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Devwudfw

Lq wklv sdshu/ L ghyhors d qhz lghqwl�fdwlrq phwkrg wr vroyh wkh sureohp ri vlpxowdqhrxv htxd0

wlrqv/ edvhg rq khwhurvnhgdvwlflw| ri wkh vwuxfwxudo vkrfnv1 L vkrz wkdw li wkh khwhuhrvnhgdvwlflw|

fdq eh ghvfulehg dv d wzr0uhjlph surfhvv/ wkhq wkh v|vwhp lv mxvw lghqwl�hg xqghu uhodwlyho| jhqhudo

frqglwlrqv1 Lghqwl�fdwlrq lv dovr glvfxvvhg xqghu pruh wkdq wzr uhjlphv/ zkhq wkh uhvlgxdov h{klelw

DUFK ehkdylru/ dqg zkhq wkhuh duh djjuhjdwh vkrfnv1

Dgglwlrqdoo|/ dq lpsruwdqw uhvxow lq wkh sdshu lv wkdw li wkh gdwd h{klelwv khwhurvnhgdvwlflw|/

exw lw kdv ehhq plvvshfl�hg/ wkh hvwlpdwhv duh vwloo frqvlvwhqw1 Wkh pdlq frqglwlrq iru wklv wr eh

wkh fdvh lv wkdw wkh yduldqfh fryduldqfh pdwulfhv vwloo kdyh wr vdwlvi| wkh udqn frqglwlrq1

Wklv phwkrgrorj| lv dssolhg wr phdvxuh frqwdjlrq dfurvv vryhuhljq erqgv ehwzhhq Dujhqwlqd

dqg Ph{lfr1 Wkh hvwlpdwhv ri wkh vlpxowdqhrxv sdudphwhuv duh vwdeoh wr gl�huhqw gh�qlwlrqv ri wkh

uhjlphv1

MHO Fodvvl�fdwlrq Qxpehuv= F63/ I65/ F43

Nh|zrugv= Lghqwl�fdwlrq Uhvwulfwlrqv/ Vlpxowdqhrxv Htxdwlrqv/ Frqwdjlrq/ Erqg Pdunhw1
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4 Lqwurgxfwlrq

Wkh txhvwlrq ri lghqwl�fdwlrq zkhq wkh prgho lqfoxghv hqgrjhqrxv yduldeohv kdv ehhq vwxglhg iru

vhyhudo ghfdghv qrz14 Wkh sureohp fdq eh ryhuvlpsol�hg wr rqh lq zklfk wkh sdudphwhuv ri lqwhu0

hvw +xqnqrzqv, ehorqj wr d v|vwhp ri vlpxowdqhrxv htxdwlrqv +vwuxfwxudo irup,1 Wkh sdudphwhuv

pxvw eh uhfryhuhg iurp d olqhdu wudqvirupdwlrq ri wkh v|vwhp nqrzq dv wkh �uhgxfhg irup�1 Wkh

qxpehu ri htxdwlrqv rewdlqhg iurp wkh uhgxfhg irup/ krzhyhu/ lv vpdoohu wkdq wkh qxpehu ri xq0

nqrzq sdudphwhuv> dqg wkhuhiruh/ wkh ruljlqdo sdudphwhuv fdqqrw eh uhfryhuhg zlwkrxw dgglwlrqdo

lqirupdwlrq1

Wkh olwhudwxuh kdv vroyhg wkh sureohp e| r�hulqj vxssohphqwdu| frqvwudlqwv1 Vrph ri wkhvh

dvvxpswlrqv duh uhodwlyho| xqfrqwuryhuvldo hvshfldoo| lq pdfurhfrqrplf dssolfdwlrqv/ vxfk dv qru0

pdol}dwlrq dqg lqghshqghqfh ri wkh vwuxfwxudo vkrfnv1 Qrupdol}dwlrq uhihuv wr d fkdqjh lq wkh xqlwv

lq zklfk wkh vkrfnv duh phdvxuhg/ zkloh lqghshqghqw vkrfnv duh zlgho| xwlol}hg lq pdfurhfrqrplf

dssolfdwlrqv zkhq hlwkhu d uhfxuvlyh v|vwhp lv xvhg/ ru wkhuh lv d mxvwli|deoh hfrqrplf lqwhusuhwdwlrq

ri wkh vkrfnv15 Wkhvh wzr dvvxpswlrqv/ krzhyhu/ duh xvxdoo| qrw hqrxjk wr ixoo| vroyh wkh sureohp1

Wkhuhiruh/ wkh olwhudwxuh kdv ghyhorshg ixuwkhu uhvwulfwlrqv/ xvxdoo| sdudphwhu frqvwudlqwv= h{fox0

vlrq/ vljq/ orqj uxq/ dqg uhodwlyh yduldqfh uhvwulfwlrqv1 Wkhvh dvvxpswlrqv kdg suryhq wr eh yhu|

xvhixo lq qxphurxv dssolhg sureohpv1 Rq wkh rwkhu kdqg/ wkhuh duh vhyhudo flufxpvwdqfhv lq zklfk

wkh| duh gl!fxow wr mxvwli|1

Lq wklv sdshu/ L glvfxvv d qhz surfhgxuh wr vroyh wkh lghqwl�fdwlrq sureohp ri hqgrjhqrxv ydul0

deohv1 Wklv uhvwulfwlrq lv edvhg rq khwhurvnhgdvwlflw| ri wkh vwuxfwxudo vkrfnv/ dqg wkh frqglwlrqv lq

zklfk lw fdq eh xvhg duh uhodwlyho| jhqhudo1 Pruhryhu/ dv L glvfxvv odwhu/ wklv lghqwli|lqj uhvwulfwlrq/

lq frqwudvw zlwk wkh wudglwlrqdo dvvxpswlrqv/ lv lqghhg whvwdeoh1

L dsso| wkh phwkrgrorj| wr phdvxuh wkh sursdjdwlrq/ ru �frqwdjlrq�/ ehwzhhq Dujhqwlqhdq dqg

Ph{lfdq Eudg| Erqgv1 Wklv lv d fdvh lq zklfk qrqh ri wkh vwdqgdug dvvxpswlrqv fdq eh ghihqghg/

wkxv ohdylqj wkh sureohp ri lghqwl�fdwlrq xqvroyhg xvlqj wkh wudglwlrqdo whfkqltxhv1 Qrqhwkhohvv/

xvlqj wkh idfw wkdw Eudg| Erqgv h{klelw lpsruwdqw frqglwlrqdo khwhurvnhgdvwlflw|/ lw lv srvvleoh wr

4Vhh Ilvkhu ^4<:9` iru wkh prvw frpsuhkhqvlyh wuhdwphqw ri wkh vxemhfw1 Vhh Kddyhopr ^4<7:` dqg Nrrspdqv/
hw1do1 ^4<83` iru wkh vhplqdo frqwulexwlrqv1

5 Lq jhqhudo/ wklv frqvwudlqw lv lpsrvhg ehfdxvh wkh gh�qlwlrq/ ru wkh hfrqrplf lqwhusuhwdwlrq/ ri wkh vkrfnv lq wkh
vwuxfwxudo htxdwlrqv lpsolhv wkhlu lqghshqghqfh= iru h{dpsoh/ qrplqdo yhuvxv uhdo vkrfnv/ shupdqhqw yhuvxv wudqvlwru|
vkrfnv/ ru vxsso| yhuvxv ghpdqg vkrfnv1
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hvwlpdwh wkh frqwhpsrudqhrxv uhodwlrqvkls1

Wkh sdshu lv rujdql}hg dv iroorzv= Lq vhfwlrq 5/ wkh w|slfdo sureohp ri lghqwl�fdwlrq lv vshfl�hg

dqg wkh qhz lghqwl�fdwlrq dvvxpswlrq lv glvfxvvhg1 Wkh frqglwlrqv xqghu zklfk wkh dvvxpswlrq

fdq eh xvhg duh ghyhorshg1 Dq dssolfdwlrq ri wkh phwkrgrorj| lv lpsohphqwhg wr phdvxuh wkh

sursdjdwlrq ri vkrfnv ehwzhhq vryhuhljq erqgv iurp Dujhqwlqd dqg Ph{lfr1

Lq vhfwlrq 6/ wkh fdvh zkhuh wkhuh duh pruh wkdq wzr uhjlphv lv dqdo|}hg1 Lq jhqhudo/ wkh v|vwhp

lv ryhu lghqwl�hg1 D JPP lqwhusuhwdwlrq ri wkh lghqwl�fdwlrq sureohp lv dgguhvvhg/ dqg wkh h{wud

htxdwlrqv duh xvhg wr whvw vrph ri wkh pdlqwdlqhg dvvxpswlrqv1 Lq wklv vhfwlrq/ wkh wlplqj ri wkh

uhjlphv lv lpsrvhg h{rjhqrxvo|1

Lq vhfwlrq 7/ qhfhvvdu| frqglwlrqv iru lghqwl�fdwlrq duh ghulyhg iru pxowlyduldwh surfhvvhv zlwk

xqrevhuydeoh frpprq vkrfnv1 Wkh suhvhqfh ri xqrevhuydeoh djjuhjdwh vkrfnv lv htxlydohqw wr

uhod{lqj wkh dvvxpswlrq ri lqghshqghqfh ri vwuxfwxudo vkrfnv1 Wkh plqlpxp qxpehu ri fryduldqfh

uhvwulfwlrqv wkdw dfklhyhv lghqwl�fdwlrq lv glvfxvvhg1 Lq wklv vhfwlrq/ rqo| wkh rughu frqglwlrq lv

dqdo|}hg1

Lq vhfwlrq 8/ wkh txhvwlrq ri frqvlvwhqf| xqghu plvvshfl�fdwlrq ri wkh khwhurvnhgdvwlflw| lv

vwxglhg1 Wkuhh fdvhv duh ghyhorshg= �uvw/ zkhq wkh qxpehu ri uhjlphv duh fruuhfwo| vshfl�hg exw

qrw wkh wlplqj ri wkh uhjlphv/ ru zlqgrzv1 Vhfrqg/ zkhq wkh qxpehu ri uhjlphv lv vpdoohu wkdq

wkh dfwxdo qxpehu ri uhjlphv h{klelwhg e| wkh gdwd1 Lq wkhvh wzr fdvhv/ wkh hvwlpdwhv vroyh wkh

vdph v|vwhp ri htxdwlrqv dv zlwk wkh fruuhfwo| vshfl�hg prgho1 Wkhuhiruh/ frqvlvwhqf| lv dvvxuhg

li wkhvh w|shv ri plvvshfl�fdwlrqv rffxu1 Dq dssolfdwlrq ri wzr dowhuqdwlyh surfhgxuhv wr gh�qh wkh

uhjlphv lv kljkoljkwhg1 Wkh hvwlpdwhv duh uhpdundeo| vwdeoh wr dowhuqdwlyh phwkrgrorjlhv gh�qlqj

wkh uhjlphv/ zklfk vkrxog eh h{shfwhg1 Rq wkh rwkhu kdqg/ zkhq wkh gdwd lv krprvnhgdvwlf dqg

wzr ru pruh uhjlphv duh dvvxphg/ wkh hvwlpdwhv duh lqfrqvlvwhqw1 Vlpxodwlrqv duh suhvhqwhg wr

looxvwudwh wkh pdjqlwxgh ri wkh eldv1

Ilqdoo|/ lq vhfwlrq 9/ frqfoxvlrqv dqg h{whqvlrqv duh suhvhqwhg1
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5 Qhz Lghqwl�fdwlrq Surfhgxuh

Wr looxvwudwh wkh sureohp ri lghqwl�fdwlrq dvvxph zh duh lqwhuhvwhg lq hvwlpdwlqj wkh iroorzlqj

v|vwhp ri htxdwlrqv=

s| @ �t| . %|> +4,

t| @ �s| . �|> +5,

zkhuh +4, lv wkh ghpdqg htxdwlrq/ +5, lv wkh vxsso| htxdwlrq/ s| lv wkh revhuyhg sulfh/ t| lv wkh

revhuyhg txdqwlw|/ dqg %| dqg �| duh wkh vwuxfwxudo vkrfnv1 Wkh sdudphwhuv ri lqwhuhvw duh �/ �/

dqg wkh yduldqfhv ri wkh vwuxfwxudo vkrfnv= �20/ �
2
#1 Lq wklv v|vwhp ri htxdwlrqv wzr dvvxpswlrqv/

kdyh ehhq dssolhg> qrupdol}dwlrq6 dqg ruwkrjrqdol}dwlrq ri vwuxfwxudo vkrfnv/ �0# @ 31

Htxdwlrqv +4, dqg +5, fdqqrw eh frqvlvwhqwo| hvwlpdwhg e| ROV ehfdxvh ri vlpxowdqhrxv htxdwlrq

eldv= li � dqg � duh gl�huhqw iurp }hur/ wkhq wkh uljkw kdqg vlgh yduldeohv duh fruuhodwhg zlwk wkh

huuruv lq erwk htxdwlrqv1 Pruhryhu/ zlwkrxw ixuwkhu dvvxpswlrqv wkh sdudphwhuv ri lqwhuhvw fdqqrw

eh frqvlvwhqwo| hvwlpdwhg e| dq| phwkrg1 Lqghhg lq wklv h{dpsoh/ wkh rqo| vwdwlvwlfv wkdw fdq eh

rewdlqhg duh sdudphwhuv ri wkh fryduldqfh pdwul{ ri wkh uhgxfhg irup1 Vroylqj iru s| dqg t| lq

htxdwlrqv +4, dqg +5,=

s| @
4

4� ��
^��| . %|` > +6,

t| @
4

4� ��
^�| . �%|` > +7,

zklfk lpsolhv d fryduldqfh pdwul{/


 @
4

+4� ��,2

5
7 �2�2# . �20 ��2# . ��20

1 �2# . �2�20

6
8 =

Wkh sureohp ri lghqwl�fdwlrq lv wkdw wkh fryduldqfh pdwul{ rqo| surylghv wkuhh htxdwlrqv +wkh

yduldqfh ri s|/ wkh yduldqfh ri t|/ dqg wkh fryduldqfh ehwzhhq s| dqg t|, dqg wkhuh duh irxu xqnqrzqv=

�/ �/ �2#/ �
2
01

6Wkh frh!flhqwv ri R| lq wkh �uvw htxdwlrqv/ dqg ri ^| lq wkh vhfrqg rqh duh htxdo wr rqh1 Wklv dvvxpswlrq lv

lqqrfxrxv lq wkh vhqvh wkdw lw mxvw vhwv wkh xqlwv lq zklfk wkh glvwxuedqfhv duh phdvxuhg1
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Wkh olwhudwxuh kdv vroyhg wklv e| lpsrvlqj dgglwlrqdo sdudphwhu frqvwudlqwv= +l, H{foxvlrq

uhvwulfwlrq1 Wklv dprxqwv wr lpsrvlqj hlwkhu � @ 3/ ru � @ 317 +ll, Vljq uhvwulfwlrqv1 Wkh

lpsrvlwlrq ri wkh vljq rq wkh vorshv ri wkh vwuxfwxudo htxdwlrqv fdq dfklhyh sduwldo lghqwl�fdwlrq

ehfdxvh wkh wzr lqhtxdolwlhv lpso| d uhjlrq ri dgplvvleoh sdudphwhuv18 +lll, Orqj uxq frqvwudlqwv1

Zkhq wkh vwuxfwxudo irup lqfoxghv odjjhg ghshqghqw yduldeohv/ lw lv srvvleoh wr frqvwudlq wkh orqj

uxq ehkdylru ri d sduwlfxodu vkrfn1 Wklv dvvxpswlrq lv htxlydohqw wr lpsrvlqj wkdw wkh vxp ri vrph

ri wkh odj frh!flhqwv lv htxdo wr }hur19 +ly, Ilqdoo|/ frqvwudlqwv rq wkh yduldqfhv/ iru h{dpsoh wkdw

�2#@�
2
0 lv htxdo wr vrph frqvwdqw1

Wkhvh uhvwulfwlrqv kdyh suryhq wr eh yhu| xvhixo lq vhyhudo dssolfdwlrqv1 Krzhyhu/ wkhuh duh

lpsruwdqw hfrqrplf sureohpv lq zklfk qrq ri wkhp fdq eh mxvwl�hg1

Wkh sxusrvh ri wklv vhfwlrq lv wr r�hu d qhz lghqwl�fdwlrq phwkrg wkdw lv edvhg rq khwhurvnhgdv0

wlflw|/ dqg wkh wzr vwdqgdug dvvxpswlrqv ri qrupdol}dwlrq dqg lqghshqghqfh ri wkh vwuxfwxudo

vkrfnv1 Khuh/ L glvfxvv wkh fdvh lq zklfk wkh khwhurvnhgdvwlflw| fdq eh ghvfulehg dv wzr uhjlphv/

dqg lq wkh iroorzlqj vhfwlrqv/ L vwxg| ixuwkhu jhqhudol}dwlrqv1

514 Lghqwl�fdwlrq xqghu wzr uhjlphv1

Wkh pdlqwdlqhg dvvxpswlrqv duh wkh iroorzlqj= +l, wkh gdwd h{klelwv wzr uhjlphv lq wkh vhfrqg

prphqwv> +ll, lw lv nqrzq zkhq wkh vkliw ehwzhhq wkh uhjlphv rffxuv> +lll, wkh sdudphwhuv +� dqg

