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Abstract

A nonparametric estimator of the term structure’s volatility is provided for a class
of Heath-Jarrow-Morton term structure models. This class of models is important be-
cause it captures, as a special case, all term structure models where the short term
interest rate follows a time-homogeneous univariate Markov diffusion in the equivalent
risk-neutral economy; such a structure is frequently considered in the term structure
literature. A test for this ‘Markovian short-term interest rate based structure’ is de-
veloped. We find that this Markovian short-term interest rate based structure is not
rejected. The result suggests that a sufficiently flexible one factor Markov short-term
interest rate based model is able to capture the dynamics of the empirical terms struc-
ture of interest rates in the US bond market. A caveat of course is that nonparametric

procedures inherently require large sample sizes.
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1 Introduction

The advent of the Heath-Jarrow-Morton (1992) (hereafter HIM) framework has introduced
an interesting way of thinking about the term structure’s evolution. Within this framework
an arbitrary initial term structure is taken as given, presumably generated by market equi-
librium, and then the intertemporal transitions of the whole term structure are determined
by characterizing how each point on the term structure reacts to movements in the set of
Wiener processes that form the underlying sources of uncertainty in the bond market. This
is distinctly different from most previous frameworks where the focus has been to model
the evolution of specific economics variables that act as state variables for the fundamental
sources of uncertainty in the bond market. In these other frameworks the evolution of the
state variables is modelled as a joint Markov diffusion process and the term structure at
time ¢ is constructed so that it is a function of these state variables at time t only. For
convenience we refer to such models as those from a Markov based paradigm.

In the last few years the empirical term structure literature has turned towards studying
the intertemporal behavior of the short term interest rate (which we denote by r(¢)). This
is because r(t) is almost always used as a state variable in the above models, and further,
because once the evolution of r(¢) is known in the equivalent risk-neutral economy, then the
whole term structure can be recovered.! Ait-Sahalia (1996), Stanton (1997), Jiang-Knight
(1997), Jiang (1998), and Bandi (1998) have all adopted a general approach to ascertain the
behavior of the short term interest rate by starting with the assumption that it follows a time-
homogeneous univariate Markov diffusion process and then nonparametrically estimating the
drift and volatility coefficients of this process. Motivation for this work stems from the lack
of a theoretical underpinning regarding the parametric form of the short term interest rate
process and the mixed results obtained from several competing parametric term structure
models. This need to reduce the arbitrary parametric restrictions imposed by previous term
structure models is provided by the above nonparametric approaches that allow the “data to
speak for itself”. Once the nature of the short term interest rate process is understood, the
market price of interest rate risk is required to determine the short term interest rate process
in the equivalent risk-neutral economy. Restricting the market price of interest rate risk at
time ¢ to be a function only of r(¢) implies that the short term interest rate will also follow
a time-homogeneous univariate Markov diffusion in the equivalent risk-neutral economy and
the resulting term structure model will then fall within the above mentioned Markov based
paradigm.

A natural question at this point is the following: can a reasonable depiction of the term

!That is, the evolution of the term structure under the equivalent risk-neutral probability measure which
can be interpeted as an equivalent economy where agents behave in a risk-neutral fashion. If the bond

market is complete then there is only one such probability measure.



structure’s evolution be obtained by assuming that it is governed by a time-homogeneous
univariate Markov diffusion model for the short term interest rate? To answer this ques-
tion we deviate from the above focus of estimating the short term interest rate process by
examining whole term structure transitions instead. This is achieved by adopting the more
general HJM framework and nonparametrically estimating the volatility of every point along
the term structure (hereafter referred to as the “volatility structure”). Once the volatility
structure has been obtained we can determine if it is consistent with a term structure that
has been generated by a time-homogeneous univariate Markov diffusion model for r(t). The
primary implication of the answer to the above question is whether it is necessary to look
further afield for models of intertemporal term structure behavior.

Given the generality of the HJIM framework it is impossible to provide a nonparametric
procedure that allows for the volatility structure to depend on all possible information.
Consequently, for tractability, we restrict attention to the HJM framework in which only one
Wiener process introduces uncertainty into the bond market and the volatility structure of
the forward rate curve can depend on the contemporaneous short term interest rate and time
to maturity. It may appear that our restrictions are severe. This is a deceptive impression
since the class of term structure models permitted under these restrictions captures, as
a special case, all models where the short term interest rate follows a time-homogeneous
univariate Markov diffusion in the equivalent risk-neutral economy.? In fact, generically
the class of models that we consider is path-dependent. Consequently a rejection of the
time-homogeneous univariate Markov diffusion assumption for r(¢) in this setting suggests
incorporating path-dependence in the term structure’s evolution.

We do not consider the possibility of multiple stochastic factors in either a Markov
based setting nor a path-dependent setting. The incorporation of multiple factors is related
to the following fundamental questions. How many sources of uncertainty are required to
adequately depict the intertemporal behavior of the term structure? Given the answer to
this, is the evolution of the term structure path-dependent?® These questions are beyond the
scope of this paper. However the work herein will hopefully provide some insights towards

a means of addressing them.

2And if the market price of interest rate risk at time ¢ is a function of r(¢) only then then short-term

interest rate also follows a time-homogeneous univariate Markov diffusion in the observed economy.
3Path-dependence is meant in the following sense. If there are N sources of uncertainty in the bond

market with N state variables tracking these sources of uncertainty then to recover the term structure at
time ¢ we must observe not only the state variables at time ¢ but also their realized path up to time ¢. It is
possible for a path-dependent model to have a path-independent representation when the number of state
variables used exceeds the number of sources of uncertainty, for example Cheyette (1992,1996), Ritchken-
Sankarasubramanian (1995), Jeffrey (1995a), and Inui-Kijima (1998). These models are still considered
path-dependent since the additional state variables are not additional sources of uncertainty, they simply
act as sufficient statistics for the path-dependent information.



To the best of our knowledge the only work that has applied nonparametric techniques
to estimate the volatility structure in the HJM setting is the work by Zhou and Pearson
(1998), who have extended Stanton’s methodology. However, their analysis does not include
the asymptotics conducive to statistical testing. In relation to the issue of whether the short
term interest rate follows a time-homogeneous univariate Markov diffusion process, Ait-
Sahalia (1997) provides preliminary evidence rejecting such behavior. His analysis is based
on computing nonparametric estimators for conditional densities of the short term interest
rate and testing inequality constraints imposed upon them implied by the properties of
continuous-time diffusions. The data that his conclusions are based upon is a constructed
time series of monthly short term interest rates from 1857 to 1995 and, as Ait-Sahalia states,
“as a caveat, these preliminary empirical results are sensitive to the choice of data set” (page
32). Our analysis can be seen as an alternative means of searching for the possibility of path-
dependence in the term structure’s evolution.

In this paper we provide a consistent nonparametric estimator for the volatility structure
and provide its asymptotic distribution. The form of the estimator is motivated by standard
kernel smoothing techniques making use of the properties of the variance of term structure
transitions, similar to Stanton (1997)’s estimators. Observing that expected term structure
transitions also depend on the volatility structure, as a consequence of the no-arbitrage con-
dition, we consider the possibility of using this restriction to estimate the volatility structure.
We show that such an estimator will have a larger asymptotic variance relative to our original
estimator (under a common nonparametric specification), and hence we do not advocate its
use. Instead, we construct a y? test statistic to determine if our original volatility structure
estimate is consistent with the no-arbitrage restriction imposed on expected term structure
transitions. Using zero-coupon bond yield curves extracted daily from Treasury bills, notes
and bonds obtained from the Center for Research in Security Prices (CRSP) over the period
June 1960 to December 1998, the estimated volatility structure of the yield curve appears
to be consistent with the no-arbitrage restriction.

To ascertain the appropriateness of using a Markovian based paradigm to model intertem-
poral term structure behavior where the short term interest rate follows a time-homogeneous
univariate Markov diffusion, we develop a x? test statistic to determine if the estimated
volatility structure is consistent with such an assumption. Rather surprisingly, we do not
find strong support for rejecting this assumption in favor of a single factor path-dependent
alternative.

The remainder of the paper proceeds as follows. In Section 2 the term structure’s dy-
namics are discussed and our model specification is provided. A consistent estimator for the
volatility structure is provided in Section 3 along with its asymptotic distribution. Section 4

contains the construction of a test to determine if the estimated volatility structure is con-



sistent with the no-arbitrage restriction embedded in expected term structure transitions.
Section 5 contains the construction of a test to ascertain if the estimated volatility structure
is consistent with a term structure that has been generated in a Markovian based paradigm
where the short term interest rate follows a time-homogeneous univariate Markov diffusion.
The empirical estimation of the volatility structure and testing for consistency with both the
no-arbitrage condition and the time-homogeneous univariate Markov diffusion assumption
for r(t) is reported in Section 6. Conclusions and suggestions for future research are in the

final section. Technical proofs are in appendices.

2 Term Structure Dynamics and Model Specification

To set the framework and introduce notation let P(¢,T") denote the price of a one dollar face
value, default free, zero coupon bond at time ¢ that will mature at time 7. A continuum
of such bonds trade continuously with differing maturities (one for each date 7). The
instantaneous forward rate at time ¢ for date T', denoted f(¢,7T), is defined by f(¢,T) =
—0In(P(t,T))/0T. For convenience we will further assume that —df(¢,7)/ 0T exists for
all T. The HIM (1992) framework represents the term structure in terms of forward rates
and for a single source of uncertainty in the bond market, introduced by the Wiener process
W (t), the uncertain evolution of each forward rate with fixed maturity date 7" satisfies the

stochastic differential equation
df (t,T) = olw, t, T)dt + v(w, t, T)dW (t), (1)

where w indicates the possible dependence on the term structure’s realization up to time t.
More specifically w € F; where F; indicates all available information at time ¢ generated by
the term structure’s evolution. Given the complete markets structure of this framework the
no-arbitrage restriction between bonds of different maturities manifests itself in equation (1)

with the following restriction on the forward rate’s drift term:

a(w,t,T) =v(w,t,T) <[T Y(w, t,v)dv + A(w,t)) , (2)

where A\(w, t) is the market price of risk at time ¢ for the single source of uncertainty in the
bond market. Note that A (w, t) is maturity independent; intuitively this is because all assets
(bonds with different maturities) are subject to the same source of uncertainty W(t) and
hence command the same risk premium per unit of risk. In this framework the short term
interest rate at time ¢, denoted r(t), can be defined as the instantaneously maturing forward
rate at time ¢; that is r(t) = f(¢,t). The evolution of r(t) resulting from equations (1) and

2) is
) af(t,T)
dr(t) = <—8T

+7(w,t,t))\(w,t)) dt +~v(w, £, t)dW (). (3)

T=t
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One of our goals in this paper is to estimate the term structure’s volatility which in the
above setting is represented by the forward rate volatility structure y(w, ¢, 7). The estima-
tion procedure considered in subsequent sections relies on observing whole term structures
at discrete points in time. These term structures are obtained by resorting to the curve
fitting literature where an estimate of the whole term structure is extracted from a sample
of both zero-coupon and coupon bearing government securities. In particular we adopt the
Jeffrey-Linton-Nguyen (1999) implementation of the nonparametric term structure estima-
tor proposed by Linton-Mammen-Nielsen-Tanggaard (1998). Typically, estimation of the
forward rate curve is more difficult than yield curve estimation since forward rates require
knowledge of the derivative of the yield curve. The yield at time ¢ with maturity date T,
denoted y(¢,T), is defined by y(¢,T) = —z=In (P(t,T)) and consequently the relationship
between the forward rate curve and the yield curve is f(¢,T) = y(¢t,T) + (T —t)0y(t,T)/0T.
The difficulty associated with estimating Oy(t,T") /0T is primarily evident with highly flexible
procedures for extracting the term structure, since the estimate of this derivative is sensitive
to the procedure adopted. Further, it is well known that if a nonparametric technique is
used then the derivative of an estimate has a slower rate of convergence than the estimate
itself.

