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1 INTRODUCTION

Individuds are congrained by the number of hours in a day that they have to
work with. Also, employers are often condrained by the number of jobs that they
have to fill. These facts make the andyss of equilibria with capecity condrants
devdloped by Peters (1984), paticularly rdevant to the labor market. Recent work by
Montgomery (1991), Burdet, Shi, and Wright (2000), Julien, Kennes and King
(2000ab), Shi (1999), ad Shimer (2000) hes explored the implications of this insght.
One mgor implication is that, when buyers randomize in ther decson about which
sdler to agpproach, the equilibrium meatching function generated by this process in
large economies shares many propeties with the maching function commonly used
in macroeconomics (for example, Pissxides (1990)). Thus, these "directed search”
modds can be used to andyse factors that influence this matching process.

The exidence of heterogendty in a matching problem can either worsen or
improve the problem of coordination, depending on the nature of the heterogeneity. In
this paper, we explore this rdationship in a smple competing-auction modd with
two-dded heterogeneity, two buyers, and two sdlers We demondrae thet, in the
presence of dther it supemodulaity or  drict submodularity, the  unique
equilibrium has buyes playing pure draegies and the equilibrium dlocaion is
effident. With dgrictc supermodularity, the equilibrium exhibits postive assortative
metching, and with drict submodularity it exhibits negaive assortative meatching.
However, when maches ae both supermodular and submodular then multiple
equilibria exig. In paticular, in this case, a coordingtion problem and equilibria with
mixing exid. Severd intereding gpecid cases have this propety:  homogeneous
agents, one-Sded heterogeneity, and additive two-dded heterogenety. In this setting,
the mixing equilibrium is ineffident but, given the coordingtion friction, is
condrained-efficient in the sense that a condrained planner would assgn the same
probabilities for buyer locations if the planer were unadle to coordinaie. Thus, if
heterogeneity is dther drictly supermodular or submodular, then it can act as a
"coordingion devicd® (s agued by Coes and Eeckhout (1999), assuming
supermodularity) in the sense tha it rules out the mixing equilibrium present in the
homogenous agent case. However, if matching is both submodular and supermodular,
then the coordination problem is drictly increasing in the magnitude of heterogeneity.



2. THE MODEL

The maket conssts of 2 buyers and 2 sdles dl of whom are risk neutrd, and
sk to maximize ther expected payoffs. Each sdler has one unit of a good to <HI. If
she sells at pice p then her payoff is p. If she is ungble to i, then her payoff is zero.
Each buyer wants to purchase one unit of the good, and is willing to pay up to his
vauation of the good. The vduation that buyer j places on the good offered by sdler i
isdenoted S; for i, jT {1,2 . We place the following restrictionson S

%.1 3 SlZ’ SZl 3 S22 (21)

If buyer j purchases from sdler i at price p;, his payoff is S, - p, . If heis unable to

buy then his payoff is zero. Each buyer has only one opportunity to buy, and must
choose only one sdler to vist.

The order of play is as follows Frst, sellers announce reserve prices s (in

generd, these ae different for the different buyers -- we dlow for price
discrimination). Second, after obsarving S, buyers choose which sdler to gpproach.
Fndly, once buyers have been dlocaied to sdlers, goods are sold according to a
bidding game. Equilibria are solved through backwards induction.

21  TheBidding Game

Let w, denote the payoff for sdler i. In the bidding game, this is a function of
the dlocation of buyers:

i 0 if no buyersvisit

i only buyer 1 visits

W, =] . .. (2-2)
; only buyer 2 visits

both buyersvisit
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Clearly, if no buyers vigt sdler i, then her payoff will be zero. If only one goproaches,
then the sdller s a the reserve price s ;. If both buyers vist, then the bidding game
determines that the good is sold to the buyer with the highest vauation (buyer 1) at
the price of the second-highest vauaion S, .

2.2  Buyers Location Choices

Given the resarve price matrix s , buyer j's payoff from gpproaching sdler i is
given by:

_1§;-s if alone

= 2.3
}S,j— S, if not alone @3

R,

Buyer payoffsin this location subgame can be represented in the norma form:

Buyer 2
Sdler 1 Sler 2
Buya‘l %Ial Sl- SZ y 0 al-sll ’ 822_822

Sdler2 [S,,-s,, ., S,-Sp, $1-S, . 0

Tablel

Let P, denote the probability that buyer j assgns to visting sdler i. Buyer j's

expected payoff from vigting sdler i isgiven by:

Py=@-R_)S;-s)*R.(§-S>) (24)



Thefollowing 9 digtinct possble cases exist for buyer 1:

Su' 812<Szl'521
S_l' S_2<821'521
31' 32<821'321

S1-S11>54- S,
Si-S1u=S-S,
S11'311<821' Szz

L S,-5,>S,-S, ad S,-5,>S,-S,
2 S,-S,>S,-S, ad S,-5,=5,-S,
3 S,-S,>S:-s, ad S,-5,<S,-S,
4 $,-S,=S,-5, ad S,-5,>S,-S,
5 S,-S,=S,-S, ad S,-5,=5,-S,
6 S.:-S,=S,-S, ad S,-5,<S,-S,
7. and
8. and
9. and

Redricting reserve prices to be no greater than vauations (s £S;), there ae 4

distinct casesfor buyer 2:

A. S;>s, ad §,>s,
B. S;>s, ad §,=s,
C. S,=s8, ad §,>s,
D. S,=8, ad S,=s;,



Lemma 1. The buyers subgame has the following equilibriain pure strategies:

Case Up, Left Up, Right Down, Left  Down, Right
1A yes

1B yes

1C yes yes

1D yes yes

2A yes

2B yes yes
2C yes yes

2D yes yes yes
3A

3B yes
3C yes

3D yes yes
4A yes yes

4B yes yes

4C yes yes yes

4D yes yes yes

5A yes yes

5B yes yes yes
5C yes yes yes

5D yes yes yes yes
6A yes

6B yes yes
6C yes yes

6D yes yes yes
A yes yes

B yes yes

7C yes yes

D yes yes

8A yes yes

8B yes yes yes
8C yes yes

8D yes yes yes
9A yes

9B yes yes
9C yes

9D yes yes

Proof: Fallows from exhaudtive examination of Table 1. QED

Notice thet, in every case except 3A, some eguilibrium exigsin this subgame.