�, duh vwdeoh wkurxjk rxw wkh wzr uhjlphv> +ly, dqg doo yduldqfhv duh �qlwh1 Dgglwlrqdoo|/ zlwkrxw

orvv ri jhqhudolw|/ dvvxph wkdw wkh �uvw prphqwv duh htxdo wr }hur1 Dvvxpswlrqv +lll, dqg +ly, duh

vwdqgdug lq pdfur0dssolfdwlrqv zkhuh wudglwlrqdo lghqwl�fdwlrq uhvwulfwlrqv duh xvhg1 Dvvxpswlrqv

+l, dqg +ll, vwdwh wkdw wkh gdwd lv khwhurvnhgdvwlf dqg wkdw lwv irup lv nqrzq1:

Xqghu wkhvh dvvxpswlrqv lw lv srvvleoh wr hvwlpdwh wzr fryduldqfh pdwulfhv/ rqh iru hdfk uhjlph1

7Whfkqlfdoo| wklv lv lpsohphqwhg dv d Fkrohvn| ghfrpsrvlwlrq ri wkh yduldqfh fryduldqfh pdwul{1 Wklv uhvwulfwlrq

kdv ehhq xvhg lq vhyhudo dssolfdwlrqv/ vshfldoo| lq wkh phdvxuhphqw ri wkh wudqvplvvlrq ri prqhwdu| srolf| lq XV1

Wkh uhvwulfwlrq/ krzhyhu/ lv dvvxplqj wkh sureohp ri vlpxowdqhrxv htxdwlrqv dzd|> li dq| ri wkh frqwhpsrudqhrxv

sdudphwhuv lv }hur wkhq wkhuh lv qr sureohp ri hqgrjhqrxv eldv/ dqg wkh hvwlpdwlrq frxog kdyh ehhq grqh e| ROV lq

wkh vwuxfwxudo htxdwlrqv1 Flufxpvwdqfhv lq zklfk wklv dvvxpswlrq fdq eh xvhg duh/ wkhuhiruh/ olplwhg1
8Hyhq wkrxjk d xqltxh hvwlpdwh fdqqrw eh rewdlqhg/ dw ohdvw dq dgplvvleoh lqwhuydo lv ghulyhg1 Vhh Ilvkhu ^4<:9`1
9 Li lw lv nqrzq wkdw rqh vkrfn grhv qrw kdyh shupdqhqw h�hfwv/ wkhq xqghu vrph frqglwlrqv/ lw lv srvvleoh wr

rewdlq lghqwl�fdwlrq1 Iru h{dpsoh/ dvvxph wkdw qrplqdo vkrfnv duh vkruw olyhg/ zkloh uhdo vkrfnv duh shupdqhqw1
Lpsrvlqj wklv frqvwudlqw Eodqfkdug dqg Txdk ^4<;<` dqg Vkdslur dqg Zdwvrq ^4<;;` zhuh deoh wr hvwlpdwh wkh h�hfwv
ri djjuhjdwh vkrfnv rq djjuhjdwh dfwlylw| dqg xqhpsor|phqw1

:Wkhvh dvvxpswlrqv duh uhod{hg lq wkh iroorzlqj vhfwlrqv1
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Ghqrwh wkh uhjlphv dv v 5 i4> 5j/ dqg gh�qh wkh yduldqfhv ri wkh vwuxfwxudo vkrfnv lq uhjlph v dv

�0cr dqg �#cr/ wkhq wkh fryduldqfh pdwulfhv ri wkh uhgxfhg irup duh/


r �

5
7 $��cr $�2cr

$22cr

6
8 @

4

+4� ��,2

5
7 �2�2

#cr
. �2

0cr
��2

#cr
. ��2

0cr

1 �2
#cr . �2�20cr

6
8 > v 5 i4> 5j +8,

zkhuh 
r lqglfdwhv wkh fryduldqfh pdwul{ ri wkh uhjlph v1

Lq wklv qhz v|vwhp ri htxdwlrqv wkhuh duh vl{ xqnqrzqv= �/ �/ �2
#c�

/ �2
0c�
/ �2

#c2
/ dqg �2

0c2
1 Exw

wkh wzr fryduldqfh pdwulfhv surylgh vl{ htxdwlrqv1 Wkhuhiruh/ wklv lv d qrq olqhdu v|vwhp zlwk

vl{ htxdwlrqv dqg vl{ xqnqrzqv/ dqg li qrw vlqjxodu wkhq wkh v|vwhp lv lghqwl�hg1; Qrwh wkdw qr

dgglwlrqdo dvvxpswlrq lv uhtxluhg wr lghqwli| wkh vwuxfwxudo irup> wkhuh duh qr sdudphwhu uhvwulfwlrqv/

rwkhu wkdq wkh vwdelolw| ri wkh frh!flhqwv1

Wklv lghqwl�fdwlrq dvvxpswlrq lv lq vrph zd|v pruh jhqhudo wkdq wkh vwdqgdug uhvwulfwlrqv xvhg

lq wkh olwhudwxuh1 Wkh wudglwlrqdo uhvwulfwlrqv uhtxluh dvvxpswlrqv wkdw kdyh wr eh hfrqrplfdoo|

mxvwl�hg1 Lq vrph flufxpvwdqfhv/ wkrvh h{sodqdwlrqv duh qrw hqwluho| frqylqflqj dqg fdqqrw eh

whvwhg1 Rq wkh rwkhu kdqg/ wkh suhvhqfh ri khwhurvnhgdvwlflw| lq wkh vwuxfwxudo vkrfnv/ fdq eh

whvwhg rq wkh uhgxfhg irup xvlqj vwdqgdug whfkqltxhv1 Dq dowhuqdwlyh lqwhusuhwdwlrq/ lv wkdw wklv

surfhgxuh dvvxuhv lghqwl�fdwlrq rq wkh dowhuqdwlyh k|srwkhvlv wkdw khwhurvnhgdvwlflw| h{lvwv/ exw

qrw xqghu wkh qxoo1< Wkh dvvxpswlrq rq wkh vwdelolw| ri wkh sdudphwhuv fdqqrw eh whvwhg lq wklv

fdvh/ exw dv glvfxvvhg lq vhfwlrq 6/ zkhq wkhuh duh pruh wkdq wzr uhjlphv/ hyhq wklv dvvxpswlrq

fdq eh whvwhg1

51414 Frqglwlrqv iru lghqwl�fdwlrq

Diwhu vroylqj iru wkh yduldqfhv lq htxdwlrqv +8,/ � dqg � vdwlvi| wkh iroorzlqj qrq0olqhdu v|vwhp ri

htxdwlrqv=

� @
$�2cr � � � $��cr

$22cr � � � $�2cr

> v 5 i4> 5j = +9,

;Qrq olqhdu v|vwhpv/ lq jhqhudo/ fdq kdyh pruh wkdq rqh vroxwlrq1 Krzhyhu/ ehfdxvh wkh pdwulfhv wkdw duh lqyroyhg
duh srvlwlyh vhpl gh�qlwh lw lv wkh fdvh wkdw dozd|v wkhuh duh wzr vroxwlrqv wr wkh v|vwhp1 Rqh lv wkh prgho dv lq
htxdwlrqv +4, dqg+5,1 Wkh vhfrqg vroxwlrq lv vroylqj iru ^| lq htxdwlrq +4,/ dqg vroylqj iru R| lv htxdwlrq +5,1

<D Ed|hvldq dssurdfk wr lghqwl�fdwlrq fdq eh dovr xvhg/ zkhuh wkh uhvhdufkhu fdq kdyh d sulru derxw wkh h{lvwhqfh
ri khwhurvnhgdvwlflw| lq wkh gdwd1

8



Diwhu ixuwkhu dojheud � vroyhv wkh txdgudwlf htxdwlrq=

^$��c�$�2c2 � $�2c�$��c2`�
2 � ^$��c�$22c2 � $22c�$��c2`�. ^$�2c�$22c2 � $22c�$�2c2` @ 3 +:,

Wkhuh duh wzr vroxwlrqv wr wkh txdgudwlf htxdwlrq1 Lw lv hdv| wr vkrz wkdw li �/ � lv d vroxwlrq wr

wkh v|vwhp ri htxdwlrqv/ wkhq �W @ 4@�/ �W @ 4@�/ lv wkh rwkhu vroxwlrq1 Lqghhg/ wkh vroxwlrqv

duh wkh wzr srvvleoh zd|v lq zklfk wkh vwuxfwxudo irup fdq eh zulwwhq143 Wkxv/ wkhlu vwuxfwxudo

lqwhusuhwdwlrqv duh wkh vdph1

Iru wkh sxusrvh ri lqihuhqfh lq wklv sdshu/ wkh vpdoo vdpsoh glvwulexwlrqv ri � dqg � duh ghulyhg

e| errwvwudsslqj wdnhq dv jlyhq wkh dv|pswrwlf glvwulexwlrqv ri wkh fryduldqfh pdwulfhv1 Wkh

iroorzlqj sursrvlwlrq vxppdul}hv wkh frqglwlrqv xqghu zklfk � dqg � duh lghqwl�hg1

Sursrvlwlrq 4 Ohw s| dqg t| eh ghvfulehg e| htxdwlrqv +4, dqg +5,/ zkhuh wkh sdudphwhuv +� dqg

�, ghwhuplqlqj wkh odz ri prwlrq duh vwdeoh wkurxjk rxw doo uhdol}dwlrqv/ dqg zkhuh wkh glvwxuedqfhv

h{klelw khwhurvnhgdvwlflw| wkdw fdq eh ghvfulehg zlwk wzr uhjlphv1

Wkhq/ li wkh fryduldqfh pdwulfhv vdwlvi|

ghw

�
�
�
�

2 �

z��c2

z��c�


�

�
�
�
�
9@ 3 +;,

wkh vwuxfwxudo irup lv mxvw lghqwl�hg1

Htxdwlrq +;, lv htxlydohqw wr

z��c�z�2c2 �z��c2z�2c� 9@ 3 +<,

Frqglwlrqv +;, ru +<, duh vlplodu wr whvwlqj wkh udqn frqglwlrq zkhq wkh rughu frqglwlrq kdv

ehhq vdwlv�hg144 Wkh h{lvwhqfh ri khwhurvnhgdvwlflw| surylghv wkh rughu frqglwlrq/ dqg ehfdxvh wkh

v|vwhp lv qrq0olqhdu/ wkh udqn frqglwlrq wdnhv wkh irup ri htxdwlrq +;,1 Hyhq wkrxjk frqglwlrq

43Rqh lv jlyhq e| htxdwlrqv +4, dqg +5,/ dqg wkh vhfrqg rqh lv jlyhq e| vroylqj iru ^| lq +4, dqg e| vroylqj iru R|

lq +5,1
44 Lq wkh vwdqgdug olqhdu sureohp/ wkh rughu frqglwlrq lqglfdwhv wkdw wkh qxpehu ri htxdwlrqv kdv wr eh dw ohdvw wkh

qxpehu ri xqnqrzqv1 Wkh udqn frqglwlrq uhtxluhv wkdw wkh qxpehu ri olqhduo| lqghshqghqw htxdwlrqv kdv wr eh htxdo
wr wkh qxpehu ri xqnqrzqv1 Lq sudfwlfh/ wklv lv grqh e| frpsxwlqj wkh udqn ri wkh pdwul{1 Lq wklv fdvh/ ehfdxvh wkh
v|vwhp lv qrq0olqhdu wkh frqglwlrq lv vrphzkdw pruh frpsolfdwhg1
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+;, lv qrw irupdoo| d udqn frqglwlrq/ L xvh wklv qdph ehfdxvh lwv forvh sdudooho zlwk wkh wudglwlrqdo

olwhudwxuh rq lghqwl�fdwlrq1 Iurp qrz rq L uhihu wr wklv frqvwudlqw dv hlwkhu wkh �udqn frqglwlrq�

ru dv wkh �fryduldqfh ri wkh zhljkwhg gl�huhqfh�1

Surri1 Lghqwl�fdwlrq lv qrw dfklhyhg rqo| zkhq htxdwlrq +:, kdv qr uhdo vroxwlrqv/ ru lw kdv

lq�qlwh vroxwlrqv1

D uhdo vroxwlrq uhtxluhv

^$��c�$22c2 � $22c�$��c2`
2
� 7 ^$��c�$�2c2 � $�2c�$��c2` ^$�2c�$22c2 � $22c�$�2c2` A 3

Diwhu vrph dojud wklv lv htxdo wr

�
$2

��c2
$2

22c2

�
^��� � �22`

2
�

�
5$��c2$22c2$

2

�2c2

�
^5 +��� � ��2, +��2 � �22,` A 3

zkhuh ��� @
/��c�

/��c2
> ��2 @

/�2c�

/�2c2
> dqg �22 @

/22c�

/22c2
1 Wklv lqhtxdolw| lv srvlwlyh li erwk ri wkh iroorzlqj

lqhtxdolwlhv duh vdwlv�hg

�
$2

��c2
$2

22c2

�
�

�
5$��c2$22c2$

2

�2c2

�
A 3

^��� � �22`
2
� ^5 +��� � ��2, +��2 � �22,` A 3

Wkh �uvw rqh lv vdwlv�hg ehfdxvh wkh srvlwlyh gh�qlwh surshuwlhv ri wkh fryduldqfh pdwul{= $��c2$22c2

�
$��c2$22c2 � 5

31 Wkh vhfrqg lqhtxdolw| lv/ diwhu vrph dojheud/ htxdo wr

^��� � ��2`
2 . ^�22 � ��2`

2
A 3

zklfk lv dozd|v srvlwlyh1 Wkhuhiruh/ li wkh frh!flhqwv lq wkh txdgudwlf htxdwlrq duh gl�huhqw iurp

}hur/ wkhq wkh wzr urrwv duh uhdo1

Wkh odvw uhtxluhphqw lv wr vkrz zkhq wkh txdgudwlf htxdwlrq grhv qrw kdyh lq�qlwh vroxwlrqv1

Wklv qhhgv wkdw hlwkhu $��c�$22c2 � $22c�$��c2 9@ 3/ ru $��c�$�2c2 � $�2c�$��c2 9@ 31 Jlyhq wkh prgho

jhqhudwlqj wkh gdwd/ wkhvh wzr dvvxpswlrqv duh qrw vdwlv�hg li wkh khwhurvnhgdvwlflw| lpsolhv d

sursruwlrqdo fkdqjh ri erwk vwuxfwxudo vkrfnv yduldqfhv1 Lq rwkhu zrugv/ zkhq 
2 @ d
�/ iru vrph

vfdodu d1 Wklv lv wkh rqo| fdvh lq zklfk wkh vroxwlrq wr wkh txdgudwlf htxdwlrq +:, kdv lq�qlwh

:



vroxwlrqv1

Qrwh wkdw li 
2 @ d
� wkhq ghw ^
2 � d
�` @ 3/ zklfk fdq eh whvwhg e| frpsxwlqj zkhwkhu ru

qrw ghw
k

2 �

/��c2

/��c�

�

l
q
@ 31 E| frqvwuxfwlrq wklv lv htxlydohqw wr dvnlqj li wkh fryduldqfh ri wkh

qrupdol}hg gl�huhqfh lv htxdo wr }hur= $��c�$�2c2 � $��c2$�2c�

q
@ 31 Wkh dv|pswrwlf surshuwlhv ri

wklv vwdwlvwlf duh ehwwhu ehkdyhg wkdq wkh rqh iurp wkh ghwhuplqdqw/ dqg lq wkh hpslulfdo vhfwlrq

wklv lv zkdw lv lpsohphqwhg1

Lq frqfoxvlrq/ wkh lghqwl�fdwlrq lv ydolg li wkh uhodwlyh lpsruwdqfh ri wkh vkrfnv fkdqjhv dfurvv

wkh uhjlphv1 Wklv lv wkh fdvh/ iru h{dpsoh/ ri doprvw doo pdfur0dssolfdwlrqv zkhuh DUFK ru JDUFK

prghov duh xvhg1

Wkh lqwxlwlrq ri zk| lghqwl�fdwlrq lv dfklhyhg lv wkh iroorzlqj= wkh khwhurvnhgdvwlflw| fkdqjhv

wkh uhjlrq lq zklfk wkh huuruv duh glvwulexwhg/ dqg zkhq wkh sdudphwhuv duh vwdeoh lw hqodujhv dorqj

wkh vwuxfwxudo htxdwlrqv wkh hoolsvh lq zklfk wkh uhdol}dwlrqv duh glvwulexwhg1

Wkh vlpsohvw lqwxlwlrq fdq eh ghyhorshg e| �uvw dqdo|}lqj wkh fdvh lq zklfk wkh yduldqfh fkdqjhv

iru rqh vkrfn1 Dvvxph wkdw lw lv nqrzq wkdw dw vrph srlqw lq wlph wkhuh lv dq lqfuhdvh lq wkh yduldqfh

ri wkh vxsso| vkrfnv1 Gxulqj wkdw shulrg/ wkh �forxg� ri uhdol}dwlrqv lv jrlqj wr zlghq dorqj wkh

ghpdqg fxuyh dv lv ghslfwhg lq �jxuh 41 Frpsdulqj krz wkh hoolsvh ri wkh uhdol}dwlrqv kdv fkdqjhg

dfurvv wkh wzr vdpsohv doorzv rqh wr ghwhuplqh wkh vorsh ri wkh ghpdqg fxuyh1 Lq wklv sduwlfxodu

fdvh/ ehfdxvh lw kdv ehhq dvvxphg wkdw wkh vwuxfwxudo vkrfnv duh lqghshqghqw/ wkhq wklv lv hqrxjk

wr hvwlpdwh wkh vorsh ri wkh vxsso| fxuyh1

Pruhryhu/ wklv h{sodqdwlrq kdv dq lqvwuxphqwdo yduldeoh lqwhusuhwdwlrq1 Wkh khwhurvnhgdvwlflw|

gxulqj shulrgv ri kljk yrodwlolw|/ lqfuhdvhv wkh olnholkrrg wkdw wkh vxsso| vfkhgxoh vkliwv iuhtxhqwo|1

