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Abstract 
 
The main purpose of the presentation is to outline some alternative approaches on how a 
superlative annual consumer price index could be constructed using the monthly price 
information that is presently collected by statistical agencies.  The first issue that must be 
addressed is: how should the monthly price information at the lowest level of aggregation be 
aggregated up (over months) to form an annual price level or price relative at this lowest level of 
commodity aggregation?  Having constructed appropriate annual elementary indexes, the 
presentation discusses how to complete the process to construct an annual (calendar year) 
superlative index. 
 
Considering the problem of seasonal commodities, it is noted that the construction of year over 
year (superlative) indexes for each month of the year should be free of seasonal influences.  
Moreover, the business community is typically quite interested in this class of index numbers so 
the paper recommends that statistical agencies produce them.  This approach leads to another 
two stage aggregation of the micro price information into an overall annual index:  first 
aggregate across commodities holding the month constant and then aggregate across months.  It 
is noted that the alternative two stage annual indexes can be quite close to each other. 
 
The two annual indexes are on a calendar year basis; i.e., the price and quantity data pertaining to 
all 12 months in 1999 are compared to the corresponding prices and quantities for the base year, 
say 1995.  However, we can also construct a moving year or rolling year annual index, using 
price and quantity information collected each month.  Thus the statistical agency could produce a 
new rolling year index every month, which of course would lag behind its present very timely 
CPI index due to the lags involved in collecting the relevant quantity (or expenditure) 
information.  The real advantage of these moving year superlative indexes is that they are both 
timely and do not require any seasonal adjustment. 
 
A problem with the indexes discussed so far is that they do not give us any information on short 
term price movements; i.e., all of these indexes discussed above compare prices in a month in the 
current year with the same month in the base year.  The paper also discusses some of the 
problems involved in constructing superlative month to month price indexes. 
 
Finally, some of the problems that are associated with the aggregation over households or 
regions are discussed. 
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1.  Introduction1 
 
 
The main purpose of these notes is to outline some alternative approaches on how a superlative 
annual consumer price index could be constructed using the monthly price information that is 
presently collected by statistical agencies.  The first issue that must be addressed is: how should 
the monthly price information at the lowest level of aggregation be aggregated up (over months) 
to form an annual price level or price relative at this lowest level of commodity aggregation?  
We address this issue in section 2 below.  In section 3, having constructed appropriate annual 
elementary indexes in section 2, we discuss how to complete the process to construct an annual 
(calendar year) superlative index.  We also note that this two stage approach to the aggregation 
of price information (first aggregate across months holding the commodity constant and then 
aggregate across commodities) will be quite close (under certain conditions) to the construction 
of an annual superlative index in a single stage, where we regard each commodity in each month 
as a distinct commodity.2  The advantage of this Mudgett (1955)-Stone (1956) approach to the 
construction of annual indexes is that it deals satisfactorily with the problem of seasonal 
commodities.3  
 
Having introduced the problem of seasonal commodities in section 3, in section 4, we note that 
the construction of year over year (superlative) indexes for each month of the year should be free 
of seasonal influences.4  Moreover, the business community is typically quite interested in this 
class of index numbers so we recommend that statistical agencies produce them.  Having 
constructed year over year monthly indexes in section 4, in section 5, we can look at the 
problems involved in aggregating all twelve of these monthly indexes into a single annual index.  
This leads to another two stage aggregation of the micro price information into an overall annual 
index: first aggregate across commodities holding the month constant and then aggregate across 
months.  It turns out that under certain conditions, the resulting two stage annual index will be 
quite close to the construction of an annual superlative index in a single stage.  We also note that 
the two stage annual indexes constructed in section 5 can be quite close to the two stage annual 
indexes constructed in section 3. 
 
The annual indexes constructed in sections 3 and 5 are annual indexes on a calendar year basis; 
i.e., the price and quantity data pertaining to all 12 months in 1999 are compared to the 
corresponding prices and quantities that pertain to the base year, say 1995.  However, there is no 
need to construct a fixed base annual index for 1999 after the December 1999 price and quantity 
data are available and then wait a whole year before constructing the year 2000 annual fixed base 
index.  Price and quantity information can be collected each month, so that when the January 
2000 price and quantity information has been collected, we can construct a moving year or 

                                        
1 Discussions with Ralph Bradley, Rob Cage, Alan Dorfman, John Greenlees and Pat Jackman were very helpful.  
They are not responsible for any opinions expressed in this paper. 
2 This approach to the construction of annual indexes is due to Mudgett (1955) and Stone (1956). 
3 Thus the utility provided by a cold beer on a hot summer day could be quite different from the utility provided on a 
cold winter day. 
4 Fluctuations in temperature and the shifting of holidays across months mean that this statement is not quite true but 
most seasonal influences should be eliminated using year over year monthly indexes. 
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rolling year annual index that compares the January 2000 information with the January 1995 
information, the February 1999 information with the February 1995 information, the March 1999 
information with the March 1995 information,…., and the December 1999 information with the 
December 1995 information. Thus to the 1999 monthly data, we added the data for January 2000 
and dropped the January 1999 data, giving us 12 consecutive months of price and quantity data 
which is in turn compared to the 12 base months.  Thus the statistical agency could produce a 
new rolling year index every month, which of course would lag behind its present very timely 
CPI index due to the lags involved in collecting the relevant quantity (or expenditure) 
information.  In section 6, we discuss how these moving year indexes could be constructed and 
note how they could be approximated by using a two stage aggregation procedure on the year 
over year monthly indexes discussed in section 4.  The real advantage of these moving year 
superlative indexes is that they are both timely and do not require any seasonal adjustment.5 
 
