect to x.

Applying this theorem to the incomplete market model with borrowing constraint, it im-
plies that as long as 24’ (¢,0,a) is bounded above and B (¢, 8) exists such that
a (e,0,a) —

a' (e,6,00)al < B(g,0)

oa

and if 24’ (¢,0,00) and B (¢, 0) satisfy all the assumptions above, then a unique stationary

distribution exists with pareto tail parameter given by v where « satisfies

/@le+ (E)%a/ (8’ G’w))vdp (9) dH (8) =1

Note that %a’ (¢,0, ) is the generational saving rate when wealth converges to infinity. If one
is to assume that the ex-ante probability of binding borrowing constraint vanishes as wealth
converges to infinity, %a’ (¢,0,00), is associated with an unconstrained agent’s saving rate.
Now if we suppose that the value function V (@) is proportional to log 4 for large values of 4,
the analysis is identical to the above. Unfortunately, we have to make these assumptions in
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order to proceed with our characterization. Most numerical simulations suggest that they are

reasonable assumptions!*.

Assumption 2 The value function associated with incomplete market model with borrowing con-

straint has the following properties:
1. limg e aV' (2) = 115
2. lim; oo Pr({(e,0) : @' (¢,0,4) = —a+h}) = 0.
Under the above assumption, we can show the following:

Proposition 6 Suppose that 2 holds and that Ry and wy are constant over time. Then we have
. d Al A 2 P
lim 37" (¢,0,d8) = B~ (sx (0,R) (ke — R) + R)

where sy (0, R) satisfies

o0 ked — R
/0 (ke — R) sk—l—RdH (e) =0

Now, if we assume that [, log ([)’2 ((xed — R) s + R)) dFdG < 0, the the above theorem
suggest that the stationary distribution of wealth is given by «a such that

/Ow (87 (xe6 — Ry s+ )| dF (6) dH (e) = 1 (%)

The formula (%) is useful in characterizing the tail of the income distribution. Later we use
this to compare the implied tail of the distribution by incomplete market to that of constrained

efficient allocation.

4.2 Efficient Allocations and Stationary Distribution

In this section, we use 3’s powerful result to characterize the tail of the wealth distribution
implied by optimal taxes. We use a similar technique as above to characterize the efficient
distribution of wealth at the top.

Note that given the above characterization of the policy functions in theorem 3, the cost of

delivering promised utility, P (w;) is a stochastic process with i.i.d. random growth. That is'°

P (wt+2) =P (wt) @ (01y141)

14One of way of dealing with this problem is a la Benhabib et al. (2011). They assume that each generation gets
a utility of the form loga;, while this is not the utility that their descendants receive. Their model is slightly
different in that it includes labor income to get around the the convergence problem. But the basic insight
remains the same.

15We have assumed stationarity and hence the value function is time-independent.
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Note that P (wy) is the present value of income less consumption and investment expenditure.
While this can be thought of as wealth, in an environment with taxes, wealth is the present
value of after tax income less expenditure. Hence, in order to define wealth in the constrained
efficient allocation, we have to define taxes.

Taxes. The tax system that we use to implement the optimal allocation is consisted of a tax

Yy bth
T<a+h’ 7 )”

where a is financial wealth, b is the saving in risk free bond across periods, and & is human

function of the following form:

capital. Given this, each generation’s budget constrains are given by

cot+kiy1+biy1 = Rur+w

b+h
c1p+ a2 = Rbpyq +yt—T( 7

a+h’a—|—h) (a+h)

The following theorem establishes that we can implement a stationary constrained efficient

allocation, using the above tax system:

Proposition 7 Consider a stationary constrained efficient allocation associated. Then one can find T
to implements the optimal allocation with R = p.

The idea behind this implementation is simple, the dependence of T on b makes sure that
productivity types are revealed while the dependence on y provides incentive for efficient
investment. Furthermore, the planning problem is homogenous in a + h and hence a; + h is
a process with random growth rate. In the appendix, we show that when g = B, a; + h =
—BP (w;). Hence the growth rate of a; + h is given by e?(@¥)(1-f),

Evidently, the model described above does not generate a stationary distribution of wealth.
However, it is helpful in guiding us toward possible modifications of the model to achieve
stationarity. In fact, the modification is very similar to the one in 4.1. We assume that there
exists a lower bound w > —oo on the set of promised utilities. This is a similar technique as in
Atkeson and Lucas (1995). What this constraint implies is that the lower bound on promised
utility is not an absorbing state any more. Note that when w = —oo, the lower bound is an
absorbing state and therefore, a downward drift in promised utility drives everyone’s utility
to the lower bound. With a finite w, however, due to spreading of promise utility, w is not an
absorbing state anymore and hence there exists a non-trivial stationary distribution.