Wkxv/ lw lv htxlydohqw wr d suredelolvwlf lqvwuxphqw wkdw lv �prylqj� wkh vxsso| htxdwlrq145

Ilqdoo|/ zkhq erwk yduldqfhv vkliw/ wkhq wkhuh lv dq h{sdqvlrq dorqj erwk vfkhgxohv1 Li wkh

uhodwlyh lpsruwdqfh ri vkrfnv uhpdlqv wkh vdph/ wkhq wkh wzr hoolsvhv duh sursruwlrqdo dqg qr

dgglwlrqdo lqirupdwlrq lv rewdlqhg iurp wkh khwhurvnhgdvwlflw|/ rwkhu wkdq wkh pdjqlwxgh ri wkh

vkliw1 Rq wkh frqwudu|/ li wkh uhodwlyh lpsruwdqfh ri wkh vkrfnv fkdqjhv/ wkhq wkh hoolsvh zlghqv

pruh dorqj rqh ri wkh vfkhgxohv wkdq wkh rwkhu dqg wkh sureohp lv vroyhg dv ehiruh1

^Iljxuh 4 khuh`

45 Lq dq hduolhu sdshu/ L xvhg d vlplodu surfhgxuh +rqo| rqh yduldqfh fkdqjhv, wr whvw iru wkh vwdelolw| ri wkh
sdudphwhuv1 L lpsohphqw wkh whvw xvlqj dq Lqvwuxphqwdo Yduldeoh phwkrgrorj|1 Vhh Uljrerq ^4<<<`1

;



Wkh iroorzlqj wkuhh uhpdunv duh lq rughu=

Uhpdun 4 Lw lv qrw qhfhvvdu| wr nqrz zklfk vkrfnv ehfrphv pruh lpsruwdqw dfurvv wkh uhjlphv1

Wkh idfw wkdw wkhuh lv fkdqjh lv hqrxjk1

Wkh surri ri sursrvlwlrq 4 rqo| uhtxluhv wkh yduldqfhv wr vkliw/ qrw wkh nqrzohgjh ri wkh gluhfwlrq

ri wkh vkliwv1

Uhpdun 5 Wkh dvvxpswlrq ri nqrzlqj zkhq wkh uhjlph vkliw rffxuv fdq eh uhod{hg1 Wkh wzr

fryduldqfh pdwulfhv fdq eh hvwlpdwhg e| lpsohphqwlqj d uhjlph vkliw uhjuhvvlrq dv lq Kdplowrq

^4<<3`1

Iluvw/ wr rewdlq lghqwl�fdwlrq qr dvvxpswlrq derxw wkh uhodwlrqvkls ehwzhhq wkh wzr fryduldqfh

pdwulfhv zdv lpsrvhg1 Li wkh fryduldqfhv duh fruuhodwhg dfurvv wkh uhjlphv/ exw vdwlvi| frqglwlrq

+;, wkhq wkh| vwloo surylgh hqrxjk htxdwlrqv iru lghqwl�fdwlrq1 Lq vhfwlrq 8 wkh lvvxh ri frqvlvwhqf|

zkhq wkh khwhurvnhgdvwlflw| lv plvvshfl�hg lv dgguhvvhg/ dqg lq vhfwlrq 817 d pdunry vzlwfklqj

uhjlph lv xvhg wr hvwlpdwh wkh kljk dqg orz yduldqfh uhjlphv1

Vhfrqg/ qrwh wkdw lghqwl�fdwlrq lv dfklhyhg rqo| xqghu wkh dowhuqdwlyh k|srwkhvlv> li wkhuh lv qr

khwhurvnhgdvwlflw| +wkh qxoo k|srwkhvlv, wkhuh lv rqo| rqh uhjlph/ dqg wkhuh lv qr lghqwl�fdwlrq1

Uhpdun 6 Wkh dvvxpswlrq wkdw wkh vwuxfwxudo vkrfnv kdyh wr eh lqghshqghqw dfurvv wkh htxdwlrqv

fdq eh uhod{hg/ dqg wkh uhodwlyh lpsruwdqfh dqg wkh wrwdo qhw h�hfw ri wkh vwuxfwxudo vkrfnv fdq vwloo

eh hvwlpdwhg1

Li wkh vwuxfwxudo vkrfnv duh qrw lqghshqghqw/ wkhq wkh| fdq dozd|v eh zulwhq dv iroorzv=

s| @ �t| . %| . ��|>

t| @ �s| . �| . �%|>

<



zkhuh %| dqg �| duh lqghshqghqw1 Wkh uhgxfhg irup lv
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Lq wklv fdvh/ li wkhuh duh rqo| wzr uhjlphv wkh surfhgxuh lghqwl�hv d qrupdol}dwlrq ri F � E3�D1

Wkh qhw h�hfw ri wkh vwuxfwxudo vkrfnv dqg wkh uhodwlyh lpsruwdqfh ri wkh vkrfnv lq hdfk ri wkh

uhjlphv vwloo fdq eh rewdlqhg +�0@�#,r1 Lq wklv h{dpsoh/ wkh sdudphwhuv hvwlpdwhg duh

�� @
4

4 . ��

� . �

4 . ��
/ dqg �2 @

4

4 . ��

�. �

4 . ��

Qrwh wkdw dgglwlrqdo uhjlphv +lq wkh yduldqfh, gr qrw dfklhyh lghqwl�fdwlrq1 Ixuwkhu uhjlphv

rqh jlyh dgglwlrqdo htxdwlrqv wr hvwlpdwh sdudphwhuv �� dqg �21

Wkh vwuxfwxudo sdudphwhuv fdqqrw eh uhfryhuhg zlwkrxw pruh lqirupdwlrq rq krz wkh vwuxfwxudo

vkrfnv duh lqwhuuhodwhg1 Lq vhfwlrq 7/ L uhwxuq wr wkhvh lvvxhv dqg glvfxvv wkh qhfhvvdu| frqglwlrqv

iru lghqwl�fdwlrq zkhq wkhuh duh frpprq djjuhjdwh vkrfnv/ zklfk lv htxlydohqw wr wklv irupxodwlrq1

51415 Uhodwhg olwhudwxuh

Ehiruh xvlqj wkh hvwlpdwru lq dq dssolfdwlrq/ dw wklv wlph lw lv xvhixo wr glvfxvv wkh uhodwlrqvkls

ehwzhhq wkh suhvhqw sdshu dqg wkh fxuuhqw olwhudwxuh rq lghqwl�fdwlrq xvlqj khwhurvnhgdvwlflw|1

D forvho| uhodwhg sdshu lv Nohlq dqg Yhood ^5333e`1 Wkh| glvfxvv wkh sureohp ri lghqwl�fdwlrq

dqg hvwlpdwlrq lq d elqdu| hqgrjhqrxv prgho zkhq h{foxvlrq uhvwulfwlrqv +ru dq| rwkhu sdudphwhu

uhvwulfwlrqv, duh qrw dydlodeoh1 Wkh| vkrz krz wkh suhvhqfh ri khwhurvnhgdvwlflw| dfklhyhv lghqwl�0

fdwlrq1 Wkhlu surfhgxuh grhv qrw uho| rq wkh qrq0olqhdulwlhv ri wkh elqdu| prgho146 Lq idfw/ lq Nohlq

dqg Yhood ^5333d` / wkh| vwxg| wkh fdvh ri wkh wuldqjxodu prgho1 Wkh| hvwlpdwh vhpl0sdudphwulfdoo|

wkh khwhurvnhgdvwlflw| dqg xvh wkh uhvlgxdo iurp wkh vhfrqg htxdwlrq dv dq dgglwlrqdo uhjuhvvru

lq wkh �uvw htxdwlrq dv wkh lqwuxphqw1 Dv lv dujxhg lq vhfwlrq 8/ lq wkh prgho suhvhqwhg lq wklv

46Vhh dovr Ilruhqwlql dqg Vhqwdqd ^4<<<`1
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sdshu lw lv qrw qhfhvvdu| wr hvwlpdwh wkh h{dfw irup ri wkh khwhurvnhgdvwlflw| wr rewdlq frqvlvwhqw

hvwlpdwruv147

Uljrerq ^4<<<` glvfxvvhv sduwldo lghqwl�fdwlrq ri vlpxowdqhrxv htxdwlrq prghov zlwk xqrevhuy0

deoh djjuhjdwh vkrfnv1 Kh lv pruh frqfhuqhg zlwk ghyhorslqj d whvw iru vwdelolw| ri sdudphwhuv

udwkhu wkdq lghqwli|lqj wkh v|vwhp/ dqg klv lghqwl�fdwlrq ghshqgv rq wkh suhvhqfh ri d sduwlfxodu

irup ri wkh khwhurvnhgdvwlflw|1 Uljrerq dvvxphv wkdw lq wkh vkruw uxq rqo| rqh ri wkh yduldqfhv

vkliwv1 Wkh phwkrgrorj| ghyhorshg khuh grhv qrw uhtxluh wklv dvvxpswlrq1

Ilqdoo|/ Vhqwdqd dqg Ilruhqwlql ^4<<<` vwxg| wkh sureohp ri hvwlpdwlrq lq idfwru uhjuhvvlrqv

zkhq wkhuh lv khwhurvnhgdvwlflw|1 Wkh| glvfxvv wkh fdvh lq zklfk wkh v|vwhp lv qrw wuldqjxodu

dqg wkh frqglwlrqv lq zklfk lghqwl�fdwlrq lv dfklhyhg1 Wklv lv htxlydohqw wr vroyh wkh sureohp ri

lghqwl�fdwlrq lq hqgrjhqrxv yduldeohv1

Wkh hvwlpdwlrq surfhgxuhv duh yhu| gl�huhqw dprqj doo wkhvh sdshuv1 Wkh| vkduh/ krzhyhu/ wkh

vdph lqwxlwlrq wr vroyh wkh sureohp ri hqgrjhqrxv yduldeohv> wkh khwhurvnhgdvwlflw| dggv htxdwlrqv

wr wkh v|vwhp1

515 Eudg| Erqgv= Dq h{dpsoh

Lq wklv vhfwlrq/ L hvwlpdwh wkh sursdjdwlrq ri vkrfnv ehwzhhq Ph{lfdq dqg Dujhqwlqhdq vryhuhljq

erqgv1 Wkh gdwd frqvlvwv ri wkh gdlo| Eudg| Erqg uhwxuqv iru Ph{lfr dqg Dujhqwlqd ehwzhhq

Mdqxdu| 4<<7 wr Ghfhpehu 4<<; rewdlqhg iurp wkh Hphujlqj Pdunhwv Erqg Lqgh{ Soxv +HPEL.,

lqgh{ frqvwuxfwhg e| MSPrujdq1 Wkh HPEL. frxqwu| lqgh{hv wudfn wrwdo uhwxuqv iru wudghg h{0

whuqdo ghew lqvwuxphqwv lq hphujlqj pdunhwv1 Wkh lqgh{hv duh frpsxwhg e| vlpxodwlqj kroglqj d

sruwirolr zlwk wkh zhljkwv ghwhuplqhg e| ulvn/ pdunhw fdslwdol}dwlrq/ dqg oltxlglw| frqvlghudwlrqv1

Lw vkrxog eh fohdu wkdw li Ph{lfdq vkrfnv d�hfw Dujhqwlqd +wkurxjk wudgh/ iru h{dpsoh,/ wkhq

Dujhqwlqhdq vkrfnv vkrxog lq xhqfh Ph{lfr1 Wklv phdqv wkdw wkh sulfh ri erwk vryhuhljq erqgv

duh ghwhuplqhg vlpxowdqhrxvo|1 Wkh wzr vwdqgdug dvvxpswlrqv ri qrupdol}dwlrq dqg lqghshqghqfh

ri wkh vwuxfwxudo vkrfnv/ duh uhodwlyho| hdv| wr mxvwli|= wkh lglrv|qfudwlf vkrfnv wr hdfk frxqwu|

+hohfwlrqv/ vrfldo ghprqvwudwlrqv/ qdwxudo glvdvwhuv/ hwf1, fdq eh frqvlghuhg lqghshqghqw1 Wkh

rwkhu wudglwlrqdo lghqwl�fdwlrq dvvxpswlrqv/ krzhyhu/ duh gl!fxow wr ghihqg= +l, lw lv qrw uhdvrqdeoh

47Vhh dovr Fkhq dqg Nkdq ^4<<<` iru d jhqhudo vroxwlrq ri wkh sureohp ri lghqwl�fdwlrq lq vdpsoh vhohfwlrq prgho
zkhq wkh gdwd h{klelwv khwhurvnhgdvwlflw|1
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wr dvvxph h{foxvlrq uhvwulfwlrqv lq rqh gluhfwlrq dqg qrw lq wkh rwkhu rqh/ dv kdv douhdg| ehhq

dujxhg> +ll, qru grhv lw pdnh vhqvh wr dvvxph wkdw rqh wudqvplvvlrq lv srvlwlyh zkloh wkh rwkhu rqh

lv qhjdwlyh +wkxv qr vljq uhvwulfwlrqv fdq eh lpsrvhg,> +lll, wkhuh duh qr jrrg uhdvrqv wr dvvxph

wkdw wkh vkrfnv wr rqh frxqwu| duh pruh shuvlvwhqw wkdq wkh vkrfnv wr wkh rwkhu rqh +wkhuhiruh/ orqj

uxq uhvwulfwlrqv fdq qrw eh hqirufhg,> +ly, dqg �qdoo|/ lw lv gl!fxow wr vxevwdqwldwh dq dvvxpswlrq

derxw wkh uhodwlyh lpsruwdqfh ri lglrv|qfudwlf vkrfnv dfurvv wkh frxqwulhv1 Wklv ohdyhv wkh sureohp

ri lghqwl�fdwlrq xqvroyhg zlwk wkh vwdqgdug whfkqltxhv1

Lq �jxuh 5/ wkh wzr lqgh{hv duh vkrzq1 Dv fdq eh vhhq/ wkh lqgh{hv duh kljko| fruuhodwhg> pruh

wkdq << shufhqw lq ohyhov dqg pruh wkdq ;3 shufhqw lq gdlo| uhwxuqv1

^Iljxuh 5 khuh`

Lq �jxuh 6/ wkh uroolqj yduldqfhv dqg fryduldqfh ri gdlo| uhwxuqv duh vkrzq/ zkhuh d 53 gd|v

uroolqj zlqgrz lv xvhg1 Qrwh wkdw wkh Ph{lfdq fulvlv lpsolhg dq lqfuhdvh lq wkh frqglwlrqdo yduldqfh

ri erwk frxqwulhv e| pruh wkdq 48 wlphv1 Vlploduo| iru wkh Uxvvldq fulvlv1 Wkh Dvldq fulvhv/

wkrxjk/ glg qrw kdyh d odujh lpsdfw rq wkh frqglwlrqdo yduldqfhv1 Wkh lpsruwdqw frqglwlrqdo

khwhurvnhgdvwlflw| suhvhqw lq wkh gdwd judqwv wkh xvh ri wkh surfhgxuh khuh ghvfulehg wr vroyh wkh

sureohp ri lghqwl�fdwlrq1

^Iljxuh 6 khuh`

Dq lpsruwdqw txhvwlrq lq wkh phdvxuhphqw ri wkh sursdjdwlrq ri vkrfnv +ru �frqwdjlrq�, lv wkh

fkrlfh ri wkh iuhtxhqf|148 Lq wkh lqwhuqdwlrqdo �qdqfh olwhudwxuh/ lw kdv ehhq uhshdwhgo| kljkoljkwhg

wkdw frqwdjlrq lv lqghhg d kljk iuhtxhqf| hyhqw1 Wkh XV vwrfn pdunhw froodsvh lq Rfwrehu ri 4<<:

gxulqj wkh Krqj Nrqj fulvlv lv d shuihfw h{dpsoh> wkh vwrfn pdunhw ihow dqg uhfryhuhg lq ohvv wkdq

d zhhn ri wkh lqlwldo vkrfn1 Lq idfw/ lq prvw ri wkh fdvhv/ wkh lpsdfw rffxuv zlwklq wzr zhhnv

dqg xvxdoo| wkh| glvdsshdu diwhu rqh ru wzr txduwhuv149 Pruhryhu/ vkliwv lq wkh vhfrqg prphqwv/

zklfk khuh lv wkh lqvwuxphqw wr lghqwli| wkh v|vwhp/ duh dovr vkruw olyhg +vhh �jxuhv 5 dqg 6,1 Wklv

fdvw lpsruwdqw sureohpv lq wkh hpslulfdo lpsohphqwdwlrq jlyhq wkdw vhyhudo wkhrulhv ri frqwdjlrq