To circumvent the issue of potentially poor forward rate curve estimates we deviate from
typical implementations of HJM based models by portraying the term structure with yields

instead of forward rates.! The dynamics of the yield curve resulting from (1) and (2) is®

dy(th) = m(w,t,T)dt+17(w,t,T)dW(t), (4)
1 T
where w,t,T) = —— w,t,v)dv
et D) = 7= [ At
T) — 1
miw.t.7) = DD et ) + LT~ o, 17

The short term interest rate process can be obtained from (3) by observing that r(¢) = y(t, 1),
Y(w,t,t) =n(w,t,t) and Of(¢,T)/0T|,_, =2 0y(t,T)/IT|,_,. In this setting the volatility
of the term structure is now represented via the yield volatility structure n(w,t,T") for which

a nonparametric estimator is developed in the following section.’

*For example Heath-Jarrow-Morton (1990), Amin-Morton (1994) and Biihler-Uhrig-Homburg-Walter-

Weber (1999) all use estimated forward rate curves in their analysies.
®See Appendix Al.
OIf it is necessary to obtain an estimate for the forward rate volatility structure v(w,t,7") then one can

either i) adopt the estimation procedure advocated in the following section of this paper except apply them
to forward rates instead of yields, or ii) derive an estimate for vy(w,t,T) from the yield volatility structure
estimate by observing that (w,t,7T) = (T — t)%‘é}il +n(w,t,T).



Equation (4) above depicts the evolution of each yield with fixed maturity date 7. How-
ever, at times it will be convenient to consider the evolution of a yield with a fixed time
to maturity instead. Denote the yield at time ¢ with time to maturity 7 as y(¢, 7), that is
y(t,7) = y(t,t + 7). The intertemporal dynamics of y(t,7) implied by (4) is’

dy(t,7) = m(w,t,7)dt +n(w,t,7)dW(t), (5)
where Nw,t,7) = n(w,t,t+71)
m(w,t,7) = Gyg;T) + o, T)T_ rt) + Mw, t)n(w, t,7) + % 7 N(w,t,7)%

Despite the appearance of dy(t,7)/0T in the drift term of y(¢,7) this representation will
prove useful for developing both an estimate for the volatility structure and a test of the
time-homogeneous univariate Markov diffusion assumption without actually requiring the
computation of the derivative of the yield curve.

Potential functional forms for the term structure’s volatility are vast. In its most general
form it can depend on time ¢, maturity 7', and all realized interest rates up to time t

(indicated by w). For our estimation we restrict attention to the class
n(w,t,T) =n(r(t), ), where T =T —t, (6)

in which case N(w,t,7) = n(r(t),7) as well. This class of volatility structures is quite gen-
eral in the sense that it encompasses a wide variety of term structure models proposed in
the literature. Of particular interest is that it captures all models from a Markov based
paradigm where the short term interest rate follows a time-homogeneous univariate Markov
diffusion.® Other specific examples include versions of Hull-White (1990) extended-Vasicek
and extended-CIR models where the short term interest rate follows a univariate Markov
diffusion with time-inhomogeneity introduced into the drift term only”, the constant and
exponential decay forward rate volatility structure models given as examples in HJM (1992),
and a large subset of volatility structure forms suggested in Cheyette (1992), Brace-Musiela
(1994), Ritchken-Sankarasubramanian (1995), Bliss-Ritchken (1996) and Jeffrey (1997a,b).
Generically the volatility structure (6) results in a path-dependent term structure evolu-

tion'” with the short term interest becoming non-Markov. This non-Markov behavior in 7(t)

"See Appendix Al.
8See Appendix A2.
98ee Appendix A2.
10 Jeffrey (1995b) shows that in addition to restricting 7(w,t,T) to be a function of 7(t),t, and T, severe
functional form restrictions are also required to assure that the volatility structure is admissable in a Markov

based paradigm where 7(t) is the state variable.



manifests itself in the drift term of (3) with the slope of the forward rate curve at the origin
f(t,T)/IT|r—; carrying information about the path that the term structure has taken.!

3 Yield Curve Volatility Structure Estimation

We now proceed to develop a nonparametric estimator for the yield volatility structure
n(r(t),7) without imposing any structure on the market price of interest rate risk A\(w,t).
This section provides the motivation for the estimator using kernel smoothing arguments
[see Hiirdle (1991)] and in Appendix A3 it is shown that this estimator is asymptotically
consistent and normally distributed. The estimator is based on observing the short term
interest rate r(t;) and yield transitions Ay(t;, 7) = y(tiy1,7) —y(ti, 7) at n— 1 points in time
indexed by t; for e = 1,...,n — 1. However it is also possible, with minor modifications, to
construct the estimator based on observing r(t;) and yield transitions Ay(t;, T) = y(t;11,T)—
y(t;, T) at times t; for i = 1,...,n — 1."? For simplicity it is assumed that all time intervals
t; to t;.1 are equally spaced, that is At =t;,1 — t; for all 4.

Consider the expectation of the square of an instantaneous transition in the yield curve
characterized by (5), that is E [(d;?](t,T))2| Fi]. It is apparent that this is related to the

square of the yield volatility structure via

et = lim (g7 [+ 807) = 767 7] ), )

observing that the drift term of the yield curve dynamics becomes negligible in determining
7w, t,7)? as At | 0; that is, the random shocks in the bond market dominate changes
in yields from one instant to the next. An obvious interpretation of (7) is that the yield
volatility structure is the standard deviation of yield curve transitions. Since we restrict
attention to volatility structures of the form 7(w,t,7) = n(r(t), 7), it is enough to condition
the expectation in (7) on r(t) only; that is, the realization of r(¢) is enough to determine the

volatility structure at time ¢.'> Consequently we have the following approximation for the

"This can be seen by observing, from equations (1) and (2), that

3f(t, T) = 3f(t0, t) ' 2 37(“]7 S, t) ¢ t 87(01, S, t)
or |, I + /to Y(w,s,t)" + o </S Y(w, s,v)dv + /\(w,s)> ds _g_l wa(s)

0

which generically involves information from time tg to ¢. It is also possible, but not necessary, that the
preference parameter \(w,t) can depend on information other than r(t) forcing non-Markov behavior in the
short-term interest rate.

12The former type of yield transitions is chosen purely because it simplifies the derivation of our estimator’s
asymptotic variance.

13This is obtained by applying E [-|r(#)] to both sides of (7) and invoking iterated expectations.



yield volatility structure:

nr(t), 77 = < B [+ A7) — 7)) ()] )

Replacing the expectation on the right hand side with the Nadaraya-Watson kernel smooth-

ing estimator suggests the following estimate for the yield volatility structure:'*

A7) = 13 K (r—r(t) (Ag(t, 7))
’ At SPLK (r—r(t))

where Kj(u) = K(u/h)/h, and K(-) is a symmetric kernel function that integrates to one,

for each fixed T, (9)

while A is the bandwidth parameter (which decreases to zero as sample size n — oo) that
controls the amount of smoothing.!® The asymptotic distribution of this estimator is as
follows.

Corollary 1 Given Assumption 1-8 stated in Appendiz A3, the asymptotic distribution of

14See Hirdle (1991) chapter 7 for a discussion of kernel smoothing in a time series context.
I5Tf a continuum of yield transitions in the maturity dimension is not observed, that is for each i we only

observe Ay(t;, ;) for j =1,...,J;, then interpolation can be achieved by further kernel smoothing across

the maturity dimension which results in the estimator
—1 ~ 2
o 125 305 Ky (r = r(t) K, (7 = 75) (AU, 75))

R A B SRR o E.

where Kp, (u) = h%Kl (hil) and Kp,(u) = hLng (%) for two kernel functions K;(-) and Ks(-), each
integrating to one, with respective bandwidth parameters hy and ho depending on the sample size in their

respective dimensions.



the yield volatility structure estimator is a mived normal*%:17

—+o00

h L (tn,T)
At

(A(r,7)* = n(r,7)?) = N (0,4 < K (u)® du> n(r, 7)4) . (10

—00

where L (t,,r) is the chronological local time of pointr for the process r(t), which is a measure
of the absolute amount of time that the short term interest rate process spends in the vicinity

of point r over the time interval 0 to t,,. An estimate for the asymptotic variance of 7)(r, T)?

4 4

can be obtained by replacing n(r,7)* with n(r,7)*, and from equation (48) in Appendix 3

L (t,,r) can be estimated by At> " Ky, (r —r(t;)). The implied asymptotic variance of
n(r,7) is
At (fj;o K (u)® du) n(r,7)?

h L (t,,r)

var (7)(r, 7)) = (11)

PROOF. See Appendix A4.1. H

It is important to note that stationarity is not assumed for interest rates as the concept of
chronological local time generalizes the density concept usually associated with stationarity.
The interesting observation regarding the above estimator is that the drift term of the yield
curve process is negligible. However, the complete markets construct of the HJM framework
along with the no-arbitrage condition implies that the drift of the yield curve process depends
on the yield volatility structure in a nontrivial manner. This observation is investigated

below.

16This result does not require the long span assumption, that is ¢, — oo is not needed.
1"The above approach can be also be applied to the case where the volatility of the yield with time to

maturity 7 is a function of that yield and 7, that is n(w,t,T) = n(y(t, 7), 7). In this case it can be established

that an estimator is

1 Kn (= 3t ) (Ag(ts, 7))
At S K (57— Gt T))

which is asymptotically distributed as a mixed normal

ny,7)* =

— N
L6095,y — y(@ 7)) = N (0,4 (

~ K (u)? du> n(7, T)4> .

—00
where T, (t,,7) is the chronological local time of point 7 for the process 7(t, 7). Another class of volatility
structures sometimes considered in the Heath-Jarrow-Morton literature is y(w, t,T) = v(f(¢,T),T —t). Such

4

a volatility structure is often referred to as a “proportional volatility structure” (see Amin-Morton (1994)).
One can estimate such models by applying the the above estimation procedure to forward rates instead of

yields.

10



3.1 Use of the No-Arbitrage Restriction in Estimation

The no-arbitrage condition constrains the first moment of yield curve transitions (the drift
term of yield curve dynamics) to be a function of the term structure’s volatility and the
risk preference parameter A(w,t). Consequently, if a reliable nonparametric estimate of both
Aw, t) and the drift term of the yield curve dynamics exists then the volatility structure can
be recovered. Below we investigate this scheme and show that it is not advisable.

For ease of exposition we abstract from the difficulty associated with requiring the market
price of risk and assume that it is a known constant; that is, set A(w,t) = A. Now consider
the no-arbitrage constrained yield curve transitions depicted by equation (5), which implies
that

E l()\’ﬁ(w,t,r) + %T’ﬁ(w,t, 7)2) dt’ J-}} —E {d@(m) - (ag(m) U T<t>> dt‘ ]—}] .

or T

Observing that we consider volatility structures of the form n(w,t,7) = n(r(t), 7), take the
conditional expectation of both sides of the above equation with respect to r(¢) and invoke

iterated expectations to give

Anr(#), ) + 5T ar(t), 1) = [d;?](t,T) - (agéi’ﬂ P17 ’“(t)> it r(t)] .

An estimate of n(r(t),7), denoted 7y 4(r(t),7), can be constructed as the solution of the

following quadratic equation:

1 S K= () [Ag(h, 7) - () o Benort) Ay
ANna(r, T)+ 5T lnal(r, 7)° = — -
M 2 At S K (r—r(t)
(12)
that is,

At/ N2+2rC ifT;«éO

NCORSES S (13)
X if 7 =0,
where C' is the right-hand side of the equation (12) above (we assume that there exists a
real root to the quadratic equation in (12)). The asymptotic distribution of this estimator

is as follows.