In presence of the lower bound, the component planning problem together with the lower
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bound constraint is given by:

P (w) = max/@

%ocqx@k (6) = co (6) — k (6)
+q/ —c1(0,y) +qPc (w' (6,y))] dG (y]6,k (6)) | 4F (0)

subject to

/U(Q)dF(G) -
logeo (0) + [ [log (e (6.1) + B/ (©0)] G (410, k(0)) — U (0)
1 k(0)
U(G) N §C0(9)
B Tog (ex (0.9)) + B’ (0,9)] 81 (0 (6),0)dy = 1
w/(ely) > w.

Notice that the problem is not homogeneous in w anymore. However, the following assump-
tion helps us in applying theorem 3.

Assumption 3 The value function P, (w) with the constraint w > w, has the following property:

lim P! (w )(1—5)3—1e—W<1—5> =1

w— 00
lim Pr{(0,y):w' (6,y,w) =w} = 0

wW—r 0

Under the above condition, the following theorem can be shown:

Proposition 8 Suppose 3 holds. Then we must have

lim 2 (1B (Oyw) _ L(1-P)a(0y)

w—oo 9
where W (6, ) is the solution to the constrained efficient problem (19).
Proof can be found in the appendix.
For the case with lower bound constraint, we can show that the tax implementation takes a
form of a tax function T (y,b + h,a + h) paid by the old. Furthermore in our implementation

as before, a; +h = —qP (w¢). Hence, a straightforward application of 3 implies that the tail of
the distribution is given by 7 where v satisfies

[ @G (ylk (6),6) dF (6) =1 (23)
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Formula (23) is the formula that determines the tail of the optimal distribution of wealth. Note
that the margin between ¢; (6,y) and @ (6, y) is undistorted, we muse have

(1 — B)Be-BIa(ey) — gél(w)

Hence, (23) becomes the following

1
5—2 / / « o B

<q2 -8B Jol [ (0) +Z(0)e]” dH (e) dF () =1 (%)
Notice that the above formula is very similar to the one describing the tail of the incomplete

market model. In fact, (%) can be written as

(B*R%) /@ /O ) 1 s (9)+(sk(9)R_1K9)srdH (¢) dF (e) =1

The formulas are informative in that they point the forces in determining the tail of the
income distribution. The main force to note is the general equilibrium effect from interest rate
on the wealth distribution. In the efficient allocation, and without a binding lower bound on
promised utility, B = q and (% %) would imply that # = 1. In presence of a binding lower
bound on promise utility, stationarity implies that 4 > B. As we will see in the following
numerical example, the tighter the lower bound on promised utility, the higher 4 and hence
the higher the tail of the wealth distribution. In what follows, I compare the tail of the wealth
distribution implied by incomplete market model as well as constrained efficient allocations.

Numerical Example. Here I provide a numerical example, in order to illustrate the forces
in determining the efficient distribution of wealth. For simplicity, I assume that « = 1 —
no labor input and I calculate the policy functions for various values of interest rate g. I
assume that each generation is around three years implying a discount factor of g = (0.95)%.
Furthermore, I assume that @ = [¢,0] where 6 = 6.075 which is associated with an annual

rate of return of approximately %5.5 and ¢ is a very small number!®.

In our exercise, we
vary the interest rate ¢ = R~! and study its effect on the wealth distribution. Note that
changing g is equivalent to changing the lower bound on promised utility (wealth in the
incomplete market model). Since the formulas are more insightful with variable g we will use
this approach. Figure 4 illustrates the tail of the distribution of wealth for different values
of g for the constrained efficient allocations. Table 1, contains related information for the
incomplete market model.

Note that as it can be seen, with incomplete market, the tail of the wealth distribution is

non-existent for g close to B — it can be shown that with g4 < B, the process is non-stationary.