48Vhh Sulvwnhu ^4<<<` iru d vxuyh| rq wkh wkhruhwlfdo olwhudwxuh dqg Iruehv dqg Uljrerq ^4<<<` iru d vxuyh| rq wkh
hpslulfdo olwhudwxuh1

49Wkh orqjhvw lqvwdqfh ri frqwdjlrq zdv wkh Ph{lfdq fulvlv lq 4<<7/ zklfk odvwhg doprvw irxu prqwkv1 Wkh pdlq
uhdvrq iru wkh �wxuexohqfh� lq wklv fdvh/ krzhyhu/ zdv wkh xqfhuwdlqw| durxqg wkh uhvfxh sdfndjh wkdw zdv dqqrxqfhg
lq plg Mdqxdu|/ exw �qdoo| dssuryhg e| wkh frqjuhvv lq Pdufk1
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duh uhodwhg wr pdfur ixqgdphqwdov/ vxfk dv wudgh/ �vfdo srolf|/ hwf1 zklfk duh/ dw ehvw/ phdvxuhg

prqwko|/ dqg lq prvw ri wkh fdvhv txduwhuo|1 Khqfh/ lq sudfwlfh/ d frqwdjlrq hyhqw pljkw rffxu

dqg qr fkdqjh lq pdfur ixqgdphqwdov zhuh dffrxqw iru wkh sursdjdwlrq/ qrw ehfdxvh wkh| glg qrw

rffxu/ exw ehfxdvh wkh| zhuh qrw phdvxuhg1 Wkhuhiruh/ li zh duh xs wr lghqwli| wkh sursdjdwlrq ri

vkrfnv/ rqo| d uhgxfh irup lqwhusuhwdwlrq fdq eh lpsohphqwhg1 Wkh frh!flhqwv iurp zkdw L fdoo wkh

vwuxfwxudo iurp +� dqg �, duh wkh uhvxow ri wkh frpsoh{ wudqvplvvlrq phfkdqlvpv wkdw rffxu ehwzhhq

ixqgdphqwdov dqg pdunhw sduwlflsdqwv h{shfwdwlrqv wkdw xqiruwxqdwho| fdqqrw eh phdvvxuhg dw wkh

revhuyhg iuhtxhqflhv1 Wklv gdwd sureohp grhv qrw suhfoxgh wkh hvwlpdwlrq ri � dqg �1 Lw fkdqjhv

rxu lqwhusuhwdwlrq ri vxfk frh!flhqwv1 Hyhq wkrxjk lq vrph ri wkh vshfl�fdwlrqv L frqwuro iru doo

wkh pdfur ixqgdphqwdov dydlodeoh dw kljk iuhtxhqflhv +gdlo|,> XV lqwhuhvw udwhv/ XV vwrfn pdunhw

uhwxuqv/ h{fkdqjh udwhv ri Ph{lfr dqg Dujhqwlqd/ dqg wkhlu vwrfn pdunhwv/ lw vkrxog eh xqghuvwrrg

wkdw wkh| duh qrw hqrxjk wr ghwhuplqh wkh fkdqqhov wkurxjk zklfk frqwdjlrq lv rshudwlqj1 Lq wklv

sdshu/ L dp frqfhuqhg zlwk kljkoljkwlqj wkh xvh ri wkh phwkrgrorj| iru lghqwl�fdwlrq/ dqg qrw zlwk

wkh vwuxfwxudo lqwhusuhwdwlrq ri wkh frh!flhqwv1 Wkh fkrlfh ri wklv gdwd lv wkuhhirog= +l, ehfdxvh

wkh txhvwlrq ri krz wr phdvxuh frqwdjlrq frqwlqxhv wr eh rshq dqg wklv pljkw eh dq dowhuqdwlyh

surfhgxuh iru lw> +ll, ehfdxvh wkh sureohp ri lghqwl�fdwlrq ri wkh vwuhqjkw ri frqwdjlrq fdqqrw

eh vroyhg zlwk wkh vwdqgdug lghqwl�fdwlrq phwkrgv> +lll, dqg ehfdxvh wkh gdwd h{klelwv lpsruwdqw

frqglwlrqdo khwhurvnhgdvwlflw| wkdw judqwv wkh xvh ri wkh surfhgxuh ghyhorshg khuh1

51514 Hvwlpdwlrq Surfhgxuh

Wkh hvwlpdwlrq surfhgxuh lv wkh iroorzlqj= Iluvw/ d YDU lv uxq wr frqwuro iru odjv dqg frpprq

revhuydeoh vkrfnv/ vxfk dv XV lqwhuhvw udwhv1 Vhfrqg/ wkh uhvlgxdov iurp wkh �uvw vwhs duh xvhg

wr frpsxwh wkh frqwhpsrudqhrxv uhodwlrqvkls ehwzhhq wkh frxqwulhv1 Lv lq wklv vwhs zkhq wkh

gh�qlwlrq ri wkh kljk dqg orz yduldqfh uhjlphv +wkh khwhurvnhgdvwlflw|, lv uhtxluhg wr lghqwli| wkh

v|vwhp1

Wkh iroorzlqj uhgxfhg irup lv hvwlpdwhg �uvw=

;?
=

Duj|

Ph{|

<@
> @ f. ! +O,

;?
=

Duj|

Ph{|

<@
>. !XV| .�+O,

;?
=

XV|

}|

<@
>. �| +43,

zkhuh Duj| dqg Ph{| duh wkh Dujhqwlqhdq dqg Ph{lfdq gdlo| uhwxuqv/ }| duh wkh frxqwu| frqwurov
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+h{fkdqjh udwhv dqg vwrfn pdunhw uhwxuqv ri Ph{lfr dqg Dujhqwlqd,4:/ XV| lv wkh gdlo| uhwxuq rq

kroglqj wkh XV 43 |hduv erqg/ f lv d frqvwdqw/ ! +O, dqg �+O, duh odj rshudwruv +xvxdoo| 8 ru 43

odjv,/ dqg �| uhsuhvhqw wkh uhvlgxdov1 Wkh 43 |hduv erqg lv xvhg jlyhq wkdw wklv lv forvh wr wkh

dyhudjh pdwxulw| ri wkh wzr rxwvwdqglqj Eudg| erqgv1 Vhyhudo vhqvlwlylw| dqdo|vlv zhuh shuiruphg/

dqg fkrrvlqj d gl�huhqw XV erqg glg qrw fkdqjh wkh uhvxowv1

Diwhu uhjuhvvlrq +43, lv hvwlpdwhg/ wkh vhfrqg vwhs lv wr wdnh wkh uhvlgxdov dqg frpsxwh wkhlu

frqwhpsrudqhrxv uhodwlrqvkls1 Xqghu wkh dvvxpswlrq ri hqgrjhqhlw|/ wkh uhvlgxdov duh d olqhdu

frpelqdwlrq ri wkh vwuxfwxudo vkrfnv zklfk fdq eh zulwwhq dv iroorzv=

��c| @
4

4� ��
^��| . %|` >

�2c| @
4

4� ��
^�| . �%|` =

Wr lpsohphqw wkh lghqwl�fdwlrq surfhgxuh/ d kljk dqg orz yduldqfh shulrg kdv wr eh gh�qhg1

Ehfdxvh shulrgv ri fulvlv kdyh ehhq dvvrfldwhg zlwk lqfuhdvhv lq yrodwlolw|/ wklv lv wkh fulwhulrq xvhg

lq wklv vhfwlrq1 Ilyh fdvhv duh vwxglhg= wkh Ph{lfdq fulvlv dorqh/ wkh Dvldq fulvhv/ wkh Ph{lfdq dqg

Dvldq fulvhv wrjhwkhu/ wkh Uxvvldq fulvlv dorqh/ dqg Doo wkuhh uhfhqw fulvhv wrjhwkhu> Ph{lfdq/ Dvldq/

dqg Uxvvldq1

Wkh fulvhv shulrgv duh dv iroorzv= Wkh Ph{lfdq fulvlv vwduwhg lq Ghfhpehu 4</ 4<<7 zkhq wkh

dedqgrqphqw ri wkh �{hg h{fkdqjh udwh rffxuuhg1 Wkh hqg ri wkh fulvlv lv vhw dw Pdufk 64/ 4<<8

zkhq wkh pdunhwv fdophg grzq diwhu wkh XV edlorxw1 Wkh Vrxwk Hdvw Dvldq fulvhv vwduwhg zlwk

wkh vshfxodwlyh dwwdfn djdlqvw Wkdlodqg +Mxqh 34/ 4<<:, dqg hqghg diwhu wkh Nruhdq fulvlv fdophg

grzq dw wkh hqg ri Mdqxdu| 4<<; +Mdqxdu| 64/ 4<<;,1 Ilqdoo|/ wkh Uxvvldq fulvlv vwduwhg zlwk wkh

froodsvh lq wkh erqg pdunhw dw wkh ehjlqqlqj ri Dxjxvw +Dxjxvw 34/ 4<<;, dqg odvwhg xqwlo wkh hqg

ri wkh prqwk +Dxjxvw 64/ 4<<;,1

Wkh vdpsoh iru hdfk h{huflvh lv dv iroorzv= iru wkh Ph{lfdq fulvlv/ wkh vdpsoh uxqv iurp Mdqxdu|

34/ 4<<7 xqwlo Pdufk 64/ 4<<8> iru wkh Dvldq fulvhv wkh vdpsoh vwduwv lq Dsulo 34/ 4<<8 dqg hqgv lq

Mdqxdu| 64/ 4<<;> zkloh iru wkh Uxvvldq fulvlv wkh vdpsoh lv iurp Iheuxdu| 34/ 4<<; xqwlo Ghfhpehu

64/ 4<<;1 L gh�qh wkh wudqtxlo shulrg dv wkh sduw ri wkh vdpsoh wkdw grhv qrw ehorqj wr wkh fulvlv

zlqgrz1

4:Vhqvlwlylw| dqdo|vlv zdv dqdo|}hg e| lqfoxglqj ru qrw wkhvh ixqgdphqwdov dqg wkh uhvxowv uhpdlqhg wkh vdph1
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Wdeoh 4/ suhvhqwv wkh uhvxowv ri hvwlpdwlqj wkh fryduldqfh pdwul{ iru erwk uhjlphv1 Wkh froxpqv

kljkoljkw wkh fulvlv xqghu frqvlghudwlrq1 Wkh �uvw vhw ri wkuhh urzv lqglfdwhv wkh fryduldqfh pdwul{ lq

wkh orz yduldqfh uhjlph> wkh qh{w wkuhh urzv duh wkh fryduldqfh pdwul{ lq wkh kljk yrodwlolw| uhjlph>

dqg wkh erwwrp wkuhh urzv vkrz wkh lqfuhdvh dfurvv wkh wzr uhjlphv1 Qrwh wkdw wkh lqfuhdvh lq wkh

vhfrqg prphqwv lv vl}hdeoh1

Ph{lfr
Ph{lfr Dvld

Ph{lfr Dvld Dvld Uxvvld Uxvvld
Orz Yduldqfh Uhjlph

Yduldqfh Dujhqwlqd
�
u�f

3e
�

319657 31457; 318765 41:;87 31:<56
Fryduldqfh

�
u�f

3e
�

3169:9 313<95 3164<: 413;5: 317:46
Yduldqfh Ph{lfr

�
u�f

3e
�

317446 3145<: 316949 31;753 3178;7
Klj Yduldqfh Uhjlph
Yduldqfh Dujhqwlqd

�
u�f

3e
�

;1<;7: 318<:< 614349 :17879 61875;
Fryduldqfh

�
u�f

3e
�

:15833 317534 51795: 71<;;5 51:533
Yduldqfh Ph{lfr

�
u�f

3e
�

;1<65: 317498 51<:53 619;:6 613945
Fkdqjh
Yduldqfh Dujhqwlqd 47154 71:< 81:4 714; 717:
Fryduldqfh 4<1:5 716: :1:3 7194 81::
Yduldqfh Ph{lfr 541:5 6154 ;155 716; 919;

Wdeoh 4= Fkdqjh lq wkh yduldqfh fryduldqfh pdwul{ gxulqj vhyhudo fulvhv1 H{rjhqrxv fulvlv zlqgrz1

Wkh qh{w vwhs lv wr ghwhuplqh li wkh hvwlpdwhv ri wkh fryduldqfh pdwulfhv vdwlvi| wkh udqn frqgl0

wlrq1 Wdnlqj wkh fkdqjh lq wkh vhfrqg prphqwv dv jlyhq/ wkh glvwulexwlrq ri wkh udqn frqglwlrq lv

rewdlqhg xvlqj d errwvwuds> 4333 vhulhv ri uhvlgxdov duh frpsxwhg xvlqj wkh dv|pswrwlf glvwulexwlrq

ri wkh fryduldqfh pdwulfhv hvwlpdwhg lv wdeoh 414; Iru hdfk uxq/ wkh �fryduldqfh ri wkh zhljkwhg

gl�huhqfh� lv fdofxodwhg1 Wdeoh 5 vxppdul}hv vrph ri wkh vwdwlvwlfv ri wkh errwvwudsshg glvwulexwlrq1

Ph{lfr
Ph{lfr Dvld

Fryduldqfh ri wkh Zhljkwhg Gl�huhqfh Ph{lfr Dvld Dvld Uxvvld Uxvvld
Dyhudjh

�
u�f

3e
�

31538: 31337: 31396: 313855 313943
Vwdqgdug Ghyldwlrq

�
u�f

3e
�

313:89 313365 313477 313677 31346:
Txdvl wbvwdw 51:5 4177 7175 4185 7178
Pdvv ehorz }hur 3133( 3133( 3133( 3133( 3133(

Wdeoh 5= Whvw ri wkh Udqn Frqglwlrq1 H{rjhqrxv fulvlv zlqgrz1

Dv fdq eh vhhq/ li wkh txdvl wbvwdwv duh xvhg +uhphpehu wkdw wkh vpdoo vdpsoh glvwulexwlrqv

duh qrw qrupdo, wkh �fryduldqfh ri wkh zhljkwhg gl�huhqfh� fdqqrw eh uhmhfwhg wr eh htxdo wr }hur

gxulqj Dvld dqg Uxvvld/ hyhq wkrxjk erwk kdyh qr pdvv ehorz }hur1

4;Wkh glvwulexwlrqv ri wkh errwvwudssv duh qrw vkrzq iru euhyhw|1 Wkh uhvxowv duh surylghg xsrq uhtxhvw ru fdq eh
irxqg lq p| zhe sdjh1
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Xvlqj wkh hvwlpdwhg fryduldqfh pdwul{ lq hdfk uhjlph/ hvwlpdwhv ri a� dqg a� vroylqj htxdwlrqv

+9, duh rewdlqhg1 Jlhyhq wkh hfrqrplf lqwhusuhwdwlrq ri wkh frh!flhqwv L wdnh wkh urrwv wkdw lpso|

m��m ? 41 Wkhlu glvwulexwlrq lv rewdlqhg e| wkh vdph errwvwudsslqj shuiruphg ehiruh1 Lq wdeoh 6

wkh uhvxowv duh vkrzq1

Ph{lfr
Ph{lfr Dvld

Ph{lfr Dvld Dvld Uxvvld Uxvvld
	k
Srlqw Hvwlpdwh 31657: 314<44 31646< 31:43< 3163;;
Vwdqgdug Ghyldwlrq 3147:3 313:7: 313:<4 318845 313;:4
Txdvl wbvwdw 5154 5189 61<: 415< 6188
Pdvv ehorz }hur 5193( 3183( 3153( 47193( 3153(

	q
Srlqw Hvwlpdwh 3197:7 3198;9 3197<8 31796: 3197<6
Vwdqgdug Ghyldwlrq 314466 31379; 31393< 31576< 31399<
Txdvl wbvwdw 81:5 4713; 4319: 41<3 <1:3
Pdvv ehorz }hur 3133( 3133( 3133( 8193( 3133(