Corollary 2 Given Assumption 1-8 stated in Appendiz A3, the asymptotic distribution of

the mo-arbitrage based estimator 1y 4(r, T) is a mized normal'®

K (u)?du) n(r,T)?
h 'L (tn,7) Ty a(r,7) = n(r, 7)) = N Oa(f_oo " >772< )
(A4 Tn(r, 7))

(14)

8For the case when A\ + 77(r,7) ~ 0, and/or when A2 4+ 27C < 0, a new estimate can be alternatively

considered as an updating scheme based on the original estimator:

- 1
Afyalr,7) =C — 57'77(7"7 7)2

11



PROOF. See Appendix A4.2. W
Simply by comparing the rates of convergence of the no-arbitrage based estimator 7 4 (r, 7)
in (14) and the original estimator 7j(r,7) in (10) it is apparent that 7y 4(r, 7) has a much

larger asymptotic variance than 7j(r, 7); asymptotically it is - times larger. For example,

At
if daily data is to be used, as it is often the case, the variance of the no-arbitrage based
estimator will be approximately 250 times larger than that of the original estimator. It
is also worth noting that for asymptotic consistency the estimator 7y 4(r, 7) requires both
At | 0 (the infill assumption) and t,, — oo (the long span assumption), whereas 7j(r, 7) only
requires the former.!? This is consistent with the well known observation that the drift term
of a stochastic process is more difficult to estimate than its volatility. Finally, the above
argument is based on knowing the risk preference parameter A(w,t) and as a consequence
we are likely to be even worse off when A(w,t) must be estimated. In short, we advocate
the estimation of the yield volatility structure using the estimator 7j(r, 7) which is based on
the second moment of term structure transitions as opposed to estimation from the first
moment of term structure transitions in conjunction with the no-arbitrage condition. A pos-
sible means by which both first and second moment information can be combined to obtain
a new estimate of the volatility structure which can potentially improve the bias and/or the
variance is to consider a weighted combination such as wn(r,7) + (1 — w) Ny 4(r, 7). Such

analysis is beyond the scope of the present paper and is left for possible future research.

4 A Test of the No-Arbitrage Restriction

Since the original volatility structure estimate 7j(r, 7) provided by (9) does not rely on the
no-arbitrage restriction we now turn to the construction of a test to determine whether it
is consistent with this restriction. In this section it is convenient to consider yields with
fixed maturity dates, that is y(¢,T") for fixed T"s, as this will eliminate the need to compute
derivatives of yield curves in the formation of the test statistic. In particular we consider

a data structure that contains observed short term interest rates r(t;), yields y(¢;, T), and

which is still a consistent estimate of 7j(r, 7) with asymptotic variance of

(fj;o K (u)2 du) n(r,7)?
\2

The conclusion remains valid for this special case.
YAt | 0 is required to ensure the local normality of term structure transitions and it is also enough

to provide asymptotic consistency of the 7j(r, 7) estimator even for a finite time span [0,t¢,]. However for
the Ny 4(r, T) estimator to be asymptotically consistent it requires the chronological local time I (t,,7) to
approach infinity which generically is only achieved by letting t,, — oo. For further details refer to Appendix
A3.

12



yield transitions Ay(t;,T) = y(tir1,T) — y(t;,T) at n — 1 points in time indexed by t; for
it =1,...,n — 1, where for simplicity ¢;;; — t; = At for all . To further facilitate analysis
the market price of risk A(w,t) is hereafter restricted to be of the form A(r(¢)); this allows
the short term interest rate at time ¢ to be the sole conditioning variable.

Consider instantaneous yield curve transitions characterized by (4) where the yield volatil-
ity structure is of the form n(r(t), T —t) and the no-arbitrage restriction has constrained the

drift term. This can be expressed as

dy(t,T) — (&) dt = q(r(t), T — t)dt + n(r(t), T — t)dW (1), (15)

where the no-arbitrage condition imposes the following testable restriction

V(). T — 1) = alr(6), T~ ) = Mr()n(r(#), T — 1) — S (T~ n(r(t), T~ 1 = 0.~ (16)

To test (16), estimates of the terms involved, namely g, A and 7, are required. Estimate

of 7 can be obtained as in (9). For g, an expression for q(r(t),T — t) resulting directly from

(15) is
]).

noting that in the above expectation it is sufficient to condition on r(t) since the only

q(r®),T ~t) = lim (AitE [(y(t +ALT) —y(t,T)) — (—y<t§ "@))

random variable that ¢(r(t),T — t) depends upon is the short term interest rate at time
t. Given that term structures are observed at discrete points in time ¢;, and replacing the
expectation operator with the Nadaraya-Watson kernel smoothing estimator, suggests the

following estimate for ¢(r(t), T — t):

e S K (= r(8) [ Ayl 7) - (M) Ael

Z?:ll Ky (r —r(t:)) ,
where Kj,(u) = K(u/h)/h for a given symmetric kernel function K (-) and A is the bandwidth

parameter that decreases to zero as the sample size n grows to infinity. Note, at this point

q(r,7) = (17)

the estimate for ¢(r(t),7) has been obtained without the imposition of the no-arbitrage
restriction.

As for the unobserved market price of risk, A (r (¢)), first note that it is maturity inde-
pendent. For each maturity level, we can obtain an estimate of A (7 (¢)) by observing that,

provided the no-arbitrage restriction holds

dy(t,T)— (%) dt—E(T On(r(t), T—t)? = X(r@))n(r(t), T—t)dt+n(r(t), T—t)dW (t).

This results in
1
B dyte, )~ (B2 e - 57 - onoe). 7~ 071 (0]

13



which we can use to approximate A(r(t)) by kernel smoothing

y(ti,75)

LK) Byt ) - (MG + drar(t). 7)) A

At = Y B (r —r(t) n(r(t:), 7;) ’
(18)
where we denote A (r,7;) as the market price of risk that we obtain based on the time series

/)\\(r T;) =

Ay(t;, ;) with some fixed 7;.

However, since the market price of risk is maturity independent, we will construct its
estimate based on information aggregated across J different maturity levels as follows. Ob-
serving that

J
N 1
) [dy (0.7) — (B0 it — (7, — (o), T, — 1)7e

J=1

M“

n(r dr+§:n £)dWw (t),

y:1

and following the previous derivation, we obtain

J . E
ST (0, 7, — D

which yields an estimate of A(r) as

Ar(t) =

Z (e 1)~ (B4 e - 5T~ lr(0).T; — 0] I <t>] ,

Zl o)) [T [Buttn) - (HFE + grar(e),m)) A
= >in Kn(r—r(t)) S n(r(t), 7)) '

(19)
(17) and (19), together with the estimate of the volatility structure established in section

3 will allow us to test the moment restriction (16). Note that the rate of convergence of
7(r,7) defined in (9) is y/2;h L (t,,r), while the rate of convergence of g (r,7) and hy (r) is

h L (t,,r)(see Appendix A5.1), so the variance of ¢ (r,7) and h\ (r) will dominate that of
7(r,7) and consequently determine the variance of our test statistic

B r,m) =r,m) = XY, 7) — 57

~ ~

var |:77/J (r, 7)} = var 7 (r, 7)] + n(r, 7)*var [)\ (r)} —2n(r, T)cov [Zf(r, T) ,X (r)] .

Unfortunately, it turns out that g (r, 7) and h) (r) are asymptotically perfectly correlated

since every point along the yield curve is driven by the same Brownian motion, and the large

14



sample test of thus becomes very problematic, to say the least?’. To tackle this difficulty, we
develop some estimates of ¢ (r) and A (), which are asymptotically independent, by sampling
alternatively from the sample to break the dependency. Namely, we first use the first half
sample consisting of all even (odd) observations to estimate ¢ (r,7), then use the other
half sample consisting of odd (even) observations to estimate A (7 (¢)). The independence
property of dW (t) will render two estimates ¢ (r, 7) and hy (r) independent from each other?'.
Admittedly, this is not the most efficient way to use the data for estimation purpose, but
for the need of inference, it is our choice of strategy here.

Concretely, the sub-sample consisting of even (odd) observations yields the following

estimate of ¢ (r, 7) ,which we denote as ¢ (r, ), similar to (17)

R 1 [(n—1)/2] Ko (rr(ta) Y(toi, m)—=r(t2;)
= _ 2 : n(r—r(tai X | Ay(to;, T) — Tt At .
D=5 20 ST ety |2 (1), )2

As shown in Appendix A5.1, a\(r, 7) is a consistent estimator of ¢ (r, 7) with the asymp-

totic variance
(J72 K () du) (o, )2
h L(t,,T) 7

which is twice as large as the variance that we would obtain if we use the whole sample to

(20)

var [5(7’,7)} =2

estimate ¢ (7, 7) as in (17).
Next, to estimate A (r), similar to what we have done earlier in (19), we aggregate infor-

mation across the maturity spectrum by constructing

~ 1 [(n—1)/2] Kh (T _ T’(tgz',l))
Alr) = At Z [(n—1)/2]
t D it K (r —r(taic1))

i=1

[231:1 [A?J(tzz'—lﬁj) - (y(t%m})j_r(t%ﬂ + 5T 77(7’(?5%_1),73')2) At”
Zj:l n(r(taiz1),75)

which is based only on the subsample consists of odd (even) observations.

(21)

X

Y

As shown in Appendix A5.1, A (r) is a consistent estimator of A\(r) with the asymptotic

variance

. F (r)] , (fff ZK( t(z):)d@ |

and is asymptotically uncorrelated with a\(r, 7) for all 7.

20Gee Appendix A3.4 for details.
21See Appendix 3.4.
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Test statistic can be obtained via the following moment restriction:

E [i (m)} _E F(r, )= A (r)F(r,7) — %Tﬁ(r, 7)2} 0, (22)

if no-arbitrage holds, where

-~

var {17} (r, 7)} = var [3(r,7)] + n(r, ) Pvan F (7’)] _4 =« @2 ) ot o (23)

5 Test of the Time-Homogeneous Univariate Markov

Diffusion Assumption

All the recent nonparametric methods that have been proposed to estimate the drift and
volatility of the short term interest rate have constructed their estimators under the pre-
sumption that r(¢) follows a time-homogeneous univariate Markov diffusion. Imposing the
additional restriction that the market price of risk A(w,t) is a function of r(t) only implies
that the short term interest rate will also follow a time-homogeneous univariate Markov
diffusion in the equivalent risk-neutral economy. This structure is advantageous since the
yield curve at time ¢ must be a function of the short term interest rate at time ¢ and time
to maturity only, that is y(¢,7) must be of functional form y(r(t),T — t), which greatly
simplifies the modelling of fixed-income securities.?> The nonparametric estimator of the
volatility structure constructed in section 3, 7(r, 7), encapsulates all such models as a special
case. Consequently the objective of this section is to construct a test statistic to ascertain if
7(r,7) is consistent with r(¢) following a time-homogeneous univariate Markov diffusion in
the equivalent risk-neutral economy. In this section it will be convenient to consider yields
with fixed time to maturities, that is y(¢,7) for fixed 7’s, as this will eliminate the need to
compute derivatives of the yield curve in the formation of our test statistic.

Suppose the short term interest rate does follow time-homogeneous univariate Markov
diffusion in the equivalent risk-neutral economy. If this is the case then the evolution of r(¢)

in the observable economy is

dr(t) = p(r(t))dt+o(r(t))dW(t)
= [00r(1)) + A(r () (r(t)] di + o (r(£))dW (2),

where we again assume the market price of risk A\(r (t)) is a function of r (¢) only, and 0(r(t))

22For example, partial differential equations can often be constructed to represent the price of interest rate

contingent claims.
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represents the drift of r(¢) in the equivalent risk-neutral economy. The yield y(¢, 7) must

then be of the functional form g(r(t), 7) with the following dynamics:*3

aitr(t.) = (2T )+ Jotrt P
Oy(r(t), 7)

+T(t)

= m(r(t),7)dt +n(r(t),7) dW(t).

o(r(t)) dW(t)

The Markov assumption implies the following restrictions on the diffusion function n(r(t), 7)
and on the drift function m (r (t),7) of dy(r(t), 1)

0lr(t).7) = ZE0 T (r(0), o

_ dy(r(t),7) nlr@),7) _

¢1 (T(t)77-) 8r(t) o T(t)) =0 (25)
and
r@).7) = m(r(0),7) = € TV ()~ o)) =0 (20)

where £ (¢,T) = Oy(r(t), 7)/0r(t).
In the rest of this section, we will develop large sample tests for these two moment

restrictions implied by the Markov hypothesis.