Lemma 2: Wherever mixing equilibria exig, vist probabilities are given by:

— S12'512

Szz"'slz'szz'slz

11

Szz “S »

12~
S22"'812'522'312

P. = S +S5,-Su-5y
21
522+Slz' S»"Sp

— 821"'812' S11'521
22~
S22"'812'322'312

Proof: Buyers choose ther probabilities to be indifferent between which sdler
isvidted. Setting P, =P ,;,] = 1,2,in(24), one obtainsthe above
vauesfor P. QED

2.3 SHlers Reserve Price Decisions

We now turn to consder selers optimd choicesof s . We gtart by consdering
equilibriaiin pure srategies.

Proposition 1. When conddering equilibriain pure Srategies
a) No equilibria exist where both buyers vigt the same Sler.

b) Equilibriawith postive assortative matching exigt if and only if match

vauations are supermodular:

SutS, % St Sy (25)



Equilibriawith negetive assortative matching exigt if and only if match
vauations are submodular:

SutS,£S5,+S, (26)

Pogitive asortative and negative assortative matching equilibria co-exis if and
only if match vauations are both supermodular and submodular:

SiutS,=S,+S, (27)

Proof: (Sketch)

a)

b)

Examingtion of the table in Lemma 1 reveds tha the following redrictions
must be imposed for (Up, L &ft) to be an equilibrium of the buyers subgame:

S$Sn3S:-(Su-S2)  S»=S,

For dl possble ranges of s, =(s;;,S5,), one can find a vector
S, =(S,,S,,) Which vioaes the above redrictions and which yidds a

drictly larger payoff for sdller 2 in dl equilibria of the (s;,s,) subgame All
possble (Down, Right) eguilibriaare ruled out smilarly.

Congder the fallowing candidate equilibrium:

R, =1, P,=1

5;12311' (S~ Sx)» 3122512’ S*212821' (Sii- Si2)» 5*222522

This is an equilibrium of the buyers subgame (case 5D). Also, for every s,
one can demongrate that there exists some equilibium of the (s,,s;)

subgame where sdler 1 is no beter off, iff S is suparmodular. Smilarly, for
every s,, one can demondrate thet there exists some equilibium of the



(s;,s,) subgame where sdler 2 is no better off. Thus (s;,s;) is a

subgame pefect equilibrium. Smilaly, one can find subgame pefect
equilibriafor dl

Ri=1, P,=1
S 11 = Sll - (821' S22) S 1*2T [0’ S12] y S ;1T [0’821] 'y S ;2 = S22
iff Sis supermodular.

C) Condder the following candidate equilibrium:
P,=0, P,=0
S117Su S1,7S 85 =S, (Su-Sp) 5 =S,
This is an equilibrium of the buyers subgame (case 6D). Also, for evary s, ,
one can demondrate that there exiss some equilibium of the (s,,s))
subgame where sdler 1 is no better off. Smilaly, for every s,, one can
demondrate that there exists some equilibrium of the (s;,s,) subgame
where sdler 2 is no better off iff S is submodular. Thus (s,,s,) is a
subgame pefect equilibrium. Smilaly, one can find subgame perfect
equilibriafor dl
P,=0, P, =0
S1l [0,S1], S15=S1s S5 =S5~ (Suu- Sw)s Sl [0,Sy]
iff Sis submodular.

d Fdlows immediady from (b) and (c).

Discussion

Notice tha podtive (negative) assortative matching maximizes aggregate

aurplus when mach vdudions ae supamodular  (submodular). Thus, the pure
drategy equilibria maximize aggregate surplus. When matches are both supermodular
and submodular, the dlocation of buyers to sdlers does not affect aggregate surplus,



a long as both buyers do not vist the same sdler (which cannot occur in the pure
drategy equilibria). However, in this case, pure drategy equilibria with both postive
and negative asortative matching exis. This implies the exigence of equilibria with
mixing. At this point, it is useful to congder conditions under which this can occur.

Lemma 3 Mach vduaions ae both supermodular and submodular in  the
following specid cases:

a) Either buyers or sdlers are homogeneous.
b) Heterogeneity is additive.

Proof: Sraightforward.

In ether of these two cases, eguilibria exig where buyers mix in ther location
choice. These equilibria ae dealy less ficient than the pure draegy equilibrig,
because they have an associated non-zero probability that both buyers will vigt the
same Hler. However it can be shown that buyers choose the same probabilities that a
planner would, if the planner were unable to avoid the coordination problem.

Proposition 2: Where equilibria exig with buyers mixing in ther locaion
choice these eguilibria ae condranedefficient and the
expected maiching rate is drictly decressng in the magnitude
of the heterogeneity.

Proof: In the works.



CONCLUDING DISCUSSION

Heterogenaty can ether worsen or improve coordination problems, depending
on the form that it takes. If the cardindity of the types of agents and the number of
agents is the same, and maich vauations are dther drictly supermodular or drictly
submodular, then the exigence of heterogenaity can diminate inefficient equilibria
with mixing. Otherwise, when mixing equilibria exigt, then heterogeneity can worsen
the coordinaion problem.
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