Wdeoh 6= Hvwlpdwlrq ri wkh vwuxfwxudo sdudphwhuv1 H{rjhqrxv Zlqgrzv1

Jlyhq rxu dvvxpswlrqv/ a� lv wkh sursdjdwlrq iurp Dujhqwlqd wr Ph{lfr dqg a� lv wkh wudqvplvvlrq

iurp Ph{lfr wr Dujhqwlqd1 Wkh hvwlpdwhv duh/ lq prvw fdvhv/ vwdwlvwlfdoo| gl�huhqw iurp }hur/ dqg

uhodwlyho| odujh zklfk phdqv wkdw wkh| duh hfrqrplfdoo| lpsruwdqw14<

Iluvw/ qrwh wkdw frq�uplqj wkh uhvxowv iurp wdeoh 5/ wkh sdudphwhuv hvwlpdwhg gxulqj wkh Uxvvldq

fulvlv duh qrw vljql�fdqwo| gl�huhqw iurp }hur1 Wkh lpsolfdwlrq ri idlolqj wkh udqn frqglwlrq lv wkdw

wkh frq�ghqfh lqwhuydov ri wkh sdudphwhuv vkrxog eh lq�qlwho| zlgh1 Wklv lv ehfdxvh wkhuh h{lvwv

d frqwlqxxp ri vroxwlrqv wr htxdwlrq +:,153 Pruhryhu/ dv fdq eh vhhq/ lw lv qrw wkh fdvh wkdw wkh

frh!flhqw hvwlpdwhg lv forvhu wr }hur/ udwkhu wkdw wkh vwdqgdug ghyldwlrq lv odujh +lq frpsdulvrq wr

wkh hvwlpdwhv lq wkh rwkhu vxevdpsohv,1

Vhfrqg/ wkh hvwlpdwhv duh uhpdundeo| vwdeoh dfurvv vxe0vdpsohv1 L uhwxuq wr wklv srlqw lq wkh

qh{w vhfwlrq zkhuh d Kdxvpdq vshfl�fdwlrq whvw lv lpsohphqwhg1

4<Iru h{dpsoh/ lq rughu wr jlyh vrph lqwxlwlrq ri wkh rughu ri pdjqlwxgh ri wkh frh!flhqwv/ dvvxph wkh wzr
lglrv|qfudwlf vkrfnv kdyh wkh vdph yduldqfh1 Wkhq/ li k ' f��f dqg q ' f��f wkh fruuhodwlrq ehwzhhq wkh wzr sulfhv
zrxog kdyh ehhq 4<1; shufhqw1 Iru wkh hvwlpdwhg ydoxhv ri k ' f��� dqg q ' f�SD wkh fruuhodwlrq lv :;14 shufhqw1

53 L rzh wklv lqwhusuhwdwlrq wr Pdun Zdwvrq1
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6 Lghqwl�fdwlrq xqghu pruh wkdq wzr uhjlphv1

Jhqhudol}dwlrqv ri wkh lghqwl�fdwlrq sureohp wr pruh wkdq wzr uhjlphv vkrxog eh vwudljkw iruzdug1

Iluvw/ L vwxg| wkh fdvh lq zklfk wkhuh duh V uhjlph vkliwv1 Vhfrqg/ L glvfxvv wkh fdvh lq zklfk wkhuh

lv d frqwlqxxp ri vwdwhv/ ru DUFK1 Wklugo|/ L hvwlpdwh wkh Eudg| Erqg h{dpsoh xvlqj irxu uhjlphv1

614 7 uhjlphv1

Zkhq wkh gdwd h{klelwv pxowlsoh uhjlphv/ wkhuh lv d fryduldqfh pdwul{ iru hdfk ri wkhp/ jlylqj ulvh

wr wkh iroorzlqj vhw ri htxdwlrqv=


r �

5
7 $��cr $�2cr

$22cr

6
8 @

4

+4� ��,2

5
7 �2�2

#cr
. �2

0cr
��2

#cr
. ��2

0cr

1 �2
#cr

. �2�2
0cr

6
8 > v 5 i4> ==> Vj +44,

zkhuh wklv v|vwhp kdv 6V htxdwlrqv +rqh fryduldqfh pdwul{ shu uhjlph, dqg 5V . 5 xqnqrzqv= V

wlphv wzr yduldqfhv iru hdfk uhjlph/ soxv wzr sdudphwhuv +� dqg �,1

Iru V odujhu wkdq wzr wkh v|vwhp kdv pruh htxdwlrqv wkdq xqnqrzqv1 Wklv fdq kdyh wkuhh

lqwhusuhwdwlrqv= Iluvwo|/ wkrvh htxdwlrqv fdq eh wkrxjkw dv ryhulghqwli|lqj uhvwulfwlrqv/ dqg wkh

prgho fdq eh whvwhg1 Iru h{dpsoh/ wkh xqghuo|lqj dvvxpswlrq wkdw � dqg � duh vwdeoh wkurxjk

wlph fdq eh whvwhg li dw ohdvw wkuhh uhjlphv duh suhvhqw lq wkh gdwd1

Vhfrqgo|/ lw fdq eh d idfwru uhjuhvvlrq prgho1 Wkh ohiw kdqg vlgh yduldeohv ri htxdwlrqv +44, duh

wkh hvwlpdwhv +ru revhuydeohv,/ wkh yduldqfhv +�2
#cr

dqg �2
0cr
, duh wkh xqrevhuydeoh idfwruv/ dqg wkh

frh!flhqwv duh wkh zhljkwv ru idfwru ordglqjv154/55

Wklugo|/ lw kdv d plqlpxp glvwdqfh lqwhusuhwdwlrq/ hlwkhu dv d QOV ru dv d JPP1 Vroylqj lq

htxdwlrqv +44, iru � dqg �/ wkh vdph uhodwlrqvkls dv htxdwlrq +9, lv rewdlqhg lq hdfk vwdwh1

� @
$�2cr � � � $��cr

$22cr � � � $�2cr

> v 5 i4> ===> Vj +45,

Wkh sdudphwhuv fdq eh hvwlpdwhg dv ri wr uhgxfh wkh glvwdqfh ehwzhhq wkh ohiw kdqg vlgh dqg wkh

54Idfwru dqdo|vlv xvxdoo| dvvxphv wkdw wkh /��cr*v duh lqghshqghqw1 Lw lv xqolnho|/ krzhyhu/ wkdw wklv lv wkh fdvh lq
wklv vhwxs1 Wkhuhiruh surshu fruuhfwlrqv kdyh wr eh wdnhq lqwr frqvlghudwlrq lq wkh hvwlpdwlrq surfhgxuh1

55Vhh Vhqwdqd dqg Ilruhqwlql ^4<<<` iru d glvfxvvlrq ri idfwru uhjuhvvlrq prgho hvwlpdwlrq xqghu khwhurvnhgdvwlflw|1
Wkh| dovr eulh | vwxg| wkh sureohp ri lghqwl�fdwlrq ri wkh idfwru zhljkwv zkhq wkh yduldeohv duh hqgrjhqrxv1

4:



uljkw kdqg vlgh ri htxdwlrq +45, dv d QOV/

[
r

�
� �

$�2cr � � � $��cr

$22cr � � � $�2cr

�2

@ 3> +46,

ru dv JPP/

Hr

�
� �

$�2cr � � � $��cr

$22cr � � � $�2cr

�
@ 3= +47,

Erwk wkh QOV dqg wkh JPP uhtxluh lpsruwdqw dvvxpswlrqv rq wkh lqqrydwlrqv ri wkh v|vwhp ri

htxdwlrqv +44, lq rughu wr dvvxuh wkdw htxdwlrqv +46, ru +47, pdnh hfrqrphwulf vhqvh1

Ilqdoo|/ lw lv srvvleoh wr hvwlpdwh d elyduldwh DUFK ru JDUFK prgho dqg frqvwuxfw d v|vwhp

vlplodu wr +44,/ zkhuh wkhuh lv d vhw ri htxdwlrqv iru hdfk shulrg1

Djdlq/ wklv kdv wkh vdph lqwhusuhwdwlrqv dv ehiruh/ hyhq wkrxjk wkh ryhulghqwl�fdwlrq lqwhusuh0

wdwlrq dvvxphv d yhu| odujh vhw ri frqvwudlqwv wkdw duh qrw lqghshqghqw1 Qrwh wkdw e| frqvwuxfwlrq

wkh revhuydwlrqv duh vhuldoo| fruuhodwhg1

615 Eudg| Erqgv= 7 ' e uhjlphv1

Jrlqj edfn wr wkh Eudg| Erqgv h{dpsoh/ dvvxph wkhuh duh irxu uhjlphv= wkuhh fulvhv dqg rqh

wudqtxlo shulrg1 Wkh vdpsoh shulrg uxqv iurp Mdqxdu| <7 wr Ghfhpehu <;/ wkh fulvhv zlqgrzv

duh gh�qhg dv ehiruh/ dqg wkh wudqtxlo wlph lv wkh uhvw ri wkh vdpsoh1 Lw lv dvvxphg wkdw hdfk

fulvlv frlqflghv zlwk d gl�huhqw uhjlph1 Diwhu uxqqlqj wkh �uvw vwhs/ irxu fryduldqfh pdwulfhv duh

hvwlpdwhg1

Uhjlphv Wudqtxlo Ph{lfr Dvld Uxvvld
Yduldqfh Dujhqwlqd

�
u�f

3e
�

31:<55 ;1<;7: 414835 :17879
Fryduldqfh

�
u�f

3e
�

317:46 :157<< 31:;77 71<;;5
Yduldqfh Ph{lfr

�
u�f

3e
�

3178;7 ;1<65: 319:89 619;:6

Wdeoh 7= Yduldqfh Fryduldqfh Pdwul{ iru doo wkh uhjlphv1

Vlploduo| dv ehiruh/ wkh Ph{lfdq dqg Uxvvldq fulvhv lpso| lpsruwdqw lqfuhdvhv lq wkh vhfrqg

prphqwv/ zkloh wkh Dvldq fulvhv plogo| d�hfwhg wkh fryduldqfh pdwul{1 Pruhryhu/ qrwh wkdw wkh

hvwlpdwhv ri wkh yduldqfhv duh vlplodu wr wkrvh rewdlqhg lq wkh suhylrxv vhfwlrq1

Wkh irxu fryduldqfh pdwulfhv surylgh pruh htxdwlrqv wkdq xqnqrzqv dqg wkh sdudphwhuv duh

hvwlpdwhg xvlqj wkh JPP dssurdfk1 Wkh glvwulexwlrq ri a� dqg a� duh rewdlqhg e| errwvwudsslqj

4;



dv ehiruh1 Lq wdeoh 8 wkh uhvxowv duh vxppdul}hg1

	k 	q
Srlqw Hvwlpdwh 3164:678 3196<6;6
Vwdqgdug Ghyldwlrq 314<4< 313;8;
Txdvl wbvwdw 4198 :185
Pdvv ehorz }hur 8193( 3153(

Wdeoh 8= Vxppdu| vwdwlvwlfv ri wkh errwvwudsshg glvwulexwlrq1

Qrwh wkdw wkh hvwlpdwhv duh forvh wr wkrvh rewdlqhg lq wkh suhylrxv vhfwlrq1 Pruhryhu/ lw lv

qrw srvvleoh wr uhmhfw wkh k|srwkhvlv wkdw wkh sdudphwhuv duh wkh vdph ehwzhhq wkhvh rqhv dqg doo

suhylrxv �yh h{huflvhv1 Wklv lv d Kdxvpdq Vshfl�fdwlrq Whvw dqg lwv uhvxowv duh suhvhqwhg lq wdeoh

91

k q
Gl�huhqfh Vwg1 Ghyldwlrq Gl�huhqfh Vwg1 Ghyldwlrq

Ph{lfr 3133<34; 31456379 313389<7 313;89;5
Dvld 314578;9 314:98:8 31349<38 3138:799
Ph{lfr0Dvld 31334:98 314:798: 3133:;66 31375553
Uxvvld 316<85;; 31849::9 314:;359 315656;3
Doo 31339;46 314:3:;7 3133:966 31364:89

Wdeoh 9= Vshfl�fdwlrq whvwv1

Wkhuh lv qr vlqjoh fdvh lq zklfk wkh whvw lv uhmhfwhg1

Lpsolflwo|/ wklv lv d whvw rq wkh vwdelolw| ri � dqg �1 Dv lv glvfxvvhg lq vhfwlrq 8 wkh hvwlpdwhv

duh frqvlvwhqw wr plvvshfl�fdwlrq ri wkh khwhurvnhgdvwlflw|1 Wkhuhiruh/ lw vkrxog eh h{shfwhg wkdw

wkh hvwlpdwhv xvlqj wzr ru irxu uhjlphv duh frqvlvwhqw li wkh rqo| gl�huhqfh lq wkh vdpsohv lv wkh

vshfl�fdwlrq ri wkh khwhurvnhgdvwlflw|1 Krzhyhu/ li � ru � duh qrw vwdeoh dfurvv fulvhv/ wkhq wkh

vkruwhu vdpsoh uhjuhvvlrqv +wkrvh iurp wkh suhylrxv vhfwlrq, duh frqvlvwhqw/ exw wkh rqhv xvlqj wkh

zkroh vdpsoh duh qrw1 Xqghu wklv vhwxs/ wkh hvwlpdwhv xvlqj wkh zkroh vdpsoh dqg 7 uhjlphv duh

h!flhqw dqg frqvlvwhqw xqghu wkh qxoo/ exw lqfrqvlvwhqw li � ru � vkliw1 Rq wkh rwkhu kdqg/ wkh

vkruwhu uhjuhvvlrqv xvlqj rqo| wzr uhjlphv duh frqvlvwhqw lq erwk k|srwkhvlv1 Qrwh wkdw wkh whvw

rq wkh vwdelolw| ri � dqg � lv ehwzhhq fulvhv dqg qrw ehwzhhq wudqtxlo dqg fulvlv shulrgv1 Wklv

frqwlqxhv wr eh d pdlqwdlqhg dvvxpswlrq1

7 Djjuhjdwh vkrfnv

Lq wkh suhylrxv vhfwlrqv/ wkh vwrfkdvwlf surfhvv lv elyduldwh dqg wkhuh duh qr frpprq vkrfnv1 Lq

wklv vhfwlrq/ L uhod{ wklv dvvxpswlrq dqg glvfxvv wkh qhfhvvdu| frqglwlrqv wr dfklhyh lghqwl�fdwlrq1

4<



L frqwlqxh wr dvvxph qrupdol}dwlrq ri doo vwuxfwxudo vkrfnv dqg djjuhjdwh vkrfnv/ dv zhoo dv wkhlu

lqghshqghqfh1 Prgli| wkh vwuxfwxudo irup dv iroorzv=

s| @ �t| . �}| . %|> +48,

t| @ �s| . }| . �
|
> +49,

zkhuh }| lv dq xqrevhuydeoh frpprq vkrfn zkrvh yduldqfh lv �251

Wklv prgho qrw rqo| hqfrpsdvvhv wkh fdvh lq zklfk wkhuh duh djjuhjdwh rplwwhg yduldeohv/ exw

dovr wkh fdvh lq zklfk wkh ruljlqdo vwuxfwxudo vkrfnv duh fruuhodwhg1 Lq wklv fdvh/ }| zrxog eh

ghvfulelqj wkdw fruuhodwlrq1 Wkh uhgxfhg irup lv wkhq

s| @
4

4� ��
^��| . %| . +� . �, }|` > +4:,

t| @
4

4� ��
^�| . �%| . +4 . ��, }|` > +4;,

zkhuh wkh fryduldqfh pdwul{ lv


 @
4

+4� ��,2

5
7 �2�2# . �20 . +� . �,2 �25 ��2# . ��20 . +4 . ��, +� . �,�25

1 �2# . �2�20 . +4 . ��,2 �25

6
8 =

Lq wklv fdvh/ wkh sureohp ri lghqwl�fdwlrq fdqqrw eh vroyhg xvlqj wkh khwhurvnhgdvwlflw| dorqh1

Hdfk dgglwlrqdo fryduldqfh pdwul{ frqwulexwhv zlwk wkuhh htxdwlrqv/ exw dovr zlwk wkuhh qhz xq0

nqrzqv> �2#cr/ �
2
0cr/ dqg �25cr1 Wkxv wkh v|vwhp uhpdlqv htxdoo| xqghu0lghqwl�hg1

Krz wr vroyh wkh sureohp zkhq wkhuh duh frpprq vkrfnv wkhqB Doorzlqj iru pruh hqgrjhqrxv

yduldeohv1

Dvvxph wkdw wkhuh duh v 5 i4> ===> Vj srvvleoh uhjlphv dqg wkdw wkh vwuxfwxudo irup lv zulwwhq dv

iroorzv=

D�%�

5
9997

{�c|
111

{�c|

6
:::8 @ ��%g

5
9997

}�c|
111

}gc|

6
:::8.