16The rest of the parameters are as follows, 8 is Pareto distributed with parameter a = 2 — implied variance of
5. ¢ =1 - an implied variance of 1.
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v

1 . . . .
0.950 0.952 0.954 0.956 0.958 0.96C

S
Annual InterestRate g2

Figure 4: Tail of the stationary distribution of wealth in the constrained efficient allocation

q 1/I M
0.95% — 0.96%0 Non—Stationary
1.030930 1
1.031930 1.0423
1.032930 1.0872

Table 1: The tail behavior of stationary distribution in the incomplete market model
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Moreover, for g high enough, the solution to the constrained efficient allocation does not
exists. This is due to the fact that the marginal cost of investment arising from moral hazard is
bounded from above and with g high enough it is optimal to invest only in the most productive

project.

y @)+ 6), g=.951""

4.¢€ 4.¢ 5.C 5.2 5.4 5.€ 5.¢& 6.C
AverageProductivity 6

Figure 5: Average consumption with constrained efficiency

As it can be seen, in the constrained efficient allocation, the tail of the distribution is more
responsive to changes in the interest rate compared to the incomplete market model. This
is perhaps becuase there is more variability in consumption with incomplete market. The
following figures show average consumption as well the slope of the consumption schedule
with respect to e. As for constrained efficient allocation, average consumption is roughly
constant in 6 while the slope is increasing in 6. On the other hand, consumption is much
more volatile in the incomplete market model. Both average value of consumption as well as
its slope with respect to e. Note that in this model there is also a selection effect: as g varies,
the cutoff for projects used is given by 6; where gxf; = 1. With incomplete markets this
effect is more pronounced. When g is high enough, there are many low productivity projects
selected. The high variability of consumption implies a lower v and hence a fatter tail for the

distribution of wealth with incomplete market.

5 Conclusion

In this paper, I have studied optimal taxation of capital income in presence of capital income

risk. I have shown that allowing households to invest in businesses, thereby being subject to
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1+s, () (g0-1), g=1.0319

1 2 3 4 5 6
AverageProductivity 6

Figure 6: Average consumption with incomplete market

£@©#), g=.951"°

4.6 4.8 5.C 5.2 5.4 5.€ 5.¢ 6.0
AverageProductivityf

Figure 7: Slope of consumption with respect to €, constrained efficient
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gfs, ), g=1.0319"°

1 2 3 4 5 6
AverageProductivityf

Figure 8: Slope of consumption with respect to €, incomplete market

idiosyncratic investment risk, changes the standard results on taxation of wealth and capital
income. I have also shown how the model can be used to study efficient distribution of wealth.

Although, I have interpreted the agents in the model as households subject to capital
income risk, the model can be used for a variety of issues. In particular, it can be interpreted
as a model with risky human capital and private information. Hence, its implications can be

used to draw policy implication for labor income.
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Appendix

A Proofs

Proof of Theorem 1.

Note that the constraint (3) can be written as

C01(9) = F /Ooolog(cl (0,v)) 8k (v16,k (6)) dy
- kl% /Ooo log (¢ (0) +(0)e) (ye — 1) dH (e)
-5 /3/0010g(¢(9)+é(9)s)(ns—n)dH(g)
Co 0

Note that, one can write the objective as

/ {logCo + ,3/log (¢ + Ce)dH (¢) | dF (0)

(24)

Given this modification of the constraint, the first order conditions associated with problem

(4) are given by

1 N
E—Ao—Fg—% =0

7 B
5/ —¢+€dH M +2B 4> gdH() — 0

ﬁ/o ¢+CSdH() A+§ﬁ/ ¢+€ JiH(e) = 0
/\19—/\0—5% = 0

(25)
(26)
(27)

(28)

If we multiply the second equation with ¢ and the third one with { and add them together,

we have
B=M(¢+0)
If we replace the above in the second FOC, we have
ﬁ/ L+ (e T = M 5/ Lrlye=1) gy,
4""5"‘5 Al ,B+§ 8—1)

This implies that

/oo 1+2ln(e—1)
0 1+B M7 (e—1)
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The left hand side of the above equation is a strictly decreasing function of { and the equation
is satisfied for { = %}76 Furthermore, the last equation implies that

1
MO— Ao =

Multiplying the first FOC by %, we have

1 Co k1
s—AMx=+—=0 29
; 0 ar (29)
Furthermore
kq o0
o= B log (9o (ne—m)dH (o

— B[ tog (BA +BA 0 (e~ 1)) (e — m)dH (o
= B[ o (1+En(e—1) (re—mdH (@) = Fi ()
where Fj ({) is an increasing function of . Hence, (29) becomes

1
£(9)
The LHS of the above is given by

\ A
F(¢(9)) = MQ—EAO (30)

1 A1, 1 1
+ e (5~ —n)'T (—17, 5o T 17)
£ (0) Z0)
where I' (a,z) = fzoo x"~le~¥dx is the incomplete gamm function. This confirms that { (6)