5.1 Test for the first restriction

To test the first restriction (25), an estimate for dy(r(t),7)/0r(t) is required (note that

estimates of n(r(t), 7) and o(r(t)) are readily available from section 3). As

g(T(t),T) =Y (T(t)7T - t) )

we have Oy(r(t),7) _ Oy(r(t),7)
or(t) or(t)

and we like to take advantage of this equality by using the dynamics of y in (4) rather than

that of i in (5) for convenience.
Provided the no-arbitrage restriction on the drift function is not rejected, we will exploit
it to get an estimate for dy(r(t),)/0r(t). Observing (4), we have

w = m(w, £, T) — Aw, (e, £, T) — %(T — nw,t, TY,

23This is obtained using Itd’s lemma and noting that 7 is fixed when considering the evolution of (¢, 7).
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which, under Markov assumption, can be written as

y(r(t), T —t)—r(t 1
WO LD o0y 7 1) = Al (Ol (6. — ) — (T~ ) (1) 7 — 1)
Differentiate both sides with respect to r ()
om(r(t),I=t) _ A(r(t)
T— - ), T —t
WODTZD 30| e 50 T e
r(t) — = A () - T n(r (1), T — 1)
So an estimate of % can be formed via (27)
~ dm(r,m)  ON(r)~
ayg? Dty Filrr) %Tﬁ(g&t)q ] (28)
" — = Alr) = T= 5 —=(r,7)

if estimates of all terms in the RHS of (27) can be constructed. These estimates can be
obtained in a similar fashion to what we have done earlier in section 4. First of all, an
estimate of n(r (t), ) is readily available from section 3, while an estimate of A(r) is also
available from (19). As shown in Appendix A5.2.1, their derived derivative estimators are
consistent estimators of the respective derivatives, but converging with the rate 1/h time

slower than the function estimators themselves

var [%(r, T)} _ At (fj;o K'_(u)2 du) n(r,7)?
h3 L (t,,7) )

and

~ +o0 2
o] (2K @) du)
var = — :
or h3 L (t,,r)
For an estimate of m(r, 7), note that under Markov assumption, (4) can be re-written as
dy(t,T) =m(r (t),T)dt + n(r (t),T)dW(t), (29)

where the drift function is just a function of r (t) now.
This yields

1
m(r (t),T) = —Eldy(t,T)|r (t)],
which can be used to estimate m(r, 7) by the now familiar kernel smoothing scheme
o LS K (r— () Ay(t, )

m(r,7) = (30)

At Y KL (r ()
Under certain assumptions, this estimator is consistent, with the asymptotic variance

(fj;o K (u)? du) n(r,7)?

var [i(r, 7)] = h'L(tn,r)
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As shown in Ab5.2.1, this estimator can be utilized to provide a consistent estimate for
om(r,T)
or

time slower than m(r, 7) itself

om(r, 7) (ff;" K’ (u)* du) n(r,7)>
Var{ ar }: 1 T (boor)

, whose asymptotic variance is of order h L (t,,r), or converging with the rate 1/h

Thus, for the asymptotic distribution of our test statistics ?qgl(r, 7), as a variance of a
derivative estimator dominates the variance of its corresponding function estimator, and as
reasoned elsewhere, variances of second moment based estimators can be ignored when first
moment based estimators are present (the former converge v/At faster the the latter), so the
variance of ¢, (r, 7) will be driven only by variations of om(r(t),r)/0r(t) and ON(r(t), T)/0r(t)

var [9?51(73 7')] =7’ [Var (M> + n*(r, T)var (—axé:’7)> —2n(r (t), T)cov (67%6(:,7)’ an;,T)ﬂ .

Similar to the situation encountered in section 4, if we use the whole sample to estimate
om(r,7)/0r and OX(r,7)/Or in order to construct ey (r,7), then var [al(r, 7')] turns out to
be asymptotically zero, which hinders our ability to construct a test. We consequently utilize
the approach employed in the previous section to deal with this problem: use the half sample
consisting of every other points to estimate m(r, 7) (and its derived derivative), and use the

other half to estimate A(r, 7) (and its derived derivative) as

1 SV K (= r(te) Ay(ts, 7)

fAﬁ(r, T) = — ) (31)
NSO Ry - i)
and (21).
By construction the two estimates are independent, and we have the new estimate for
Ay(r,T)
yB'r R
o) _ | e - 2,5
or — DN (r) — DR (r, 7)
The testable moment restriction now is
N y(r,m) _7r,7)
E =F i =0, 32
l¢1<ru T)_ 87’ O'(T, T ( )

if no-arbitrage holds, where
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5.2 Test for the second restriction

To test the second restriction, there are some considerations in place. If we are to estimate

Et,T) = ayé:((t))ﬂ and agit(’? = 822(2((?) D) directly via (27), as we have done for ayai((t)) D) above,

the variance of ay—((t))T) will be very large, of order (1/h"), potentially rendering a very weak

test. So we opt to test this restriction jointly with the first restriction, i.e. provided that the
first restriction holds up with empirical data, then we can use
Oy(r(t),7) _ n(r),7)

SO =750 T ot

thus

n(r(t), )
a(r(t)

to substitute in for the related terms in (26). Note that the variance of %(r, 7) then is of order

E(tT) =

(1/h L (tn,7)), and induced only by variations of m (r(t), 7) and i (r(t)), since the estimate

of o(r(t)) constructed in section 3 has much faster rate of convergence of \/ h L(t,,r) /At
while 9 (¢, T) /Or(t) has the asymptotic variance of zero if it is to be obtained from (9); see
appendix A5.2.2.

We construct the test statistic ¢,(r(t), 7) through (26)

~

Go(r,7) = (r,7) = £ (r,T) L (r) = 55(r)°

where & and ¢ are from section 3, i is from (30), and

(r) = LZ;:ll Ky (r —r(t;)) Ar(t;)
At S K, (r—r(t)

=)
3

The variance of ¢,(r, 7) is then
var [52(7“, 7')] = var [m (r,7)] + & (r, 7)2 var [ (r)] — 2& (r,7) cov [m (r,7) , 11 (1)]

and we run into the similar problem with var [52(7*, 7)] approaches 0.

We will resort to the same tactic used earlier to get away with this asymptotic perfect
correlation, namely sampling every other observations to form two independent estimates of
m (r,7) and g (r). We first use all even observation to construct an estimate of m (r,7) as
n (30), and then use the odd (even) observations to estimate the drift function of the short
rates by

1 SO K (0 — r(taish)) Ar(tais)
(r) = At Z[(n D72 e (o — ot ’
: w(r—r(tai-1))

i=1

(33)

=»
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which has the variance

(J72 K () du) o(r)?
h L (t,, r) '

var

N

lr)) =2

Again, we now have cov(ﬁz (r,7) ,ﬁ(r)) = 0. Test statistic can be obtained via the

following moment restriction:

E [@o«, ﬂ} _ B A A0 - L) —0, (34)

if Markov hypothesis hold, where

var FQ(T, 7)} = var (1% (r, 7')) + & (r, ) var (ﬁ (r)) 4 (fioo ) du) - 7)2.

6 Empirical Implementation

In this section, CRSP daily bond data is used to estimate the volatility structure of the yield
curve via the estimator derived in section 3. The first step in estimating a dynamic model of
interest rates is to back out the yield curve at a point in time. McCulloch (1971,1975) has
been used to implement this step (Buler et al.(1999), Zhou and Pearson (1998), among oth-
ers). Jeffrey-Linton-Nguyen (1999) however advocates using Linton et al. (1998)’s method-
ology, a recently-introduced nonparametric procedure to fit the yield curves. In their paper,
nonparametric method is shown to work best. We will use the same method to obtain the
“observed” yield curves. Only the segment out to 10—year along the maturity dimension is
used in our test as it is well documented that extracting the yield curves at the long end is
subject to much more noise due to the lack of data. When we go back to the 1960s and the
1970s, the farthermost maturity we would consider is even much shorter, just around 4 to 5
years.

Estimates of the volatility is obtained via (9). The kernel of our choice is the Gaussian
kernel.?* Figure 1 depicts the empirical volatility functions that we obtain using the band-
width of 1% for CRSP bond data from January 1960 to December 1998. We also estimate
the volatility structure using CRSP bond data for the period from January 1970 to De-
cember 1998, and the period from January 1983 to December 1998 respectively, which have
similar structure and thus not presented here. For the short rate r(t), as well as yields at
other maturity level y(¢, 7), the volatility function displays the features commonly observed

in other studies: interest rates become more volatile when the level increases (the drastic

24Note that when the Gaussian kernel is used fj_:; K(q)?dq = ﬁ, fj_:; K'(q)%dq = ﬁ.
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increase at extremely high level interest rate level, around 15% should be interpreted with
caution however, since there are very few observations in that area). As shown in Figure
2, where chronological local time of the short rates are estimated by (48), most data are
observed in the 3% to 8% region. To minimize this boundary effect in our empirical study,
we will make inference based only on this data range.

We specify a 6-point grid of the short rate r ranging from 3% to 8%, where most of
short rates are clustered to alleviate potential bias at the boundary, which is nonparametric
technique is well-known for. Along the maturity dimension, we set a grid of 4 7's = 1,2,... .4
years if the sampling period is 1961-1998, a grid of 5 7's = 1, 2, ..., 5 for the 1970-1998 period,
and a grid of 9 7's = 1,2,...,9 for the 1983-1998 period. The reason is that in the early
years, i.e. the 1960s and 1970s, long bonds over 5 year-maturity were scarce, while in the
latter decades, they have become more available. Again, it is aimed at minimizing the impact
of the bias at the boundary.

6.1 Test of No-Arbitrage Restriction

A x*-test is constructed for each maturity level, based on (22)%

K = 2
) =S 2T e

a x? with K degree (/)\f freedom. As proved in Appendix A.5.1, 1;\/; (ri,7;) is not asymptotically
correlated with any @ (i, 7;) when r; # r;s, so construction of the above x? is valid. 6 interest
rate levels from 3% to 8% results in a x* with 5 degree of freedom, which has the critical
value at 95% of 12.59. R

As shown in Table 1, we fail to reject the hypothesis that E 171 (ri,7;)| = 0 at 95%

confidence level or the no-arbitrage restriction does hold up with empirical data for the
sample period. The results are consistent over the 3 periods that we test (except for one
single case for 1-year yield if data from the period from 1983 to 1998 is used, which is however
very likely to be just a spurious result.)

The results reported here are robust to a wide bandwidth range from 0.5% to 2%. We
also switch the sub-samples, for example use odd and even observations to estimate ¢ (r, 7)

and A(r) used in (22) respectively, then repeat the experiment but using even and odd

@(Tiﬂ")

:/1(7”1'77:'))

25 An alternative test can be constructed as % Zfil

2
:| ~ x2. The results of our no-abitrage
std

TN

test and Markov tests do not change with this alternative.
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observations to estimate ¢ (r,7) and A (r) respectively. The test results are not sensitive to
this switching.

6.2 Test of Markovian property

Similar to the above section, a x*-test is constructed for each maturity level, based on (32)
and (34)

TR o (ke Y
i=1 var Fl(r, 7')}

and

K = 9
By =3 2T e
=1 var [(;52(7’, 7)}

with the same construction along the maturity dimension and the short rate grid used in the

no-arbitrage restriction test.
The x? test here is also valid due to the same reason as above: each term 51 (52) at an

interest rate level is asymptotically independent from 51 @2) at another interest rate level.
We also have a x? test with 6 degree of freedom here for each restriction. As explained in
section 5.2, the second test is in effect a joint test of the first restriction and the second one.

The test results are reported in Table 2 and 3, for the first restriction and second restric-
tion respectively. In both cases, perhaps rather surprisingly, we can not reject the Markovian
hypothesis at 95% confidence level. Again, the results reported here are robust to a wide

range of bandwidth choice from 0.5% to 2%, and to subsample switching as well.

7 Conclusion

In this paper we have provided a non-parametric estimator for the term structure’s volatility
over the period June 1961 to December 1998. The estimate does not incorporate the re-
striction imposed by the no-arbitrage restriction because, as we show, incorporation of this
restriction drastically reduces the efficiency of the estimate. We do however provide a test
to determine whether the volatility estimate is consistent with the no-arbitrage constraint.
The results show that our estimate is consistent with this constraint.