5
9997

%�c|
111

%�c|

6
:::8 > +4<,
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zkhuh wkh dvvxpswlrq ri ruwkrjrqdol}dwlrq lpsolhv/

H ^}�c|> }�c|` @ 3 ;l 9@ m> l> m 5 i4>Nj

H ^%�c|> %�c|` @ 3 ;l 9@ m> l> m 5 i4>Qj +53,

H ^}�c|> %�c|` @ 3 ;l 9@ m> l 5 i4>Nj> m 5 i4>Qj>

dqg zkhuh {?c|> q 5 i4> ===>Qj duh wkh Q hqgrjhqrxv yduldeohv> }&c|> n 5 i4> ===>Nj duh wkh N xqre0

vhuydeoh frpprq +ru djjuhjdwh, vkrfnv/ dvvxphg wr eh lqghshqghqw exw qrw lghqwlfdoo| glvwulexwhg/

dqg zlwk yduldqfh �5c&cr lq vwdwh v> %?c| duh wkh vwuxfwxudo vkrfnv/ dvvxphg wr eh lqghshqghqw/ exw

qrw lghqwlfdoo| glvwulexwhg/ dqg zlwk yduldqfh �0c?cr lq vwdwh v1

D�%� lv wkh pdwul{ wkdw ghvfulehv wkh frqwhpsrudqhrxv sdudphwhuv/ zkhuh wkh dvvxpswlrq ri

qrupdol}dwlrq kdv ehhq douhdg| lpsrvhg=

D�%� @

5
9999997

4 d�2 � � � d�?

d2� 4 � � � d2?
111

111
1 1 1

111

d?� d?2 � � � 4

6
::::::8
> +54,

dqg ��%g duh wkh sdudphwhuv iurp wkh frpprq vkrfnv1 Qrupdol}dwlrq ri wkh frpprq vkrfnv lv

dovr dvvxphg> lq wklv fdvh/ lw lpsolhv d xqlwdu| lpsdfw rq wkh �uvw htxdwlrq/

��%g @

5
9999997

4 4 � � � 4

�2� �22 � � � �2&
111

111
1 1 1

111

�?� �?2 � � � �?&

6
::::::8
= +55,

Sursrvlwlrq 5 D pxowlyduldwh v|vwhp ri Q htxdwlrqv/ zlwk N xqrevhuydeoh djjuhjdwh vkrfnv/ gh0

vfulehg e| htxdwlrqv +4<,/ +53,/ +54, dqg +55, fdq eh lghqwl�hg li wkh qxpehu ri vwdwhv +V, vdwlv�hv/

V � 5
+Q .N, +Q � 4,

Q2 �Q � 5N
> +56,
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dqg li wkhuh lv d plqlpxp qxpehu ri hqgrjhqrxv yduldeohv wkdw vdwlv�hv

Q2
�Q � 5N A 3= +57,

Surri1 Qrwh wkdw wkh sursrvlwlrq vwdwhv d qhfhvvdu| frqglwlrq/ exw qrw d vx!flhqw rqh1 Wkxv lw

lv vwdwlqj dq rughu frqglwlrq1

Iurp htxdwlrq +4<,/ wkh qxpehu ri htxdwlrqv lv jlyhq e| wkh fryduldqfh pdwul{ lq hdfk uhjlph1

Wklv surylghv �E�n��
2 htxdwlrqv lq hdfk vwdwh1 Wkh wrwdo qxpehu ri xqnqrzqv lv dv iroorzv= Wkh

pdwul{ D�%� kdv Q+Q�4, sdudphwhuv> Wkh pdwul{ ��%g kdv N+Q�4, sdudphwhuv> wkh yduldqfhv

ri wkh djjuhjdwh vkrfnv lq hdfk vwdwh +N yduldqfhv wlphv V uhjlphv, dqg wkh yduldqfhv ri wkh

vwuxfwxudo vkrfnv lq hdfk uhjlph +Q yduldqfhv wlphv V uhjlphv,1 Lghqwl�fdwlrq/ wkhq/ uhtxluhv

V �
Q+Q . 4,

5
� Q+Q � 4, .N+Q � 4, . V �N . V �Q

V � 5
+Q .N, +Q � 4,

Q2 �Q � 5N
=

Lqhtxdolw| +56, lqglfdwhv wkh plqlpxp qxpehu ri vwdwhv uhtxluhg wr rewdlq lghqwl�fdwlrq1 Ilqdoo|/

lq rughu iru +56, wr pdnh vhqvh/ wkhuh lv d plqlpxp qxpehu ri hqgrjhqrxv yduldeohv/ zklfk lv jlyhq

e|/

Q2
�Q � 5N A 3=

Iru h{dpsoh/ wkh plqlpxp qxpehu ri hqgrjhqrxv yduldeohv qhfhvvdu| wr vroyh wkh sureohp wkdw

prwlydwhg wklv vhfwlrq lv Q A 51

Htxdwlrq +57, lv wkh �fdwfk xs� frqvwudlqw1 Lq idfw/ lw lqglfdwhv zkhq rqh dgglwlrqdo uhjlph

lq wkh yduldqfh0fryduldqfh dggv pruh htxdwlrqv wkdq xqnqrzqv1 Lq wkh h{dpsoh wkdw prwlydwhg

wklv vhfwlrq/ Q @ 5 dqg N @ 4/ zklfk lpsolhv wkdw wkh lqhtxdolw| lq qrw vdwlvwlhg dqg qr ixuwkhu

lqirupdwlrq lv rewdlqhg iurp wkh khwhurvnhgdvwlflw|1 Pruhryhu/ lqwhusuhwlqj wkh djjuhjdwh vkrfnv

dv wkh vrxufhv ri fruuhodwlrq ehwzhhq wkh vwuxfwxudo vkrfnv/ wklv frqvwudlqw uhtxluhv wkdw dw ohdvw

rqh ri wkh fryduldqfh kdv wr eh }hur1 Iru h{dpsoh/ zkhq wkhuh duh Q vwuxfwxudo vkrfnv/ lw zloo

uhtxluh N @ �E�3��
2 djjuhjdwh vkrfnv wr ghvfuleh doo wkh furvv0fruuhodwlrqv1 Qrwh wkdw lq wklv fdvh/

krzhyhu/ wkh lqhtxdolw| +57, lv qrw vdwlv�hg1 Lq rwkhu zrugv/ lq rughu iru wkh khwhurvnhgdvwlflw| wr
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surylgh dgglwlrqdo lqirupdwlrq wkhq dw ohdvw rqh fryduldqfh kdv wr eh uhvwulfwhg1 Lq vxppdu|/ lw

lv wkh frpelqdwlrq ri wkh vwdqgdug dvvxpswlrq +fryduldqfh uhvwulfwlrq, dqg wkh khwhurvnhgdvwlflw|

zkdw dfklhyhv lghqwl�fdwlrq1

Wkhuh duh vhyhudo uhpdunv wkdw fdq eh h{wudfwhg iurp sursrvlwlrq 5= Iluvw/ lq wkh devhqfh ri

djjuhjdwh vkrfnv rqo| wzr vwdwhv duh uhtxluhg wr dfklhyh lghqwl�fdwlrq1 Lqghshqghqwo| ri wkh qxpehu

ri hqgrjhqrxv yduldeohv Q / zkhq N @ 3/ wkh uljkw kdqg vlgh ri htxdwlrq +56, lv htxdo wr 5/ dqg

htxdwlrq +57, lv dozd|v vdwlv�hg1

Vhfrqg/ lq wkh olplw/ zkhq wkh qxpehu ri hqgrjhqrxv yduldeohv lv lq�qlwh/ wkh v|vwhp fdq eh

mxvw lghqwl�hg zlwk rqo| wzr vwdwhv/ lqghshqghqwo| ri dq| �qlwh qxpehu ri djjuhjdwh vkrfnv1

Ilqdoo|/ liN A 3 dqg Q lv �qlwh/ wkh qxpehu ri vwdwhv uhtxluhg wr dfklhyh lghqwl�fdwlrq lv dozd|v

odujhu wkdq wzr1 Zlwk wzr vwdwhv wkh frqvwudlqw +56, lv dozd|v ylrodwhg1

8 Frqvlvwhqf| xqghu plvvshfl�fdwlrq ri wkh khwhurvnhgdvwlflw|1

Dq lpsruwdqw txhvwlrq wkdw dulvhv iurp wkh suhylrxv h{huflvhv lv wkh lvvxh ri frqvlvwhqf| zkhq wkh

khwhurvnhgdvwlflw| lv plvvshfl�hg1 Lq wklv vhfwlrq wkuhh fdvhv duh hydoxdwhg= +l, zkhq wkh zlqgrzv

ri wkh khwhurvnhgdvwlflw| duh zurqjo| vshfl�hg exw wkh qxpehu ri uhjlphv lv fruuhfw/ +ll, zkhq wkh

gdwd kdv pruh uhjlphv wkdq wkh rqhv dvvxphg lq wkh vshfl�fdwlrq/ +lll, dqg zkhq wkh gdwd grhv qrw

h{klelwv khwhurvnhgdvwlflw|/ exw lw lv dvvxphg huurqhrxvo| wkdw lw kdv1

Zlwkrxw orvv ri jhqhudolw|/ rqo| wkh fdvh lq zklfk wkhuh duh qr djjuhjdwh vkrfnv lv glvfxvvhg1

Wkh jhqhudol}dwlrq wr frpprq xqrevhuydeohv vkrxog eh vwudljkw iruzdug1

814 Plvvshfl�fdwlrq ri wkh zlqgrzv1

Dvvxph wkdw wkh wzr uhwxuqv duh ghvfulehg e| htxdwlrqv +4, dqg +5,/ dqg wkdw wkh gdwd h{klelwv

khwhurvnhgdvwlflw| zlwk rqo| wzr uhjlphv1 Li wkh zlqgrzv duh plvvshfl�hg/ wkh frpsxwhg fryduldqfh

pdwulfhv duh olqhdu frpelqdwlrqv ri wkh wuxh xqghuo|lqj fryduldqfh pdwulfhv1 Ghqrwh


o� @ �o�
� . +4� �o�,
2>


o2 @ +4� �o2,
� . �o2
2>
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zkhuh 
� dqg 
2 duh wkh wuxh fryduldqfh pdwulfhv ghvfulelqj wkh khwhurvnhgdvwlflw|/ 
o� dqg 
o2 duh

wkh hvwlpdwhg fryduldqfh pdwulfhv/ dqg �o� dqg �o2 duh zhljkwv lqglfdwlqj krz fruuhfw wkh zlqgrzv

duh> zkhq wkh| duh htxdo wr rqh/ wkh zlqgrzv frlqflgh zlwk wkh wuxh uhjlphv1

Sursrvlwlrq 6 Dvvxph wkh ruljlqdo v|vwhp vdwlv�hv wkh udqn frqglwlrq +;,1 Li wkh plvvshfl�hg

khwhurvnhgdvwlflw| vdwlv�hv wkh udqn frqglwlrq +;, wkhq wkh prgho lv lghqwl�hg dqg lwv hvwlpdwruv duh

frqvlvwhqw1

Surri1 Diwhu vrph dojheud wkh wzr fryduldqfh pdwulfhv fdq eh zulwwhq lq whupv ri wkh xqghuo|lqj

yduldqfhv=


o� @
4

+4� ��,2

5
7 �2�2#co� . �20co� ��2#co� . ��20co�

1 �2#co� . �2�20co�

6
8 >


o2 @
4

+4� ��,2

5
7 �2�2#co2 . �20co2 ��2#co2 . ��20co2

1 �2#co2 . �2�20co2

6
8 >

zkhuh

�2#co� @ �o��
2

#c� . +4� �o�,�
2

#c2 dqg �20co� @ �o��
2

0c� . +4� �o�,�
2

0c2 +58,

�2#co2 @ +4� �o2,�
2

#c� . �o2�
2

#c2 dqg �20co2 @ +4� �o2,�
2

0c� . �o2�
2

0c2= +59,

Jlyhq wkdw wkh ruljlqdo khwhurvnhgdvwlflw| vdwlv�hg wkh udqn frqglwlrq +�2#c��
2
0c2 � �2#c2�

2
0c� 9@ 3,/

wkhuh duh wzr txhvwlrqv wkdw kdyh wr eh dqvzhuhg= zkhq wkh plvvshfl�hg prgho vdwlv�hv wkh udqn

frqglwlrq/ dqg zkhq wkh hvwlpdwhv duh frqvlvwhqw1 Diwhu vrph dojheud/ 
o� dqg 
o2 vdwlvi| htxdwlrq

+;, li dqg rqo| li

�2#co��
2

0co2 9@ �2#co2�
2

0co�=

Vxevwlwxwlqj e| wkh gh�qlwlrqv ri wkh yduldqfhv +htxdwlrqv 58 dqg 59, wkh udqn frqglwlrq lv qrw

vdwlv�hg li dqg rqo| li

�o� @ 4� �o2=
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Lq rwkhu zrugv/ wkh udqn frqglwlrq lv qrw vdwlv�hg li wkh zlqgrzv duh vr edgo| ghwhuplqhg wkdw wkh|

lpso| wkh vdph zhljkwv ri wkh wuxh uhjlphv1 Wkxv/ wkh wzr frpsxwhg pdwulfhv duh lghqwlfdo1 Wklv

lv htxlydohqw wr whvw wkh udqn frqglwlrq rq wkh plvvshfl�hg prgho1

Dvvxph wkh udqn frqglwlrq lv vdwlv�hg/ wkhq wkh txhvwlrq lv li wkh vroxwlrq ri wkh qhz v|vwhp ri

htxdwlrqv lv frqvlvwhqw1 Vxevwlwxwlqj lq htxdwlrq +:, wkh hvwlpdwhg a� vroyhv1

��

+4� ��,�

�
a�2 �

�
4

�
. �

�
a�.

�

�

�
@ 3 +5:,

zkhuh

� @
�
�2#c��

2

0c2 � �2#c2�
2

0c�

�
+4� �o� � �o2,

Qrwh wkdw xqghu wkh dvvxpswlrqv wkdw wkh ruljlqdo khwhurvnhgdvwlflw| vdwlv�hv wkh udqn frqglwlrq/

dqg wkdw �o� 9@ 4��o2/ wkhq � lv gl�huhqw iurp }hur1 Htxdwlrq +5:, vroyhv wkh h{dfw vdph txdgudwlf

htxdwlrq dv wkh zhoo vshfl�hg prgho1 Wkxv wkh frqvlvwhqf| lv dvvxuhg li wkh fryduldqfh pdwul{ lv

frqvlvwhqwo| hvwlpdwhg1 Wkh wzr vroxwlrqv duh � dqg 4@�1 Wkhuhiruh/ li wkh plvvshfl�hg v|vwhp

vdwlv�hv wkh udqn frqglwlrq/ wkhq wkh hvwlpdwhv duh frqvlvwhqw1

815 Xqghu0vshfl�hg qxpehu ri uhjlphv1

Dvvxph wkh wzr uhwxuqv duh ghvfulehg e| htxdwlrqv +4, dqg +5,/ dqg wkdw wkh gdwd h{klelwv khw0

hurvnhgdvwlflw| zlwk VW uhjlphv/ zkhuh wkhuh duh qr uhvwulfwlrqv wr wkh irup ri wkh khwhurvnhgdvwlflw|/

qru rq VW ehlqj �qlwh +wkxv DUFK prghov duh lqfoxghg,1 Iru vlpsolflw| ghqrwh wkh yduldqfhv ri

wkh vwuxfwxudo vkrfnv lq hdfk uhjlph dv iroorzv=

�2#cr @ +4 . �#cr,�
2
#cf

�20cr @ +4 . �0cr,�
2
0cf

;v 9@ 3

zkhuh �2#cr dqg �20cr uhsuhvhqw wkh yduldqfhv ri wkh lglrv|qfudwlf vkrfnv lq uhjlph v/ dqg �#cr dqg

�0cr duh wkh fkdqjhv ri wkrvh yduldqfhv uhodwlyh wr wkh yduldqfhv lq uhjlph v @ 31

Wkh sureohp ri frqvlvwhqf| lv dqdo|}hg lq wkh zruvw ri wkh flufxpvwdqfhv> lw lv dvvxphg wkdw

rqo| wzr uhjlphv duh frpsxwhg1 Wkh �uvw uhjlph fruuhvsrqgv wr wkh �uvw av ? VW uhjlphv/ dqg wkh
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vhfrqg uhjlph fruuhvsrqgv wr wkh vhfrqg VW � av uhjlphv1

Wkh fryduldqfh pdwulfhv ri hdfk ri wkh uhjlphv duh jlyhq e|=
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Sursrvlwlrq 7 Dvvxph wkh wuxh khwhurvnhgdvwlflw| lv ghvfulehg e| VW uhjlphv/ dqg wkdw dw ohdvw

wzr ri wkrvh fryduldqfh pdwulfhv vdwlvi| wkh udqn frqglwlrq +;,1

Dvvxph wkdw rqo| wzr uhjlphv kdyh ehhq xvhg lq wkh hvwlpdwlrq/ wkhq li wkh iroorzlqj frqglwlrqv

duh vdwlv�hg wkh v|vwhp lv lghqwl�hg dqg lwv hvwlpdwhv duh frqvlvwhqw1

41 Wkh plvvshfl�hg yduldfh fryduldqfh pdwulfhv kdyh wr h{klelw khwhurvnhgdvwlflw|1

51 Wkh plvvshfl�hg yduldfh fryduldqfh pdwulfhv kdyh wr vdwlvi| wkh udqn frqglwlrq +;,1

Sursrvlwlrq 8 dqg zkhuh wkh ��v duh jlyhq e| htxdwlrqv +5;, dqg +5<,1
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Surri1 Wkh �uvw dvvxpswlrq lq wkh sursrvlwlrq lv wr jxdudqwhh wkdw wkh ruljlqdo v|vwhp fdq

eh lghqwl�hg li wkh khwhurvnhgdvwlflw| lv zhoo vsh�flhg1 Lq wkh loo vshfl�hg prgho/ lghqwl�fdwlrq lv

dfklhyhg li wkh uhodwlyh yrodwlolwlhv fkdqjh1 Wklv lv htxlydohqw wr dv li

�#co� 9@ �#co2 ru �0co� 9@ �0co2 +63,

Htxdwlrq +63, lqghhg jxdudqwhhv wkdw wkh wzr hvwlpdwhg fryduldqfh pdwulfhv duh gl�huhqw1 Lq rwkhu

zrugv/ wkdw wkh rughu frqglwlrq zloo eh vdwlv�hg> wkhuh lv khwhursvnhgdvwlflw| lq wkh hvwlpdwhg prgho1

Wkh qh{w txhvwlrq lv/ dv ehiruh/ zkdw duh wkh frqglwlrqv iru frqvlvwhqf|1 Vxevwlwxwlqj lq htxdwlrq

+:, iru wkh frpsxwhg fryduldqfh pdwulfhv +
o� dqg 
o2, wkh hvwlpdwhg a� vdwlv�hv/

�2#cf�
2
0cf��

+4� ��,�

�
a�2 �

�
4

�
. �

�
a�.