-1
exists when ﬁ\‘—;() — 1 s less than the minimum of [% + ‘qu%_l(% — )T (—;7,% = ;7)} . Itcan

be shown that the above function is U-shaped. If we assume that for the values of 6 that (30)
has two solutions, the lower solution is chosen (since it provides more insurance at the same
investment incentive) the an increase in @ increases { (8). This shows that { (8) is increasing

in 6. This implies that 1;_(1) is also an increasing function of 6. We can rewrite (29) as

=

1(0)
0(0)

which implies that ¢¢ (0) is an increasing function and hence so is k; (#). Finally note that the

Aoco (0) =1+ ¢ (0)

aQ
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saving wedge is given by

L A [ 1
=@ - o0 mpore e e

o 1
= Yo00l® | g e

Since co () and () are both increasing functions of 6, the above is increasing in 6. This

concludes the proof.
Q.E.D.

Proof of Proposition 1.
If we rewrite (12) as in (24), the the first order conditions associated with the planning
problem P1 are given by

1
—’Y—/\o+( #+C) % =0 (31)
’7 _
8(178 _
7!3/0 LR Aw/ WD) = o

1 2\ 1
)\19—)\0—<§}l+€)5 =0

1 /
1—y—— =0
7= 5 1)
Note that - o
[ adc =00 +20) =aprt = § [ edc =11

Reaplcing the fourth FOC into the first one, we have

k
T ro+ L (Mb—A) = 0= L —co+ki(g0—1)=0
co €o Ao

= %/ c1dG +k1 (g0 —1) = co
0

which leads to the Modified Inverse Euler Equation.
Q.E.D.

Proof of Proposition 2.
Equation (31) can be written as

v ()

Ao = (M — Ag) 148

k
’Y—/\OC0+(/\19—)L0)C—100=0$C0=
0
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Also, as before, we must have A 17 (8) nHence, we can rewrite the saving wedge as

! = .B/\O 1) () /0°° ! dH (¢)

1—7,(6) Mg — (M8 — Ao) Sl o pAr1y (6) + BATE (6) (e — 1)

—

1 o 1
— Ao / : dH (¢)
Ao — (M0 —Ag) 8 Jo g 4 SO, (o q)

1
co(0) ~¥(0)

~—|

Note that from the moral hazard constraint, ]é—; is an increasing function of % Hence when ];—3

is increasing, so is %. Therefore, the above should be increasing in 6.

Q.E.D.

Proof of Proposition 3.

We start by guessing that the value function has the form

_Btew(l_ﬁ)

Now consider the policy functions cq; (6, w), ki1 (6, w), 14+ (6,y, w), w; (8,y,w), U; (6, w) and
define the following:

) = cos(6,w) e~ (1-pw
1 ) = c14(6,y,w) e~ (1-Pw
ki1 (0,w) = keea (0,w) e (7P
) = wl(Byw) -
) = U (0,w) —w

Then &y (8, w), ki1 (6, w), é14 (6,y,w), @ (6,y,w), U; (9, w) must solve the following problem

~

max {q”‘fﬂ"kl (0) =0 (0) =F1 (0) g1 [ [é1(0,9) + gr1Brae® 0 P] 4G (y10, <9>>] dF ()

subject to

/@a(e)dF(e) — 0

logy (6) + B | llog (c1 (6,1)) + b (1) 4G 416,k (6)) = 11 (8)

06) = g
ﬁ/[logfl (6,y) + B (0,y)] dG (y]6,k1 (0)) = Aolw)
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This implies that these functions are indepdendent of w. Furthermore, if we call the value
of the objective above By, that confirms our guess for the value function. This completes the

proof. We can further simplify the above program as follows:

Lemma 3 The solution to 19 solve the following program

max/@ [ClthHqu (6) — o () — ki (6) — gt /0°° %dG (10, kq (9))] dF ()  (32)

subject to

/@CI(G)dF(G) = 'B_zlog (%+1Bt+/23(1—ﬁ))

—_
|
=

logo (6) + —2— [~ log (c1 (6,1)) 4G (yl6, k1 (6) = U6
1-8Jo

o) =

P / 5
—— [log¢i (0,y)dG (y|0,k1(0)) = =
T—p ) gt Oy)dC 0.k (6)) = 77
Proof. Note that in 19, the margin between w’ (6,y) and ¢ (6,y) is undistorted. Hence,

(1 — B) gt+1Br e O¥)(1=F)

€1 (9’ y) = ‘B (33)
and hence | 6,) ) Biia(1- )
W' (6,y) = ogaa\v,y) lo (ﬂlt+1 t+2 (L — )
Oy) = =45~ ~7-58 5
Replacing in (19) proves the result.
Q.E.D.