A test for path independence is also constructed, and interestingly, it turns out that
we can not reject the path independence. There are several possible interpretations for
this result. From the robustness of our results, it seems to suggest that by allowing a

sufficient flexibility in dynamics of the yield curves, as we have done here via nonparametric
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specification, one factor Markovian model can capture the empirical yield curves just as
well as a more complex one factor path dependent HJM model. One can also reasonably
suspect the power of the large sample test with finite sample observed, which renders the
test results doubtful. However, recent simulation evidence on nonparametric methods on
diffusion process estimation seems to suggest that the sample size of around 28 years as
we have here is rather reliable for inference (see Bandi and Nguyen (1999) for an example,
where estimates of diffusion process based on 20 years of daily data are shown to capture
the asymptotic behavior very well).

Our final caveat, which is a direction for future research, is that our estimation method-
ology presumes only a single factor framework. Perhaps a multi-factor model is more appro-
priate and will provide more power to test whether a single factor model is sufficient. This
issue is not further pursued in this present paper, but the econometric framework in this

paper can possibly be extended to multi-factor cases.

8 Appendix

A1-YIELD CURVE EVOLUTION

From equation (1) the forward rate dynamics can be written as
t t
Ft,7) = £(0,7) + / a5 T)ds+ [ (0,5 DV (S),
0 0
Noting that the yield curve y(¢,7) = 7= ft f(t,v)dv implies

(T—t)-y(t,T):/tTf(O,v)dv—l—/Ot/tTa(w,s,v)dvds—l—/Ot/tTfy(w,s,v)dvdW(s).

Differentiating both sides with respect to t provides

(T — 1) dy(t,T) — y(t, T)dt — —F(0,8) dt — < /0 ta(w,s,t)ds) dt — ( /0 tv(w,s,t)dW(s)) dt

- (lTa(w,t,v)dv) dt + (lTW(w,t,v)dv> dW (t).

Observing that r(t) = f(t,t) and rearranging the above yields

dy(t, T) = % <y(t, ) — () + /t : a(w,t,v)dv) dt + <ﬁ /t Tw,t,@)dv) AW (8).

Letting n(w,t,T) T ft (w,t,v)dv, which may be interpreted as the yield volatility
structure, and i 1mposmg the no-arbitrage constraint on a(w,t,T") provided by equation (2)

results in the following yield curve dynamics implied by the HJM framework:
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dy(t,T) = m(w,t,T)dt +n(w,t,T)dW(t)

t,T)—r(t 1
where  m(w,t,T) = % + Mw, t)n(w,t,T) + §(T —t)n(w,t,T)>.
The above dynamics is for a yield with a fixed maturity date 7. To determine the
dynamics of a yield with a fixed time-to-maturity 7, denoted y(¢, 7) where y(¢, 7) = y(t, t+7),

consider the following:

t t
y(t,7) =y(0,t+71)+ / m(w, s,t +7)ds + / Y(w, s,t+ 7)dW (s).
0 0

Differentiating both sides with respect to t provides

M _ (wOt+T) fom(w, s, t +7) L Oy(w, s, t+T)
dy(t,7) = (W—i_/o D0t +7) ds—l—/o Wd[}[f@)) dt

+m(w, t,t + 7)dt + y(w, t, t + 7)dW (t)
Oy(t, 7)

= 8—dt +m(w, t,t + 7)dt + y(w,t,t + 7)dW (2).
-

Consequently the dynamics of y(t,7) can be expressed as

dy(t,7) = m(w,t,7)dt +n(w,t,7)dW(t)

where nw,t,7) = n(w,t,t+7), and

N i (t, U(t, ) —r(t N 1
m(w,t,7) = yéTT) + ] T)T r(t) + Mw, t)n(w, t,7) + 3 T n(w,t,T)Q.

A2-CAPTURED MARKOV MODELS
Consider the case where the short term interest rate follows a time-homogeneous univari-
ate Markov diffusion

dr(t) = 0(r(t))dt + o(r(t))dW (t)

under the risk-neutral probability measure. Given complete bond markets the price (denoted
P) of a zero-coupon bond at time ¢ with a face value of one dollar and maturity date 7" can be
computed using the risk-neutral valuation formula P = Ep- [exp (— ftT r(s)ds) ’ .7-}} where
Ep+ [-| Fi] represents the expectation operator under the risk-neutral probability measure

given information at time t. Since r(t) follows a Markov diffusion process the price P
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must satisfy the following partial differential equation (see Vasicek (1977) and/or Musiela-
Rutkowski (1997) page 296):
oP or 1 , 0°P

ar—(t)g(T(t)) + ot + §U(T(t)) 8T(t)2 _T(t)P = 0.

Letting 7 = T — t the term %—1; in the above partial differential equation can be replaced

with —%—I: and hence the price of the zero-coupon bond at time ¢ with maturity date T’
can be expressed as a function of r(¢) and 7 only. Consequently the yield at time ¢ with
maturity date T, defined by y(¢,T) = —7=In P, can also be expressed as a function of r(t)
and 7 only; that is y(¢,7") is of the functional form Y (r(t),7). Applying Ito’s lemma to

Y (r(t), 7) indicates that for this class of term structure models the yield volatility structure
oY (r(t),r)
or (1)
volatility structure n(w,t,T) = n(r(t), 7) contains the class of term structure models where

is of the form o(r(t)) which is a function of r(¢) and 7 only. Consequently the yield
the short-tern interest rate follows a time-homogeneous univariate Markov diffusion under
the equivalent risk-neutral probability measure.

Now consider the yield volatility structure n(w,t,T) = n(r(t),7) which, via (4) under
suitable regularity conditions, is equivalent to stating that the forward rate volatility struc-
ture is of the form ~y(w,t,T) = ~(r(t), 7). Further assume that ~(r(¢),7) is admissible in a
framework where the short term interest rate follows a Markov diffusion process under the
risk-neutral probability measure; that is, it satisfies Condition 1 in Jeffrey (1995)?° which,

for this class of volatility structures, implies that the following must be satisfied

o . r(t) m,T
M@(r(t),t)+h(t,T) = V(T(t)ﬁ)/o V(T(t)’v)dv+/o % <3Em70§)dm

L 9 (4l
0055 (7(7‘(?5),0))’ (35)

where 7 =T —t, 6(r(t),t) is the drift of the short term interest rate under the risk neutral
probability measure, and h(t,T') is a particular function of ¢ and T'. Evaluating (35) at T =t
further shows that 6(r(t),t) must be of the form

Substituting (36) into (35) implies

— h(t, t)) . (36)

W) o)
7(r(t),0)h<t’t) h(t,T) = X(r(t),7) (37)

26Condition 1 in Jeffrey (1995) is a necessary and sufficient condition for v(w,t,T) so that it is allowable

in a framework where the short term interest rate follows a Markov diffusion process under the risk-neutral

probability measure.
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for the appropriate function X (r(t), 7). For the case where B'ra(t) (3%:88 > # 0 differentiating

both sides of the above with respect to r(t) indicates that (¢, ¢) must be a constant indicating
that the drift of the short term interest rate (r(t),t) is time-homogeneous. However the
o (alr(t),7)
case where 0] (’Y(T(t),O)
628 where a volatility structure of the form ~(r(t),7) with the property Bra(t) (1%:88) =0
must have a generically time-inhomogeneous short term interest rate process of the form

> = 0 is a special case of the example studies in Jeffrey (1995) page

dr(t) = (kr(t) + c(t)) dt + /a + br(t) dW (t), (38)
where c(t) is an arbitrary function which can be chosen to calibrate the resulting term
structure model to a given initial term structure. In summary the yield volatility structure
n(w,t,T) =n(r(t), 7) admits the class of affine time-inhomogeneous short term interest rate
processes (38) which is a subset of the extended Vasicek and extended CIR models considered
in Hull-White (1990).

A3- ASYMPTOTIC DISTRIBUTIONS OF DRIFT AND DIFFUSION RE-
LATED ESTIMATORS
To cover various processes in the body of this paper for which drift and diffusion related

estimators are required, it is sufficient to consider a semi-martingale of the form

dZ(t) = a(w,t)dt+n(r () dW(t) (39)
= [C(r®)+ewt)]dt+n(r(t)dW(t)

where 7(t) also follows a semi-martingale of the form
dr(t) = p(w,t)dt +o (r(t)) dW(t), (40)

W (t),t > 0, is a one-dimensional standard Brownian Motion defined on the probability space
(Q,{F;t > 0}, P), and all drift and diffusion coefficients are F;-measurable with w € F; and
sufficient regularity conditions assumed to ensure a unique non-explosive solution for Z(t); for
example see HJM (1992) for such regularity conditions in the context of interest rate models.
The objects of interest are i) an estimate of 7 (r (¢)) without any functional form restrictions
placed on « (w,t), and ii) an estimate of a (7 (¢)) when b(w,t) is known. In particular we
consider the following two respective kernel based estimators which are adaptations of those
proposed by Stanton (1997);

o LY R = ) (8200

S S AT) w

by = LE R r(0) [AZ(6) — (.t M
A7 S K ()

~)
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where Kj(u) = K(u/h)/h for any kernel function K(-) which is a continuous, bounded,
symmetric real function that integrates to one, and h is a positive scaling factor which
is interpreted at the bandwidth of the kernel estimators. In the above n is the number
of observations, ¢t; = 0 without loss of generality, ¢, ;1 is the time span of observations,
AZ(t;) = Z(tiy1) — Z(t;), and for simplicity ¢;,1 — t; = At for all i.

Before proceeding with the development of the asymptotic distributions of the estimators
(41) and (42) we first introduce some preliminary results and required assumptions that are
used extensively in the following proofs. The structure of the proofs follows Bandi and
Phillips (1998) and Bandi (1999), however their analysis is restricted to Markov processes
whereas ours are not.

Definition (Chronological Local Time. See Phillips and Park (1998))

The chronological local time of the semi-martingale r defined by (40) at point a over the

time interval [0,t] is defined as

- 1 .1 [t
L(t,a) = 02—@11_1)%%/0 Lir(s)—al<c0 (r(5))*ds
1
- — L
it

where L(t,a) is the local time of r at point a over the time interval [0,t].

Lemma (The Occupation Time Formula. See Revuz and Yor (1999))

For the semi-martingale r defined by (40) with quadratic variation process (r,r),, and
for every Borel function f of r

400

/ Fae)dinr. = [ fa)L(t, a)da

where L(t,a) is the local time of r at point a over the time interval [0,1].
Direct applications of the Occupation Time Formula along with the definition of Chrono-
logical Local Time provide the following two results:
t t
f(r(s
[ runas = [ LD, (13)
o o 0%(r(s))

= +°° f(a)L(t,a)da

—0o0

and further, for any kernel function K(-) and continuous bounded function f(-),

liml/OtK<x_}:(s))f(r(s))ds — lim% +°°K<$;a> F@)I(t,a)da  (44)

Rl0 h hl0 oo
+oo _
= lm K (q) f(z + hq)L(t,z + hq)dg

— I(t,2) f(x) = Os (L(t,7)) .
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Assumptions that must be imposed to study the asymptotic distributions of the estima-
tors (41) and (42) are the following:

AssumpPTION 1. (Recurrence)

The process {r(t);t = 0} defined in (40) is recurrent; that is for every point a on the
support of this process the chronological local time f(t, a) — 0o as t — 0.