�

�

�
@ 3 +64,

zkhuh

� @ +4 . �0co�, +4 . �#co2,� +4 . �0co2, +4 . �#co�, =

Qrwh wkdw li � lv gl�huhqw iurp }hur/ wkhq a� vroyhv wkh vdph txdgudwlf htxdwlrq dv wkh ruljlqdo

prgho1 � lv gl�huhqw iurp }hur li frqglwlrq +63, lv vdwlv�hg/ dqg

�#co�

�#co2

9@
�0co�

�0co2

> +65,

lv dovr vdwlv�hg1 Frqglwlrq +65, lqglfdwhv wkdw wkh fkdqjh lq wkh yduldqfhv dfurvv wkh plvvshfl�hg

uhjlphv/ fdqqrw eh sursruwlrqdo1 Lq rwkhu zrugv/ wklv lv htxlydohqw wr wkh udqn frqglwlrq glvfxvvhg

ehiruh1 Djdlq/ wkh wzr urrwv vroylqj htxdwlrq +64, duh � dqg 4@�1

Lq vxppdu|/ hyhq wkrxjk wkh dvvxphg irup ri wkh khwhurvnhgdvwlflw| lpsolhv d vpdoohu qxpehu

ri uhjlphv wkdq wkrvh h{klelwhg lq wkh gdwd/ wkh v|vwhp lv lghqwl�hg dqg lwv hvwlpdwhv duh frqvlvwhqw

li dqg rqo| li wkh rughu dqg udqn frqglwlrqv duh vdwlv�hg1
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816 Qr khwhurvnhgdvwlflw|1

Lq wklv vhfwlrq lw lv dvvxphg wkdw wkh gdwd grhv qrw h{klelwv khwhurvnhgdvwlflw|/ exw lw kdv ehhq

huurqhrxvo| dvvxphg wkdw lw kdv1 L vkrz wkdw/ jhqhudoo|/ wkh udqn frqglwlrq lv vdwlv�hg/ exw wkdw

wkh hvwlpdwhv duh lqfrqvlvwhqw1

D fohdu h{dpsoh lq zklfk wklv plvvshfl�fdwlrq rffxuv lv li wkh vdpsoh lv vsolw dffruglqjo| wr wkh

yduldqfh ri rqh ri wkh yduldeohv1 Lq rughu wr kljkoljkw wkh vl}h ri wkh lqfrqvlvwhqf| wkh iroorzlqj

vlpxodwlrq zdv uxq= +l, 833 udqgrp elyduldwh uhdol}dwlrqv zhuh jhqhudwhg zlwk frqvwdqw yduldqfhv>

+ll, dvvxplqj dq � dqg � wkh vhulhv ri s| dqg t| zhuh frpsxwhg> +lll, wkh vdpsoh zdv vsolw dffruglqjo|

wr kljk dqg orz yrodwlolw| ri s|1 Wzr vsolwv duh pdgh/ xvlqj wzr vwdqgdug ghyldwlrq dqg xvlqj rqh

dqg d kdoi> +ly, frpsxwh wkh fryduldqfh pdwul{ lq hdfk ri wkh vxe0vdpsohv dqg hvwlpdwh a� dqg a�>

+y, frpsduh wkh hvwlpdwhv zlwk wkh wuxh sdudphwhuv1

Pruhryhu/ lq rughu wr lqglfdwh wkh eldvhg rewdlqhg/ dqrwkhu vlpxodwlrq lv uxq lq zklfk wkh

yduldqfh lqghhg lqfuhdvhv +rqo| rqh vkrfn lqfuhdvhv lwv yduldqfh e| 5,1 Wkh orz dqg kljk yrodwlolw|

zlqgrzv duh vhw xvlqj wkh vdph surfhgxuh dv ehiruh> vsolw wkh vdpsoh dffruglqjo| wr wkh yduldqfh

ri s|1 L xvh wklv vlpxodwlrq wr frpsxwh wkh pdjqlwxgh ri wkh vpdoo vdpsoh eldv dqg frqwudvw lw zlwk

wkh suhylrxv h{huflvh1

L frpsduh wkh dyhudjh ghyldwlrq ehwzhhq wkh wuxh sdudphwhu dqg wkh hvwlpdwhg rqh lq doo wkuhh

h{huflvhv1 Vhyhudo sdudphwhuv zhuh xvhg lq wkh vlpxodwlrqv= � dqg � fkdqjhg iurp 3=4 wr 3=<1 Lq

�jxuh 8/ L vkrz wkh devroxwh ydoxh lq wkh ghyldwlrq ri wkh hvwlpdwhg � dqg wkh wuxh rqh156

^Iljxuh 8 khuh`

Dv fdq eh vhhq/ wkh eldvhv surgxfhg e| wkh vsolw duh dq rughu ri pdjqlwxgh odujhu wkdq wkrvh

jhqhudwhg e| wkh vdpsoh eldv1 Zkhq wkh gdwd h{klelwv khwhurvnhgdvwlflw| +wrs0ohiw sdqho,/ wkh

pd{lpxp glvwdqfh ehwzhhq wkh hvwlpdwhv dqg wkh wuxh sdudphwhu lv dw prvw 313371 Zklfk/ lq idfw/

rffxuv iru wkh pd{lpxp devroxwh ydoxhv ri � dqg �1 Rq wkh rwkhu kdqg/ lq erwk h{huflvhv zkhuh wkh

vdpsoh zdv vsolw exw wkh gdwd zdv krprvnhgdvwlf/ lw lv iuhtxhqw wr �qg devroxwh ghyldwlrqv odujhu

wkdq 4$

Lw lv lpsruwdqw wr kljkoljkw wkdw lw lv qrw srvvleoh wr vkrz dqdo|wlfdoo| wkdw vsolwlqj wkh vdpsoh

dfklhyhv lghqwl�fdwlrq1 Pruhryhu/ lw lv qrw srvvleoh wr vkrz wkh rssrvlwh hlwkhu= wkhuh duh vrph

56Wkh uhvxowv iru q duh vlplodu dqg wkhuhiruh qrw vkrzq iru euhylw|1
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flufxpvwdqfhv lq zklfk wkh vsolw lq idfw surgxfhv frqvlvwhqw hvwlpdwruv1 Wklv lv wkh uhdvrq zk| lq

wklv vhfwlrq rqo| d vlpxodwlrq lv suhvhqwhg1

Lq frqfoxvlrq/ lqfrqvlvwhqw hvwlpdwruv duh olnho| wr eh rewdlqhg li wkh qxpehu ri uhjlphv dvvxphg

lv odujhu wkdq wkh rqhv wkh gdwd wuxo| h{klelwv1 Wklv vkrxog eh wdnhq/ wkhuhiruh/ dv d zrug ri fdxwlrq

lq hpslulfdo lpsohphqwdwlrqv1

817 Dgglwlrqdo phwkrgv wr gh�qh wkh zlqgrzv1

Dv lv dujxhg lq wkh suhylrxv vhfwlrq/ d plvvshfl�fdwlrq lq wkh zlqgrzv grhv qrw d�hfw frqvlvwhqf|1

Lq wklv vhfwlrq/ L vwxg| wzr dowhuqdwlyh surfhgxuhv wr gh�qh wkh uhjlph zlqgrzv/ dqg vkrz wkdw wkh

hvwlpdwhv/ jhqhudoo|/ duh qrw vwdwlvwlfdoo| gl�huhqw iurp wkrvh hvwlpdwhg lq suhylrxv vhfwlrqv1 Iluvw/

L ghwhuplqh wkh uhjlphv hqgrjhqrxvo| xvlqj d Pdunry vzlwfklqj prgho lq wkh vslulw ri Kdplowrq

^4<<3`1 Vhfrqg/ L hvwlpdwh wkh fulvlv zlqgrz dv wkrvh wlphv lq zklfk wkh yduldqfh ri wkh uhvlgxdov

lv odujhu wkdq 418 wlphv wkh xqfrqglwlrqdo yduldqfh lq wkh vdpsoh1 L jlyh prvw ri wkh dwwhqwlrq wr

wkh �uvw rqh/ dqg pdlqo| suhvhqw wkh uhvxowv iru wkh odvw rqh1

81714 Vzlwfklqj uhjlph1

Lq wklv vhfwlrq/ wkh wzr uhjlphv duh ghwhuplqhg hqgrjhqrxvo| e| hvwlpdwlqj d Pdunry vzlwfklqj

uhjlph prgho wkdw doorzv iru fkdqjhv lq yduldqfhv1 Wkh vdpsoh lv vsolw lq wkh vdph �yh vxevdpsohv

vwxglhg ehiruh1 Wkh �uvw vwhs lv wr hvwlpdwh uhjuhvvlrq +43, dqg wkhq ghwhuplqh wkh kljk dqg orz

yduldqfh uhjlph e| lpsohphqwlqj wkh HP dojrulwkp h{sodlqhg lv Kdplowrq ^4<<3` dqg lq Kdplowrq

^4<<7`/ fkdswhu 55157

Lq wdeoh :/ wkh hvwlpdwhv ri wkh fryduldqfh pdwulfhv duh vkrzq1 Wkh wrs urz lqglfdwhv wkh

vxevdpsoh frqvlghuhg1 Wkh qh{w wkuhh urzv duh wkh yduldqfh fryduldqfh hvwlpdwhv lq wkh orz yduldqfh

uhjlph1 Wkh vhfrqg vhw ri wkuhh urzv duh wkh hvwlpdwhv iru wkh kljk yduldqfh vwdwh1 Wkh odvw vhw ri

urzv frpsxwh wkh lqfuhdvh dfurvv uhjlphv158

Qrwh wkdw/ lq jhqhudo/ wkh fulvlv uhjlph lv doprvw dozd|v 43 wlphv pruh yrodwloh wkdq wkh wudqtxlo

vwdwh1 Xvlqj wkh dv|pswrwlf glvwulexwlrq lw lv vwudljkw iruzdug wr vkrz wkdw wkh yduldqfh fryduldqfh

dfurvv wkh vwdwhv duh vwdwlvwlfdoo| gl�huhqw1

57Wklv vwhs zdv frpsxwhg hlwkhu e| iruflqj wkh phdqv dfurvv uhjlphv wr eh wkh vdph/ ru e| doorzlqj wkhp wr

fkdqjh/ dqg e| doorzlqj wkh odjv wr lqfuhdvh iurp 8 gd|v wr 43 gd|v1 Wkh uhvxowv duh txdolwdwlyho| wkh vdph1
58Wkh hvwlpdwhv ri wkh phdqv duh qrw vkrzq jlyhq wkdw wkh| duh qrw lqwhuhvwlqj iru wkh sxusrvh ri wklv sdshu1
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Ph{lfr
Ph{lfr Dvld

Vzlwfklqj Uhjlph Ph{lfr Dvld Dvld Uxvvld Uxvvld
Uhjlph ri orz yduldqfh

Yduldqfh Dujhqwlqd
�
u�f

3e
�

318<7 314:< 31598 31649 315:6
Fryduldqfh

�
u�f3e

�
31674 31449 31498 3157: 314:<

Yduldqfh Ph{lfr
�
u�f3e

�
31676 31464 314;6 31588 314<9

Uhjlph ri kljk yduldqfh
Yduldqfh Dujhqwlqd

�
u�f3e

�
:1;:4 41<36 71:99 451753 916;5

Fryduldqfh
�
u�f3e

�
9136; 415:7 61837 :1843 71685

Yduldqfh Ph{lfr
�
u�f3e

�
:177< 41765 71544 81578 71799

Fkdqjh
Yduldqfh Dujhqwlqd 45159 <195 491<9 6;15< 5516<
Fryduldqfh 491:4 43136 53159 5<179 56163
Yduldqfh Ph{lfr 531:6 <1<7 541<< 4<193 541:9

Wdeoh := Yduldqfh Fryduldqfh Pdwul{ iru vhyhudo fulvhv dqg frpelqdwlrq ri fulvhv1 Uhjlph vzlwfkhv
duh hvwlpdwhg hqgrjhqrxvo|1

Lq wdeoh ; wkh uhvxowv iurp whvwlqj wkh udqn frqglwlrq duh vxppdul}hg1 Xvlqj wkh txdvl wbvwdwv

wkh udqn frqglwlrq lv qrw vdwlv�hg gxulqj wkh Dvldq dqg Doo wkh fulvhv1

Ph{lfr
Ph{lfr Dvld

Vzlwfklqj Uhjlph Ph{lfr Dvld Dvld Uxvvld Uxvvld
Fryduldqfh ri wkh Zhljkwhg Gl�huhqfh
Srlqw Hvwlpdwh Eu�f3e� 41863 3144; 31883 51486 3155;
Vwdqgdug Ghyldwlrq Eu�f3e� 318:; 313;; 3154< 31:67 3149;
txdvl wbvwdw 5198 4167 5184 51<6 4169

Wdeoh ;= Udqn Frqglwlrq iru vhyhudo fulvhv1 Uhjlphv duh hvwlpdwhg zlwk Pdunry Vzlwfklqj1

Wkh glvwulexwlrqv ri a� dqg a� duh dovr ghwhuplqhg e| wkh errwvwudsslqj1 Lq wdeoh < wkhvh uhvxowv

duh vxppdul}hg1

Ph{lfr
Ph{lfr Dvld

Vzlwfklqj Uhjlph Ph{lfr Dvld Dvld Uxvvld Uxvvld
	k
Srlqw Hvwlpdwh 31654 3157< 31569 3187; 3165<
Vwdqgdug Ghyldwlrq 31443 31784 314;: 31385 31844
Txdvl Wbvwdw 51<5 3188 415: 43186 3197

	q
Srlqw Hvwlpdwh 3194< 3178< 3199: 3193: 31573
Vwdqgdug Ghyldwlrq 3147< 3186; 31564 31437 31:37
Txdvl Wbvwdw 714: 31;8 51;< 81;6 3167

Wdeoh <= Hvwlpdwlrq ri wkh vwuxfwxudo sdudphwhuv iru vhyhudo fulvhv1

Dv fdq eh vhhq/ gxulqj wkh Ph{lfdq fulvlv/ erwk a� dqg a� duh vwdwlvwlfdoo| gl�huhqw iurp }hur/

zkloh gxulqj wkh Dvldq fulvhv wkh hvwlpdwhv duh qrw1 Wklv frq�upv wkh uhvxowv iurp wdeoh ;159 Iru

59Wkh frh!flhqwv duh �zhoo� hvwlpdwhg gxulqj wkh Ph{lfdq/ Ph{lfr0Dvld/ dqg wkh Uxvvldq fulvhv1 Wkh uhmhfwlrq
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wkh Uxvvldq fulvlv wkh hvwlpdwhv duhkljko| vljql�fdqw1 Qrwh wkdw wkh srlqw hvwlpdwhv duh forvh dfurvv

wkh gl�huhqw zlqgrzv1 Pruhryhu/ frpsdulvrqv ehwzhhq wkh hvwlpdwhv xvlqj wkh h{rjhqrxv zlqgrzv

dqg wkh vzlwfklqj uhjlph duh suhiruphg lq wdeoh 431 Ehfdxvh lw lv qrw fohdu krz wkhvh hvwlpdwruv duh

uhodwhg/ lq rughu wr shuirup wkh whvw/ L dvvxph wkh fruuhodwlrq ehwzhhq wkh hvwlpdwhv wkdw pd{lpl}hv

wkh srvvlelolwlhv ri uhmhfwlrq15: Lq rwkhu zrugv/ L fkrrvh wkh fruuhodwlrq wkdw plqlpl}hv wkh vwdqgdug

ghyldwlrq ri wkh gl�huhqfh lq wkh hvwlpdwruv1 Dv fdq eh vhhq/ wkh k|srwkhvlv wkdw wkh hvwlpdwhv duh

wkh vdph dfurvv wkh wzr phwkrgrorjlhv ghwhuplqlqj wkh zlqgrzv fdqqrw eh uhmhfwhg1

	k 	q
Vpdoohvw Vpdoohvw
Vwdqgdug Vwdqgdug

Gl�huhqfh Ghyldwlrq Gl�huhqfh Ghyldwlrq
Ph{lfr 313373<< 3136:4;9 3135;5;9 31368667
Dvld 3138;389 316:97;; 314<<48; 317<3<;4
Ph{lfr0Dvld 313::7;< 3143::8< 3134:88: 314:34:5
Uxvvld 31496536 317<<4<< 31476596 3146<;:8
Doo 31353839 31756:64 3173<3;; 3196:598