Proof of Proposition 4.
By lemma 3, optimal consumption is the solution to (32). Equation (33) implies that

_ (1 — ;B) ‘7t+1Bt+ze(1_5)wt+2
C1t = 5

Furthermore, application of the Envelope theorem to 19 implies that P/, (w) = — (1 — B) Byypell P2 =
—A where A is the lagrange multiplier associated with the promise keeping constraint. Fur-
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thermore, the FOC's associated with c; (6) and k (6) in 19 are the following;:

1(0) (s k() _
g (f0 @) S = o
1

Aok 060 — 1 — ( Tk (9)> ©®) 0

and we know that

/67(9)511:(9):)\

where 7 () is the multiplier associated with logco + B [ logc1dG = U. Using the above, we

have
/@ co (6) dF (8) = A + /@ (qs2k1430 — 1) k (8) dF (6)
Hence,

C1p = % At = q%l [Et+1€0,642 — Etq2(Geg2Ke430i12 — 1)kiy 3]

which leads to equation (20). Equation (21) can be derived similar to the one in the two period
example.
Q.E.D.

Proof of Theorem 2.
Suppose that 5 log (co (8, w) +k(0) ( g)) ‘9_9 > 0 and that p (6) < 0. The first condi-
tion implies that

ch (6) > 5k (6)

where we have suppresed dependences of consumption and investment on w. Since y (6) < 0,

we must have 1
—1(0)co (6) > —p (0) 5k (0)

Note that the FOC with respect to ¢ is given by

r(6) (1 5 k(9) _
—1+m+(§ﬂ(9)+é(9)) =0
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Integrating the above and rearranging gives

A [EO 1+/®_—(”(9)f my—%k(@)y(@)f(@)—l ]d@— <O 4r (o)

co (6) | co(f co (6)* ® ¢ (0)°
(1(0) f ch (0) ] 40
< 1+ /@ T — C0(9)2 dao — o ¢ (Q)ZdF (9)

<1 [ |WOLON o5 o) ¢

o (
= 1+/ ( 590( >:1_|_ ()(];)(9)

where the first inequality follows the above assumption and the second ineqality follows from
the fact that Z (8) > 0. From (33), we have

1 g1 B
— = > —F, qcC
C1,t Clt+1 A qi4+1 02

=1 (34)

0

following from (34).
Q.E.D.

A1 Full Info Mechanism and Reporting

Here I derive formulas that determine the direction the households would like to lie in the
optimal allocation derived in section 2.1. Note that the first order conditions in (25)-(28) imply
that

c1 (0,e0k (8)) = AT + AT (0) 77 (e — 1)

Now define the utility for a household of type 6 from pretending to be 6:

~

U(6,0) = maxlog (co (0) + ki (0) — k + B [ logc 9, s@fc) dH (e)
k

- m}gxlog(c()(éﬂkl() +ﬁ/log<ﬁft L= BATIE () BA ()<é)'7>dH(€)
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Using Envelope theorem and the fact ki (6) is the solution to the above when § = 6, we have

d

1 / /
SUO.0) = o (6 (0)+K (1))
o -tol-toh9, i (&
{ ] /1-|—C n(e—1)
_“G)lﬁ/1+z<9>n<e—1>dH(€)

Note that from the incentive compatibility:

’Zéﬁgi = ﬁ/mlog(lJr@(G);y(e—l));7(5_1)%817 p—
_ ﬁ%/ log(l-l-g(e);y(g_1))01(_8;76—;75)
= /A Z(0) e 4
— ﬁf(ﬁ)/o A1+z(9)17(€_1)g’7 Lo—nede
= B ¢ (0) ne 4H (¢)

0 1+7(0)n(e—1)

Note that the first expression also implies that

d kq (6 / )17 (e—1)
do co (6 =F 1+§9 s—1 He)

Hence, we can write the above expression as

d

1 / /
ﬁuw,e) = W(Co(9)+k 1(9))

{_ Eg)]ﬁ/wg ;92788—1 H(e)
o LOBED

1+€(9)17(8—1
_ c01(9) (0) + K, ( [2, }
* 55_9]§;§9>
— g (60 -k @) +p g
— gee(o@n@ (1-5))| reh
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As we have shown, the second term is positive. As for the first term, most of the numerical
simulations establish that this term is positive.
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