AssuMPTION 2. (Boundedness)

The drift and diffusion functions are (locally) bounded:

o (w, ;) — alw, t)| + |n(r(t:) —n(r(t;)] < C1Z (&) — Z(t;)] (45)

for constants C, and there exists some 0 < v < % such that

(An)"”

m/o | K (r —r(s))a(w, s)ds| = O (1) (46)

AssuMPTION 3. (Sampling Conditions)

Let both the discretization width At and bandwidth for the kernel estimators h depend
on the sample size n which grows to infinity. To indicate this we will hereafter denote these
quantities as A, and h,, respectively. The sample frequency A%,, — 00 as n — oo; referred
to as ‘infill assumption’. The time span of observations t, 1 = nl, — o0 as n — 00;
referred to as ‘long span assumption’.’” The bandwidth parameter h | 0 in such a way that

Z—’; — 00 and (A,)° ﬁf(t, a) = O(1) for all 0 < 8 < 5 and every point a on the support of

the process {r(t);t > 0} defined in (40); L(t,a) is the chronological local time of the process
{r(t);t > 0}.
Given the above construct we now proceed to prove the following two theorems which
provide the basis for the analysis of all estimators and test statistics in this paper.
Theorem 1 Given Assumption 1-3, the asymptotic distribution of 57\(7“)2 s a mixed

normal:

“+oo

By L (t,,7)

A (1(r)* = n(r)’) = N (0,4 ( K (u)® du) n(r)4>

for every point r on the support of the process {r(t);t = 0} in (40).
Theorem 2 Given Assumption 1-3, the asymptotic distribution of m(r) is a mized

normal:
400

ho T (t,7) (E(r) - g(r)) — N <0, 4 < K (u)? du) 7)(7“)2)

for every point r on the support of the process {r(t);t > 0} in (40).

—0o0

2"This assumption can be dropped for the diffusion coefficient estimator provided Theorem 1 below.
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We first introduce some preliminaries recently established in the literature, which will
be utilized intensively in our proofs. The structure of the proofs for the estimators follows
Bandi and Phillips (1998) and Bandi (1999), however their analysis is restricted to Markov
processes while ours are not.

A3.1. Volatility Function Estimator

Let Ky, = MaxX;<, MaX;a, <s<(i+1)A, | Z (5) — Z (t;)| . By Holder’s inequality

Z(t+A,) = Z (1) 1
>0 =0a.s. for ever < =,
A, f y B <3

Pr|{¢t>0:lim sup
A, —0

thus

A

Another useful consequence, under our condition that W (At)? = 0(1), is

“ﬁézwamr):ow&uy

We first prove point-wise consistency for 7. As shown in Phillips and Park (1998) and
Bandi and Phillips (1999)

n—1
An Z Kh(r - Ti) —P Zr(tm T): (48)
i=1

provided the above sampling conditions are observed.

Consider the quantity

AZ* () = [Z(ti+ D)~ Z (1)

Observing that

ti+An ti+An
Z(ti+An) — Z(t;) = / a(w, s)ds —I—/ n(r(s))dW (s),
t; t;
and from Ito’s lemma
ti+ A, titAn titAn
2+ a2 =2 [ ZG)asdsi2 [ 2@ a9 [ alr (o)
t; t; t;

we consequently have

AZ () = Q/t. o [Z (s) — Z (t;)] a(w, s)ds
w2 [ 26 =2 @)av o)+ [ o @) (60
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Therefore,

LY Kl 7 (1)AZ (1)
B XL Kl ()
L Ku(r—r 1AZ r(t:))? =1 e e (8 (1 (£:)2
_ ZER @) S0 0 O] s k@)

S K =7 (1) S K = (1)

—n*(r)

_ Ehidmeow) [, [ 1% (s) = Z (t:)] elw, s)ds + 2 - 1Z () = Z (t:)] n(r (s))dW,
S K (r—r(6) ; Dl ; i s

* /:*A" [77<T (s))* = n(r (ti))2] ds}

Lo Kh(?“ —r(t:)n (r (t:)*

SR -y ) 1)

Consider the term

2y L LZ+A [Z (s) — Z (t;)] a(w, s)ds
Zz L Kn(r =7 (t))
2’2"—:” Yo P K (r— 1 (t:) ttﬁAn a(w, s)ds
S Ku(r =7 (1))
2;2,_,:,, >y Kh(r— r(t;)) [ftti#A" (a(w, s) — a(w, ds+ft’+A (w,ti))ds”
S Ku(r =7 (1))
Yoy Kh(T —r(t;))a(w,t;)
S Ku(r =7 (1))

where the two inequalities follow definition of x,, and the local boundedness assumption

IN

Y

< Cmfmn + 284,

(45) that we impose on the drift term, respectively. Under (46)

2t Kh(r —r(t))a(w,t)

< Lt /0 Kn(r — 7 (5))(w, )| ds

Kty
Sy Kn(r =7 (t)) L(ty,r)
— /ig,,;n H 0’
when A,, — 0.

We next analyze the term

S AR = (8)) [T (Z(s) — Z ()] n(r (s))dW (s)
S Ka(r — 7 (t)
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ST Kl = () [ () (s)|

26n.t,
A S Kh<r—r<t>>
s oo S Flr = 7 (60) 5 S n(r (5)) W (s)
— :nA1/2 .
An " S Knl(r — 7 (6))

Each element of the numerator

[ e

is a martingale difference sequence with zero expectation and finite variance

ploz [ T (saw <s>r -rlx [ T ()| <

where the equality follows Ito isometry. Invoking the law of large numbers for martingale

differences we obtain

S K(r— 1 (t)) +/2 JEE (i (s))dW (s)

— 0.
Soicy Ea(r —r (1))
when n — oo, while
2’{n,tn 1/2 _ 2’{n,tn -
so the whole term will approach zero.
For the next term in (51)
1S Kl f,ﬁA () = n(r (t:))*) ds

A, Zz | Kn(r—r (tz))

Using the mean-value theorem and the occupation formula, we have

im e @) [ ot 60 = afr 1)) ds

= me—r / e ()07 () (r (5) — () ds

< %y, / Kn(r — r (s)n(f (r (s) v (t)f (£ (r (5) .7 (£:)))ds
A 52
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oo , L.(t,,r + hnq)
= 2| [ K@ (e (5 -+ g E d\
/ Lr<tnvr> ee -
- 2/in tn 77<T)77 (T) 0'(7’)2 K(Q)dq = Clin,tnLr@n;r)

as h, — 0 (r*(t;) = f(r(s),r(t;)) € [r(t:),r (tix1)] when s € [r(t;),r (tir1)], and will
approach r (t;) when A,, — 0). Again, this bound approaches 0 : K,,1, = 04.5. A,lz/ Zjé) — 0,

when A, — 0.
For the last term in (51)

>oi Kl —r (t))n (r (t:)°

SRy

we first consider the quantity

%ZTZ_IK (T —};(m)) n(r () — %/Ot K (7’ —h:(8)> o (s))2ds

1
-1

_ hin n;‘ /t e lK (T _};(’52’) ) n(r (t)? — K (T _h:fs)) n(r (s>)2] ds.

Adding and subtracting

-4 Z [ [ (52 e - 1 (S22 ) 07 s

ol )7 = K (52 ) ot o) s

IN




2 n—=1 .4 A
Rn.t 1 j : e K" L L (t1> 2
+ n — — Z
( he, ) hn 4 01 ( B )n(r () s

(the third term, using (52), is of order &, ,)
K'n,tn

+CK’TL,tn
1 tn r—r (S) 2 Rt ? 1 fn [T —T (S) 2
— L I e A
et |2 [T K( . >77(7“(S)) as| + (5= |5 [ ) o (2
+C’{ntn

2
— /“@Ztno ALy (tn, 7)) + (K’Z,tn) Ous. (Ly (tn, 7)) + Chig,-

IN

Under our sampling conditions, all of the terms in the above bound approaches 0.

In conclusion, under the stated assumptions,

Y Kh( r(t:))n (ri)”
S K =1 (1)

which concludes our consistency proof. B

2_>0

—n(r)

Y

The variance of the estimator will be driven only by the term

n! ALnKh(r —r(t;))
i=1 Z?:_f Kh(r -r (ti

which has variation as

22:11 AL%K (r—r(t;))?* [titdn B 12 2
4 S Rt )T [Z (s) = Z (r ()] n(r (s))°d

)]

A3 Ka(r T(z)n(r(tz))'
[0 Kal(r — 7 (1))
AN, &= 3 K (RS2 (4)) A
VN iy Ko (r—r ()]

Asn — oo and A,, — 0, the numerator approaches
1 [ r—r(s) 2 1
i, K( W ) n(r(s)) ds
I r—r(s)\’ 2 dr(s)) 1 [*e r—a\’  ,Le(ty,q)
= — — = — K d
() weor i = [ R () et

oo L.(T,qh, +1)
— K 2 n 477 ’ n —
/_ N (@)" n(ghn + 1) PP dq,—

2 / T2 () = @) n(s)aw (5)
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while the denominator approaches, from (48), ff(tn, T).

In conclusion, the asymptotic variance of 7° is
4A +00 )
AT < - () q> n(r)
The variance of 7] is then obtained by a straightforward application of delta method
An t oo 2 > 2
e ([ K@) ) () (53
|
A3.2. Asymptotic covariance
Suppose we have two semi-martingale with similar structure to the Z; that we introduced
earlier, Z1; and Zy;, where
dZ, (t) = a (w,t)dt +mn (w,t)dW (t)
=[G (r(®) + ¢ (w,t)] dt +mny (r (1) dW (2)

and

dZ,(t) = ay(w,t)dt+ny(w,t)dW (1)
= [C(r () + @y (W, )] dt +ny (r (1) dW (2).

Estimates of 7, , are obtained by kernel smoothing as in (41). We will prove the claim

that
0 when r # 7’/

cov (1 (r), () = {std (7,() std (7,(r")) when r = 7
under the sampling conditions. From (51) and (50)
cov (57\1( )2777\2(7“/)2)
= AQZKhr—r NER(r" — 1 (t;))
Xfth [Z1(s) = 21 (43)] [Z2 (5) = Za ()] 1 (7 (3))ma(r () )ds
[0 Kn(r = ()] [S0m) Ka(r' =7 (1:))]

4Anh 2ie IK(T P K (552 ), (r () o (82))* A
e (A S Balr =7 (0)] [Aw i Kol — 1 10))]

For the numerator, observe that, as n — oo and A,, — 0

12

(54)

e S KO DR 0 40,
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= hin/ K=" (s) K(r _h: (S))m(r (5)) s (5))?

_ hin/ K=" () K(r —h: <8))771(r () (8»2%

-l KQ[’)KU‘ =) e el

- _:o K(q)K(q+ ri;nrl)n(qh”+T)2"(qh”+T’>2L;<;agf:t;)
i Erltme el i, _:o K@K+ )

Note that the integral can be written as

“+oo / +o0o

B e e B Y

o el
_ (K +K) rer\ 0+oo ) ?fr #*r
hy, J K (q)dg ifr =,
where (K x K) is the convolution of the kernel K. For concreteness, in case of the normal
kernel, since (K * K) = N(0,2), the above quantity approaches, as h,, — 0,

r—r\? 0 ifr' #£r
ex 7 - o .
2\/_ P hn, 2\/— f+ K (¢)?dq ifr' =r.
The results we want to prove is obtained by substituting the above limit and A,, >~ | K, (r—

r(t;)) = L(tn,r) and A, S0 Ky (' =7 (t:)) — L (t,, ') into (54). Intuitively, our point-
wise estimators, as local averages, are asymptotically serially independent for different point

estimates when h,, — 0. When ' = r, then since in our model the same Brownian mo-
tion drives every points on the whole yield curve, our estimators by construction will be
asymptotically perfectly correlated. B

A3.3. Estimator of part of the drift function

We motivate our estimator of by observing that

Co) = i (B 80 - 20) oo A 7]

= lim (AitE [(Z(t+At) = Z(t) — ¢ (w, t) At|r (t)]> :

At10

and thus, can be estimated by kernel smoothing

2y - LIl —r () [AZ(0) — g (1) A
At SR (r—1y) ’
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The asymptotic properties ofz can be derived in a fashion similar to the above section.

Since
ti+An ti+An by,
AZ(t) = Z (t+ D) — Z (t) = / € (r () + @ (w0, )] ds + / n(r ())dW (s),

the numerator of E can be written as

1

T

K (r—r(ti))li n[a(w,s)—a(w,ti)]ds

b~
N

1

2

S
—

L
A,

ti+Ap
K (r — 7 (8)) C(r ( A+—2Khr—r / n(r ())dW (s).