Wdeoh 43= H{rjhqrxv yv1 Uhjlph vzlwfklqj zlqgrzv1

81715 Uhjlphv dv odujh fkdqjhv lq vhfrqg prphqwv1

Wkh vhfrqg h{huflvh lv wr gh�qh wkh fulvlv zlqgrzv dv odujh fkdqjhv lq wkh frqglwlrqdo vhfrqg

prphqwv1 Wkh surfhgxuh lv dv iroorzv= Iluvw/ wkh xqfrqglwlrqdo fryduldqfh pdwul{ lv frpsxwhg

iurp wkh uhvlgxdov rewdlqhg iurp wkh �uvw vwhs1 Vhfrqg/ wkh frqglwlrqdo yduldqfhv dqg fryduldqfhv

duh ghwhuplqhg dorqj uroolqj zlqgrzv ri 53 gd|v1 Wklug/ wkh fulvlv shulrgv duh gh�qhg dv wkrvh

lqvwdqfhv lq zklfk wkh frqglwlrqdo yduldqfhv/ ru fryduldqfh/ +dq| rqh ri wkh wkuhh, duh odujhu wkdq

wkh phdq ydoxhv +wkh xqfrqglwlrqdo, soxv 418 wlphv lwv vwdqgdug ghyldwlrq1

Lq �jxuh 7/ wkh uroolqj zlqgrz fryduldqfh wrjhwkhu zlwk wkh fulvhv zlqgrzv duh vkrzq1 Qrwlfh

wkdw wkh Dvldq fulvhv duh qrw lqfoxghg jlyhq wkdw wkh| uhsuhvhqwhg d uhodwlyho| vpdoo vkliw lq wkh

yduldqfhv/ dv lw kdv ehlqj glvfxvvhg ehiruh1

^Iljxuh 7 khuh`

iurp }hur lv qrw qhfhvvdulo| ehfdxvh wkh phdqv duh forvh wr }hur/ exw ehfdxvh wkh vwdqgdug ghyldwlrq ri wkh hvwlpdwhv

duh doprvw 7 wlphv odujhu wkdq wkrvh rewdlqhg gxulqj wkh Ph{lfdq fulvlv1
5:Frpsxwlqj wkh vwdqgdug ghyldwlrq lq wklv zd| dvvxuhv wkdw li wkhuh lv qr uhmhfwlrq qr whvw fdq eh frqvwuxfwhg vxfk

wkdw wkh sdudphwhuv duh vwdwlvwlfdoo| gl�huhqw1 Qrwh wkdw wklv yduldqfh lv vpdoohu wkdq wkh rqh lpsolhg e| d Kdxvpdq

Vshfl�fdwlrq Whvw1
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Lq wklv vhfwlrq/ L rqo| h{soruh wkh h{dpsoh zkhuh doo wkh vdpsoh lv xvhg1 Djdlq/ d YDU uhjuhvvlrq

lv uxq �uvw/ dqg wkhq wkh zlqgrzv duh gh�qhg e| vsolwwlqj wkh vdpsoh ehwzhhq kljk dqg orz yduldqfh

ri wkh uhvlgxdov15; Lq wdeoh 44/ wkh ydoxhv ri a� dqg a�/ dv zhoo dv wkhlu vwdqgdug ghyldwlrqv duh vkrzq1

Hqgrjhqrxv Zlqgrzv 	k 	q

Srlqw Hvwlpdwh 31648333 31:57<<4
Vwdqgdug Ghyldwlrq 31479588 31764834
Wbvwdw 51486::4 419;3493

Wdeoh 44= Hvwlpdwlrq ri wkh vwuxfwxudo sdudphwhuv iru wkh wkuhh fulvhv= Ph{lfdq/ Vrxwk Hdvw Dvldq/
dqg Uxvvldq fulvhv1 Fulvhv zlqgrzv duh gh�qhg dv 418 vwdqgdug ghyldwlrq lqfuhdvhv lq wkh frqglwlrqdo
vhfrqg prphqwv1

Wkh whvwv wr ghwhuplqh li wkh hvwlpdwhv duh vwdwlvwlfdoo| gl�huhqw iurp wkh suhylrxv wzr phwkrg0

rorjlhv duh vkrzq lq wdeoh 451 Iru wkh a� hvwlpdwhv/ wkhuh duh wzr fdvhv lq zklfk wkh whvw lv uhmhfwhg>

zlwk wkh Ph{lfdq fulvlv xvlqj h{rjhqrxv zlqgrzv/ dqg zlwk wkh Uxvvldq fulvlv hvwlpdwhg xvlqj wkh

vzlwfklqj uhjlph1 Iru wkh a� hvwlpdwhv/ wkhuh lv rqo| rqh fdvh zkhq wkh whvw lv uhmhfwhg> wkh Dvldq

fulvhv hvwlpdwhg zlwk wkh vzlwfklqj uhjlph1 Uhphpehu wkdw wkhvh uhmhfwlrqv duh rewdlqhg xvlqj wkh

fruuhodwlrq wkdw plqlpl}hv wkh yduldqfh/ wkxv wkh| vkrxog eh wdnhq fdxwlrxvo|1

	k 	q
Vpdoohvw Vpdoohvw
Vwdqgdug Vwdqgdug

Gl�huhqfh Ghyldwlrq Gl�huhqfh Ghyldwlrq
H{rjhqrxv Zlqgrzv
Ph{lfr 3133<998 31333:9: 313::44: 3164;55<
Dvld 31456<6; 313:48:8 31398<39 316;7:6:
Ph{lfr0Dvld 3133444; 3139:4<6 313:7<:; 316:394;
Uxvvld 316<8<68 31737<6; 31593;6: 314;:8<9
Doo 31339499 3138<476 313:84:; 31697895

Vzlwfklqj Uhjlph
Ph{lfr 31338899 3136975 31438736 315;5;<7
Dvld 31398;;5 31637<46 31598397 31439577

Ph{lfr0Dvld 313:;93: 31373899 3138:754 3153377:
Uxvvld 31565:65 313<7594 3144:8:7 3165:7:4
Doo 3134767 316978;; 317;7599 315:5:36

Wdeoh 45= Whvwv wr ghwhuplqh li wkh hvwlpdwhv duh gl�huhqw dprqj phwkrgrorjlhv gh�qlqj wkh zlq0
grzv1 Hqgrjhqrxv yv1 H{rjhqrxv zlqgrzv dqg Uhjlph vzlwfklqj1

Lq frqfoxvlrq/ lw lv idlu wr vd| wkdw wkh hvwlpdwhv duh uhpdundeo| vwdeoh dfurvv vdpsohv dqg

phwkrgrorjlhv gh�qlqj wkh zlqgrzv1 Wklv vkrxog eh vxusulvlqj wdnhq lqwr frqvlghudwlrq wkdw wkh

hvwlpdwhv lq wklv vhfwlrq duh qrw hyhq frqvlghulqj wkh Dvldq fulvhv dv sduw ri wkh kljk yrodwlolw|

uhjlph1

5;Iru uhdvrqv ri euhyhw|/ L gr qrw uhsruw wkh hvwlpdwhv ri wkh yduldqfh fryduldqfh pdwul{/ qru wkh udqn frqglwlrq1
Lw zdv vdwlv�hg1
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9 Frqfoxvlrqv dqg h{whqvlrqv

Wklv sdshu ghyhorsv d qhz lghqwl�fdwlrq dvvxpswlrq wkdw vroyhv wkh sureohp ri vlpxowdqhrxv htxd0

wlrqv/ edvhg rq wkh khwhurvnhgdvwlflw| ri wkh vwuxfwxudo vkrfnv1

Wkh sdshu suhvhqwv wkuhh lpsruwdqw uhvxowv= Iluvw/ sursrvlwlrq 4/ vwdwhv wkh flufxpvwdqfhv zkhuh

wkh rughu dqg udqn frqglwlrqv iru lghqwl�fdwlrq duh rewdlqhg1 Lq vxppdu|/ wkh rughu frqglwlrq

uhtxluhv irxu dvvxpswlrqv= �uvwo|/ qrupdol}dwlrq> vhfrqgo|/ lqghshqghqfh ri wkh vwuxfwxudo vkrfnv>

wklugo|/ wkh vwdelolw| ri wkh vwuxfwxudo sdudphwhuv +� dqg � lq p| prgho,> dqg �qdoo|/ wkh h{lvwhqfh

ri dw ohdvw wzr uhjlphv ri gl�huhqw yduldqfhv1 Dv lv glvfxvvhg lq wkh sdshu/ vhyhudo pdfurhfrqrplf

dqg �qdqfh dssolfdwlrqv vdwlvi| wkhvh frqglwlrqv1 Wkhvh dvvxpswlrqv pljkw orrn uhvwulfwlyh/ exw

iru h{dpsoh/ lq doo pdfur dssolfdwlrqv lq zklfk YDU dqg uhfxuvlyh lghqwl�fdwlrqv duh xvhg/ wkhvh

dvvxpswlrqv kdyh ehhq douhdg| lpsrvhg1 Pruhryhu/ JDUFK vshfl�fdwlrqv xvxdoo| pdnh wkh vdph

vhw ri dvvxpswlrqv1 Wkh lghqwl�fdwlrq phwkrg edvhg rq khwhurvnhgdvwlflw|/ wkhuhiruh/ fdq eh xvhg

lq d eurdg vhw ri flufxpvwdqfhv1 Jhqhudo frqglwlrqv iru lghqwl�fdwlrq duh glvfxvvhg lq vhfwlrq 71

Vhfrqg/ lq vhfwlrq 8 lw lv vkrzq wkdw frqvlvwhqf| lv dfklhyhg hyhq li wkh khwhurvnhgdvwlflw|

lv lqfruuhfwo| vshfl�hg1 Li wkh ruljlqdo gdwd h{klelwv khwhurvnhgdvwlflw|/ wkh surfhgxuh dfklhyhv

lghqwl�fdwlrq dqg frqvlvwhqw hvwlpdwruv li wkh udqn frqglwlrq lv vdwlv�hg e| wkh plvvshfl�hg prgho1

Lw lv fuxfldo/ wkrxjk/ wkdw wkh gdwd h{klelwv vrph irup ri khwhurvnhgdvwlflw|/ rwkhuzlvh/ lqfrqvlvwhqw

hvwlpdwhv duh olnho| wr eh rewdlqhg1

Wklug/ wkh sdshu glvfxvvhv wkh fdvh lq zklfk wkhuh duh pruh uhjlphv wkdq wkh rqhv uhtxluhg iru

mxvw lghqwl�fdwlrq1 Wkhvh htxdwlrqv duh xvhg wr frqvwuxfw d vshfl�fdwlrq whvw1 Lq wkh dssolfdwlrq

ghyhorshg lq wkh sdshu/ wkh ryhulghqwli|lqj uhvwulfwlrqv zhuh qrw uhmhfwhg1

Wzr ixwxuh dyhqxhv ri uhvhdufk duh zruwk phqwlrqlqj= +l, dsso|lqj vlplodu whfkqltxhv wr qrq

olqhdu prghov pljkw lpsuryh wkh wudglwlrqdo phwkrgrorjlhv wkdw ghshqg rq wkh qrq0olqhdulwlhv wr

vroyh wkh sureohp ri lghqwl�fdwlrq5<> +ll, ghyhorslqj d Ed|hvldq dssurdfk wr lghqwl�fdwlrq163

Ilqdoo|/ lw lv lpsruwdqw wr qrwlfh wkdw wkh dvvxpswlrq ri khwhurvnhgdvwlflw| gl�huv iurp wkh

vwdqgdug lghqwl�fdwlrq dvvxpswlrqv xvhg lq wkh olwhudwxuh lq wkh vhqvh wkdw lw fdq eh whvwhg lq

5<Vhh Nohlq dqg Yhood ^5333d/ e` dv zhoo dv Vhqwdqd dqg Ilruhqwlql ^4<<<` iru vlplodu lghqwl�fdwlrq surfhgxuhv lq
wkrvh prghov1

63Wkh suhvhqw phwkrgrorj| dfklhyhv lghqwl�fdwlrq rqo| xqghu wkh dowhuqdwlyh k|srwkhvlv wkdw khwhurvnhgdvwlflw|
h{lvwv1 D Ed|hvldq dssurdfk wr lghqwl�fdwlrq fdq wkhuhiruh eh lpsohphqwhg li wkhuh lv xqfhuwdlqw| derxw wkh h{lvwhqfh
ri khwhurvnhgdvwlflw|
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d uhgxfh irup1 Wkh vwdqgdug lghqwl�fdwlrq dvvxpswlrqv +xvxdoo| sdudphwhu uhvwulfwlrqv, kdyh qr

lpsolfdwlrqv rq wkh uhgxfh irup1 Krzhyhu/ wkh h{lvwhqfh ri khwhurvnhgdvwlflw| lq wkh vwuxfwxudo

htxdwlrqv lpsolhv wkdw wkh uhgxfh irup lv dovr khwhurvnhgdvwlf1 Wkhuhiruh/ lw fdq eh whvwhg1

Uhihuhqfhv

Eodqfkdug/ R1 dqg Txdk/ G1 +4<;<,1 Wkh g|qdplf h�hfwv ri djjuhjdwh ghpdqg dqg djjuhjdwh vxsso|

glvwxuedqfhv1 Dphulfdq Hfrqrplf Uhylhz/ :<=988�:61

Fkhq/ V1 dqg Nkdq/ V1 +4<<<,1
s
q0frqvlvwhqw hvwlpdwlrq ri khwhurvnhgdvwlf vdpsoh vhohfwlrq prghov1

Xqlyhuvlw| ri Urfkhvwhu/ Plphr1

Ilvkhu/ I1 P1 +4<:9,1 Wkh Lghqwl�fdwlrq Sureohp lq Hfrqrphwulfv1 Urehuw H1 Nulhjhu Sxeolvklqj

Fr1/ Qhz \run/ vhfrqg hglwlrq1

Iruehv/ N1 dqg Uljrerq/ U1 +4<<<,1 Phdvxulqj frqwdjlrq= Frqfhswxdo dqg hpslulfdo lvvxhv1 PLW

plphr1

Kddyhopr/ W1 +4<7:,1 Phwkrgv ri phdvxulqj wkh pdujlqdo surshqvlw| wr frqvxph1 Mrxuqdo ri wkh

Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ 75=438�4551

Kdplowrq/ M1 G1 +4<<3,1 Dqdo|vlv ri wlph vhulhv vxemhfw wr fkdqjhv lq uhjlph1 Mrxuqdo ri Hfrqrphw0

ulfv/ 78=6<�:31

Kdplowrq/ M1 G1 +4<<7,1 Wlph Vhulhv Dqdo|vlv1 Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq/ Qhz Mhuvh|1

Kdxvpdq/ M1 D1 +4<:;,1 Vshfl�fdwlrq whvwv lq hfrqrphwulfv1 Hfrqrphwulfd/ 79=4584�:51

Nohlq/ U1 dqg Yhood/ I1 +5333d,1 Hpsor|lqj khwhurvnhgdvwlflw| wr lghqwli| dqg hvwlpdwh wuldqjxodu

vhplsdudphwulf prghov1 Uxwjhuv plphr1

Nohlq/ U1 dqg Yhood/ I1 +5333e,1 Lghqwl�fdwlrq dqg hvwlpdwlrq ri wkh elqdu| wuhdwphqw prgho xqghu

khwhurvnhgdvwlflw|1 Uxwjhuv plphr1

Nrrspdqv/ W1/ Uxelq/ K1/ dqg Ohlsqln/ U1 +4<83,1 Phdvxulqj wkh Htxdwlrq V|vwhpv ri G|qdplf

Hfrqrplfv/ yroxph Vwdwlvwlfdo Lqihuhqfh lq G|qdplf Hfrqrplf Prghov ri Frzohv Frpplvvlrq

iru Uhvhdufk lq Hfrqrplfv/ fkdswhu LL/ sdjhv 86�56:1 Mrkq Zloh| dqg Vrqv/ Qhz \run1
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Uljrerq/ U1 +4<<<,1 Rq wkh phdvxuhphqw ri wkh lqwhuqdwlrqdo sursdjdwlrq ri vkrfnv1 PLW Plphr1

Vhqwdqd/ H1 dqg Ilruhqwlql/ J1 +4<<<,1 Lghqwl�fdwlrq/ hvwlpdwlrq dqg whvwlqj ri frqglwlrqdo khw0

hurvnhgdvwlf idfwru prghov1 FHPIL plphr1

Vkdslur/ P1 G1 dqg Zdwvrq/ P1 Z1 +4<;;,1 Vrxufhv ri Exvlqhvv F|foh Ioxfwxdwlrqv1 PLW Suhvv/

Fdpeulgjh/ Pdvv1
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Iljxuh 8= Hydoxdwlqj wkh frqvlvwhqf| ri � zkhq khwhurvnhgdvwlflw| grhv qrw h{lvwv1

73