Assume that the drift function of the process Z(.) satisfies the local boundedness as-
sumption in (45), then consistency of ¢ is obtained, similar to the consistency proof for the

volatility function estimator in A3.1. Explicitly, the first term is:

X Ea(r = (1) [T (@, 5) = a(w,t) ds
A, SIS K (r = (1)

RN D A1)
T K (= (1)

A,
= C/in,tn = Oqg_s. (A:L/Qils) - 07

IN

when A,, — 0, where the last equality is due to (47). The term
1SS K (= () [y (e (5)dW (s)
An Z?:f Kh (r—r (ti))

approaches zero by an application of the law of large number for martingale differences,

similar to what we have done earlier. For the last term, under the assumptions and follows

the derivation in the above section, it can be proved that

>oicy Kn(r —r (t:)¢(r:)
2y Kn(r = (t:)

which completes the proof of consistency for E [ |

The variance of Z is driven by the last term, whose variation is

S K (= @) [ a0 ()P ds 1 S K (= (8) (e (1)
A [0 K (e = (1)) Ao [ Ky (r—r ()]

|~ Zn 1 g2 (7‘ r(t; )) n(r (£))2A,

o [A S K (r = (1))
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Asn — oo and A,, — 0, the numerator approaches

_/ (’“"“ ))277(7’(8))2d8

-/ ™ K (@) nlghn + 1 ((Ththr;L)r)dq hn:>00< 7 OOK(Q)qu> 77(7‘)2%:)’;)

o0

+o0 o
= < K (¢)° dq) 0(r)*Ly(tn, 7).

As A, S0 K (r —7(t;)) — Ly(t,, r) under the stated sampling assumptions, the vari-
ance 1s

m ( :o K (u)? du> n(r)?. (55)

Two observations are in order. First, comparing (53) and (55), it is obvious that the rate
of convergence (or divergence) on(r) is v/A,, slower than that of 7). Secondly, for /C\(r) to
converge, it is absolutely necessary that L (t,,7) — oo when t, — oo. Sufficient condition
for this is that the process r (t) is recurrent, as we assume in assumption 3.

A3.4. Asymptotic Covariance

Observe that

cov (G4(r). &)
4 S0 Ku(r = () Ea(r = () 72 0y (r () (r (5))ds
N [0y Ka(r =7 (t))] [Z? L Kn(r =7 (t)] ’

a proof for asymptotic perfect correlation between the cross-sectional estimates and asymp-

totic serial uncorrelatedness, i.e.

~ . 0 ifr' #£or
cov (C1(7’)7 Galr )) - { std (21(7“)) std (ZQ(T,)> if r' =r.

where (;(r) and (,(r) are defined in A3.3, is very similar to A3.2 and for space consideration is
not shown here. This important result will underlie our statistical tests in a significant way.
All of our tests can be interpreted as based on some form variations of E Consequently,
when we examine a sequence of Zl(rj)’ s, where 7 = 1,...K, then they are asymptotically
independent, and a x2-test with K degree of freedom can be constructed easily, as being done
in our empirical investigation. However, as any pair of (21 (r),@(r)) will be asymptotically

perfectly correlated as our claim above, a large sample test based on them for example to
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examine some linear relationship between the two, is very problematic, to say the least. To
break this curse of dependency is the subject of the next sub-section.

|

A3.5. Sampling from sub-samples

We examine the asymptotic behavior of the estimator Z when estimation is conducted
based on just half of the sample consists of every second observations. Without loss of

generality, suppose we sample from even observations:

~ 1 S VPR (= 1 () [AZ(2t) — 0 (w, 2t;) Al
C(r) = An Z[(n 1)/2] Ky (r — 7 (ts)) '

A distinctive characteristics of this sampling scheme, as mentioned else where in the pa-
per, is that although we sample at every other time intervals, or every 2At, we are still only in-
terested in the increment of Z over At. In other words, our AZ(2t;) is [Z(2t; + At) — Z(2t,;)],
not [Z(2t; + 2At) — Z(2t;)].

It is apparent that consistency will remain, with all the boundedness arguments go
through, while

ST K (r — r (8a))C(r (£21))
SV K (r = 7 (t20)

still holds under our sampling conditions. For the variance, analyze the term

— ¢(r)

LS P K (= e () T ()P ds 1 S P K (= (80)) (e (1)
2 2 2

An SV R (r = (tzi))} Bn [Zg(gl)/m Ky (r—r (tzi))}

%ZE(n 1)/2] K (r(t?::f ) ( (th) 2An

[A Z[(n 1)/2]K (T—T(tzz))r

Tl

Asn — oo and A,, — 0, the numerator approaches

%hin/ot"jc (r_h—:(S>>2n(r (s))%ds

1 ( jm K(q)qu) n(r)* Ly (tn, ),

hp—00 2 00

which is half of the limit we obtain before when we sample from the whole sample. For the

denominator, using (48)

-1)/2
1—
A, Z w(r =7 (t:)) —" S Lo (tn, 7).
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Thus the estimator obtained from this sampling scheme will still be consistent but having

the variance twice as large as the original one.

The desired effect, i.e. to have

cov (1), Culr)) =0
is achieved now if we estimate 21 (r) from the even observations sample and estimate 22(7“)

L SO R (b)) [t AT (e (s))dw ()

from the odd observations sample as follows
An ST K (20))]

'~ —~ Ap
COV (Cl(r)7 C2(r)> — COV LZE(:TLfl)/Z] Kp(r—r(ta;i_1)) f;tiifAn n(r(s))dW (s)
A S K (1201

= (),
by the independence property of the Brownian motion.

|

A4-PROOFS FOR ASYMPTOTICS OF OUR HJM ESTIMATORS
A4.1. Volatility estimator

This is just a straightforward application of A3.1, where the yield process y (¢, 7) plays

the role of Z (t), while the spot rate process r (t) is r(¢). B

A4.2. No-arbitrage based estimator

We will apply the results established in A3.3 here. For the process 3 in (5), the drift can
be broken up into two parts as:

1
Cr(®) = An(r(t),7) + 570(r(t), 7)°
. 5(t.r) | it.) —r(t)
Y\, 7 Y\, 7)—r
t p—
(w,1) < 5 T - )
Then the estimate of ¢ () defined in (12), in a straightforward application of the results

established in A3.3, is a consistent estimate of ¢ (7 (¢)), with the asymptotic variance as in

(55). Then, by the delta method, using (13), the variance of 7 4(r, 7) is
(S5 K (w)? du) n(r,7)?

1
hL(t,, T)

(A + 7 n(r, T))2

[
A5-PROOFS FOR ASYMPTOTICS OF THE TEST STATISTICS

Ab5.1.No-arbitrage restriction test
Observing (15), we can apply the results in A3.3 with
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COr () = ar (6,7 — 1) = An(r(0), T~ 1)+ 5(T — (o (s), T~ 1)

and
e =
Thus, q(r, T — t), obtained by kernel smoothing as in (17), is a consistent estimator of
q(r,T —t) with the variance shown in (55), or, if we are to sample from half of the sample,
twice as large as that variance. If an estimate of the market price of risk, A (r(¢)), is to be
extracted from this g(r,7" — t) ((18) can be interpreted this way), then the variance of this

X(r(t)) is

= R [ K (u)* du
var [)\ (r (t))] - n(r(t),lT_t)Qvar Gr, T — 1)) = ( AW )

This result does not change even when we aggregate information across maturities; we

can simply apply the above result for the following process

Y () =3 dy(1T).

which has the dynamics

av (0 = | LTl ST~ 00 (0. T = 0+ A () Sontr0). 5 )|
| 2 n(r(e), Ty = £) | AW (1)

If A(r (t)) is estimated from just half of the sample, as we have done, then its variance
will increase twice, as shown in AA3.4.

If we are to estimate 5\ and \ from separate su‘/b\samples as described in A3.5, then this
sampling scheme, as proved in A3.5, render 5 and A independent and validate the claim on
the variance of the test statistic in (22). For the empirical i/r\nplementation as done in section
6.1, as proved in A3.4, for different levels of r, /E;\(r) and \ (r) are uncorrelated with a\(r’ )
and A (r'), and similar for A (r) and A (') , thus the series (a\(r) Y (r)) is asymptotically
serially uncorrelated. Our y>-test is thus validated. W

Ab5.2.Markov test statistics

Ab.2.1. Asymptotics for the derivative estimators

We will establish the asymptotic distribution of the derivative estimators obtained by
differentiate the estimators (41) and (42)
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Theorem 3 Given Assumption 1-3, the asymptotic distributions of O1j(r)?/0r and 82(7’) Jor

are mized normal:

W (O7(r)2/0r — an(r)2/0r) = N (0,4 ( oo K’ (U)Zdu> n(r)4) ;

oo

B3 T (t,,r) (aZ(r) Jor — ¢(r) /87“) — N (0, ( _m K' (u)? du> n@«)?) .

This implies that:
t (fj;o K’ (u)? du) n(r)?
h3 L (t,,r) '

var (On(r)/or) = (56)

We also have

0C,(r) BCy(r") 0 g
COV( or ' Or )é{ std ('9(1 ) std (6<2 )> if r' =r. (57)

where (1(r) and (o(r) are parts of the drift functions of any two Z (t) processes defined as
in A3.2.

The proof is similar to the proof for asymptotics of derivative estimator in regression
context in Pagan and Ullah (1999), theorem 4.2, p. 179.We first establish the asymptotic
distribution of 97(r)/dr. From (9), we have

O((r) 1 [Si K =7 (#)AZ (8)’] 58)
ar Av o S KW (t)
L[S Ka(r —r (6)AZ (6)°] [0 K (r —r (1))
A [0 Kl — ()]

Using (50), and steps similar to the derivation of the volatility structure estimator’ as-

ymptotics done in A3.1, the first term is

S K () [ A2~ n(r <m>ﬂ]

S KL (= (8)n (r <m>2]

S Kn(r =1 (1) ST Kn(r =7 (1)

Sis acKi(r = (1)
S Kl =7 (1)
X{Hﬁ Z(s) = Z (t:)] alw, s)ds +2 [, (2 <s)—Z<ti>1n<r<s>)dW<s>}

[ (e ()7 = n(r ()% d

J | ZEL K —rtnG <ti>>2] |

V)

Zz 1 Kh(r—r(t )
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Denote the first term and second term of the above expression as 1, and ,, respectively.
Boundedness of 1,, or 1); — 0, follows exactly the same arguments for the volatility function

estimator. For 1,, its numerator can be manipulated as below, with integration by parts

ZKgr—r )1 (r (t:)* A, as n — co and A, — 0,
“ <;) e :_/ o () oot "
- () e e g [ o (5 e [

— {Mﬂ(tn,r) +n(r)? {Lr(tn,r)]/]

or o(r)?
2T, ) 0V o). (59

as h,, — oo

For the second term in (58), utilizing the previous result [A%L S K (r—1m)AZ (ti)Q] —
n(r)? while

n—1

ZK}’L(T—ri)An,tn, asn — 0o and A, — 0, (60)
Sl e [ ()2
s =7\ Lr(tn, a o (a—r\ [L(ty,a)]’
- wl oG w5 P o

which approaches

O'(T)Q ] = Lr(tTL?T)
as h,, — 0.

Substituting (59) and (60) into (58), point-wise consistency of 97)(r)? /Or is thus achieved. B
For the asymptotic variance of 97> (r)/dr, consider

By L (tn,7) {0(%’)2) _ 8(77(7‘)2)]

A, or or

— n 1rr—r(t; 2
[T [ 1 e TR ECEAZE] ey
B A, A S K (A or
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B T () = [ K(SE)AZ (1)) [0, K ()

B [ )
_ R { 1 S5 K EEEAZ ()] 5‘(77(7“)2)}
B A, A, S R () o

B h%f(tnﬂ“) n—1 %K/(r—giti)) [Zn lK(r r(t))Az( )} o
D u)){ SR () )

- nfl 1 7 r—r(t;)
3 T(t K () )
T A Z SR (= T(t))n(r)

 [H T { | [ e 167 @] (9(77(7’)2)}

A, A, S R () o

hy, Ltn,rnl 1K’(” ) B )
—h, r)* —n(r

h3 tn,T n—1 K/(r r( )) )
Z SR (S T(t))n(r)

[T { R e e AN 3(77(7“)2)}

An An,tn Zn 1K(’I‘ T(t )) - or

-1 lK’T r(ti) = ") s )
g ( (- }::2)) { fn iii:“ ){77(7“) —71(7“) }}

'r r(t;)
h3 tn7r Ay ) 2
Z S 1K(r (tl))77<74) :

n

Proceed similarly to the proof of the asymptotics of the volatility function estimator,

then the first term will have the variance as

4 (fj;o K (u)? du) n(r)*
h3 L (t,,r) '

(61)

Since %(j”’r) {7(r)? — n(r)?} tends to a random variable in distribution while h,, — 0

as proved in A3.1, the asymptotic distribution of

b L (ta,7) {0(57\(7“)2) 6‘(77(7“)2)}

A, or  or
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is the same as that of

W L) | 1 [T K CFEAZ)] e

A, A, Sl K (i) ;ifz>) or ’

i.e., the asymptotic variance of 97(r)?/0r —dn(r)?/dr is as in (61). The results here are con-
sistent with a well-known feature of nonparametric technique that the derivative functional
estimator has slower rate of convergence than the functional estimator itself.

The proof for Om(r)/0r is almost identical, and is omitted here. B

A5.2.2 Markov test

For the first Markov restriction, first note that for ¢, defined in (25), the variance of its
estimate constructed in (28) will be dominated by the variations of the derivative estimators,

which are as follows, from Theorem 3

w5 = s ([ w o)
va [% = #’M( :o K’ (u)Qdu> n(r, 7).

Obviously that the first two variances dominate the last one by a factor of (1/A,,), so the
variance of &;1 will be driven by the first 2 terms mainly. To break the dependency between
m and /)\\, the sampling scheme utilized earlier is employed again, and the rest of our proofs,
namely (32) and the consequent constructed y*-test used in the empirical application follows
through as in A5.1 ((57) plays a similar role as the result established in A3.2, i.e. shows
each element of the y*-test is asymptotically serially uncorrelated).

For the second restriction, namely (26), first note that the asymptotics of the estimate
drift function of the short rate process defined in (33) can be conveniently established by an
application of A3.2.1 and A.3.2.2 on the short rate process r(t), where

and
¢ (w,t)=0
So the asymptotic variance of ﬁ (r (t)) resulted from sampling from half of the sample, is
(fj;o K (u)? du) a(r)?
2 = .
h L (t,,r)
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while that of 7 (r(t)) is similarly

ZUfK@%@wm%
h L (t,,r)

~ For other terms of ., first prove that the asymptotic variance of both E(r (t),7) and
% are zero (note that all analysis here are only first order asymptotics. The claim does

not hold when we consider second order) For E(r(t) ,T),

e A7)

a(r)

_ | L QVarWr,T)H ir.7) 2vaur[ﬂm)]
[0(7’)} L (r)

i {%] [Z(; (:))] cov [i(r, 7),3(r,7)].

Substituting, using the results from A3.1 and A3.2

At (fj;o K (u)® du) n(r,7)?

var [f(r,7)] = T (o)
) At ( fj;"K<u)2du) o(r)?
var [(r,7)] = W T (o)
cov [n(r,7),o(r,7)] = std(n(r,7))std (a(r)),

then
var [Zoa () ,T)} ~0.
As for 9€ (r) /Or first note that

2(EM) aGe) 1 aEENAM)

or or o(r) or  o(r)

but its variance will be dominated by variations of 07 (r) /Or and 97 (1) /Or, whose asymp-
totic variance is 1/h? larger than the asymptotic variance of other terms in the right hand
side, 77 (r) and & (r) (compare (56) and (53)). By the delta method, then the variance of
9E (r) /O is

o 25




as a consequence of Theorem 3.

Thus the variance of 51 from (26) is driven by variations of ﬁ (r) and m (r), i.e.

-~

w0y ()] = var [ 0)] + € v [f )]

At ([72K @ du)nr)* iz At (02K @) du) o (1)
=2 hL(t,,r) " o (r)? ? h'L (ty,r)
At (fj;o K (u)? du) n(r, 7)?

h f(tn, T)

Y

which is what we claimed earlier in section 5.

Proofs for (34) and the y?-test now simply follow arguments used in A5.1 and the first
Markov restriction.

|

References

[1] Ait-Sahalia, Y. (1996). Nonparametric Pricing of Interest rate Derivative Securities.
Econometrica 64, 3, 527-560.

2] Ait-Sahalia, Y. (1997). Do Interest Rates Really Follow Continuous-Time Markov Dif-
fusions? Working Paper.

[3] Amin, K. I. and A. Morton (1994). Implied Volatility Function in Arbitrage-Free Term

Structure Models. Journal of Financial Economics 35, 141-180.

[4] Bandi, F. (1998). Short term Interest Rate Dynamics: A Spatial Approach. Unpublished
paper, Yale University.

[5] Bandi, F. (1999). Stanton’s (JF, 1997) Approximations to the Infinitesimal First and
Second Moments of a Diffusion: Statistical Properties and Implications for Pricing.

Unpublished paper, Yale University.

[6] Bandi, F. and T. Nguyen (1999). Fully Nonparametrics Estimations for Diffusions: a
Small Sample Analysis. Unpublished paper, University of Chicago and Yale University.

[7] Bandi, F. and P. Phillips (1998). Econometric Estimation of Diffusion models. Unpub-
lished paper, Yale University.

[8] Bliss, R. and P. Ritchken (1996). Empirical Test of Two State-Variable Heath-Jarrow-
Morton Model. Journal of Money, Credit and Banking 28, No.3, 452-481.

47



[9] Brace A., and M. Musiela. A Multifactor Gauss Markov Implementation of Heath,
Jarrow, and Morton. Mathematical Finance, 4 (1994), 259-283.

[10] Buhler, W.,; M. Uhrig-Homburg, U. Walter, and T. Weber (1999). An Empirical Com-
parison of Forward and Spot-Rate Models for Valuing Interest Rate Option. Journal of

Finance.

[11] Cox, J., J. Ingersoll and S. Ross (1985). A Theory of the Term Structure of Interest
Rates. Econometrica, 53, 385-406.

[12] Florens-Zmirou (1993). On Estimating the Diffusion Coefficient from Discrete Observa-
tions. Applied Probability,790-804.

[13] Hardle, W. (1990). Applied Nonparametric Regression. Cambridge University Press.

[14] Heath,D., R. Jarrow, A. Morton (1992). Bond Pricing and the Term Structure of Interest
Rates: A New Methodology for Contingent Claims Valuation. Econometrica 60, 77-105.

[15] Hull, J. and A. White (1990). Pricing Interest Rate Derivative Securities. Review of
Financial Studies 3 (4), 573-592.

[16] Jeffrey, A. (1995). Single Factor Heath-Jarrow-Morton Term Structure Models based on
Markov Spot Interest Rate Dynamics. Journal of Financial and Quantitative Analysis,
30 (4), 619-642.

[17] Jeffrey, A. (1997). An Empirical Examination of a Path-Dependent Term Structure
Model. Working paper, Yale School of Managment.

[18] Jeffrey, A., O. Linton and T. Nguyen (1999). Term Structure Estimation and a Proxy
for the Instantaneous Spot Interest Rate”. Unpublished paper, Yale University, 1999

[19] Jiang, G. and J. Knight (1997). A Nonparametric Approach to the Estimation of Diffu-
sion Processes, with an Application to a Short Term Interest Rate Model. Econometric
Theory, 13, 616-645.

[20] Jiang, G. (1998). Nonparametric Modeling of U.S. Interest Rate Term Structure Dy-
namics and Implications on the Prices of Derivative Securities, Journal of Financial and
Quantitative Analysis, 33(4), pages 465-97..

[21] Linton, O., E. Mammen, J. Nielsen and C. Tanggard (1998). Estimating Yield Curves
by Kernel Smoothing Methods. Working paper.

[22] McCulloch, J. H. (1975). The Tax-Adjusted Yield Curve. The Journal of Finance, 30,
811-830.

48



[23] Musiela, M. and M. Rutkowski (1997). Martingale Methods in Financial Modelling.
Springer.

[24] Pagan, A and A. Ullah (1999). Nonparametric Econonometrics. Cambridge University

Press.

[25] Phillips, P. and J. Park (1998). Nonstationary Density Estimation and Kernel Autor-

gression. Working paper. Cowles Foundation for Research in Economics, Yale University.

[26] Revuz and Yor (1999). Continuous Martingales and Brownian Motion. Spinger-Verlarg:
New York.

[27] Ritchken, P. and L. Sankarasubramanian (1995). Volatility Structures of Forward Rates
and the Dynamics of the Term Structure Mathematical-Finance 5(1), 55-72.

[28] Stanton, R. (1997). A Nonparametric Model of Term Structure Dynamics and the Mar-
ket Price of Interest Rate Risk. Journal of Finance 52, No. 5,1973-2002.

[29] Vasicek, O. (1977). An Equilibrium Characterization of the Term Structure. Journal of
Financial Economics, 5(2), 177-88.

[30] Zhou, A. and N. Pearson (1998) A Nonparametric Analysis of the Forward Rate Volatil-
ities. Working paper, University of Illinois at Urbana-Champaign.

49



R R s
..
R
Y
SRR
Y
R R R R o RN
R B R 0
e RS (
S S S S S SRR R R R S R R R
s R N ey
R R R
R 0
R R R
SRR RS :
SRR .
AR
RN v
5! %-—-‘-«‘»_%"%ou—““_ )
p v
“\

N
N
RN
S

700 _£00 ZO0 LOC
A21/120/9N

lly from

1Ca

Volatility structure of the yield curves estimated nonparametr
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Figure

kernel smoothing based method. Bandwith for the volatility

tracted by Linton et al. (1998)

structure estimation is 1%. Maturity is from 0 to 5 years, and the short rate is from 0% to

15%.
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Figure 2: Chronological local time of the short rate estimated from CRSP bond daily
data from January 1961 to Dec 1998. Short rates extracted by Linton et al. (1998) kernel
smoothing based method. Local time is estimated by formula (47) with bandwith of 1%.

Maturity\Years | 83-98(6df) | 70-98(6df) | 61-98(6df)
1 17.78 1.30 4.23

2 4.27 4.90 3.37

3 2.12 5.50 5.89

4 2.29 8.19 3.72

5) 2.31 7.93

6 2.40

7 2.38

8 2.24

9 2.36

Table 1: No-arbitrage restriction test results. For construction of the test, 6 interest
rate levels are chosen, from 3% to 8%, where most of data are observed (see Figure 2). The
longest maturity is period dependent, which results in the table being asymmetric. Critical
value for a x?(6) test at 95% confidence level is 12.59.
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Maturity\ Years | 83-98(6df) | 70-98(6df) | 61-98(6df)
1 1.34 2.99 2.49

2 3.94 5.73 8.07

3 2.40 6.15 7.61

4 2.77 5.10 5.24

5! 2.50 4.91

6 1.85

7 1.77

8 1.80

9 1.62

Table 2: Univariate Markovian first restriction test. For construction of the test, 6
interest rate levels are chosen, from 3% to 8%, where most of data are observed (see Figure
2). The longest maturity is period dependent, which results in the table being asymmetric.
Critical value for a x?(6) test at 95% confidence level is 12.59.

Maturity\Years | 83-98(6df) | 70-98(6df) | 61-98(6df)
1 1.27 2.69 1.02

2 1.57 5.21 4.66

3 1.51 4.25 6.98

4 2.27 3.48 4.20

5) 2.39 3.06

6 2.56

7 2.35

8 2.11

9 1.98

Table 3: Univariate Markovian second restriction test. For construction of the test, 6
interest rate levels are chosen, from 3% to 8%, where most of data are observed (see Figure
2). The longest maturity is period dependent, which results in the table being asymmetric.
Critical value for a x?(6) test at 95% confidence level is 12.59.
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