A problem with the indexes discussed in sections 3 to 6 is that they do not give us any 
information on short term price movements; i.e., all of these indexes compare prices in a month 
in the current year with the same month in the base year.  Hence, it is simply impossible for these 
indexes to provide much information on short term price movements.6  Thus in section 7, we 
briefly discuss superlative month to month price indexes. 
 
Up to this point, the discussion has focussed on the problems involved in aggregating monthly 
data into annual data and has ignored the problems involved in aggregating over households or 
aggregating over different regions within the same country.  In sections 8 and 9, we address these 
household and regional aggregation problems.  In section 8, we look at the relationships between 
regional Laspeyres, Paasche and Fisher ideal indexes and their national counterparts while 
section 9 looks at the problems involved in aggregating regional Törnqvist indexes into a 
national index. 
 
Section 10 summarizes some of the issues and gives some tentative recommendations. 
  
 
2.  Alternative Concepts for Annual Average Prices at the Lowest Level of Aggregation  
 
In this section, we address the issue of how should the monthly price information at the lowest 
level of aggregation be aggregated over months to form an annual price level or price relative. 
 
We first need to introduce some notation.  We suppose that we have N distinct commodity 
classifications at the lowest level of aggregation and for each month m of year t, we have a 
“representative” price quote, pn

t,m, for each commodity class n for n = 1,…,N.7  Since we are 

                                        
5 Except that seasonal adjustment may be required due to changes in the number of working days in a month and or 
shifts in holidays like Easter from one month to another. 
6 The moving year indexes provide some information on the longer run trends in prices.  These moving year indexes 
are the index number counterparts to statistical methods used to smooth and seasonally adjust price and quantity 
series, such as X-11.  However, using moving year indexes or X-11 smoothed series to estimate a month to month 
change in prices will not give a pure measure of price change that depends only on the price and quantity 
information that pertains to those two months.   
7 This “representative” price quote could be an aggregate of a sample of price quotations on the price of commodity 
n for month m of year t.  However, this raises issues about how the individual price quotes should be aggregated into 
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going to discuss the construction of annual superlative indexes, we need information on the 
quantities of commodity n purchased by the households in the domain of definition of the price 
index during month m of year t, qn

t,m, that match up with the price quotes, pn
t,m. 

 
A bilateral index number formula is a function of four sets of variables: base period prices; 
current period prices; base period quantities and current period quantities.  The quantity variables 
have to match up with the price variables in each period.  Moreover, the inner product of the 
price and quantity vector pertaining to the same period should equal expenditures on the N goods 
in the index domain of definition for the reference population for that period.  An implicit 
assumption associated with the use of a bilateral index number formula is that the price variables 
that enter into the formula are “representative” for all of the transactions pertaining to that 
commodity in the period under consideration.  Thus implicitly, when we use a bilateral index 
number formula, we are assuming that the length of the period is short enough so that all of the 
transactions involving commodity n within each period can be adequately summarized by a 
single price.8 
 
With the above limitations of bilateral index number theory in mind, we now turn our attention 
to the problem of aggregating our monthly price and quantity information on commodity n into 
annual price and quantity information.  One very reasonable method for doing this aggregation is 
to define the annual consumption of commodity n in year t, Qn

t say, to be the sum of the monthly 
consumption of commodity n in year t; i.e., define Qn

t as follows: 
 
(1)  Qn

t ≡ ∑m=1
12 qn

t,m ;                                                                            n = 1,…,N ; t = 0,1,…,T. 
 
If we want the annual value purchased by the reference population to equal the product of an 
annual price, say Pn

t, times the annual quantity Qn
t, then Pn

t must be defined as follows:9 
 
(2)  Pn

t ≡ ∑m=1
12 pn

t,m qn
t,m / ∑m=1

12 qn
t,m = ∑m=1

12 pn
t,m qn

t,m / Qn
t ;          n = 1,…,N ; t = 0,1,…,T. 

 
Definition (2) shows that the annual unit value price for commodity n in year t, Pn

t, is equal to a 
weighted average of the monthly prices, pn

t,m, for m = 1,…,12.  Define the month m share of 
annual consumption of commodity n in year t as 
 
(3)  σn

t,m ≡ qn
t,m / Qn

t ;                                                                              n = 1,…,N ; t = 0,1,…,T. 
 

                                                                                                                              
the overall “representative” price quote.  In order to keep our exposition (and notation) relatively simple, we will not 
discuss these issues here. 
8 Fisher (1922; 318) and Hicks (1946; 122) both defined the length of period to be a time period short enough so that 
variations in price within the period can be ignored. 
9 The use of unit values and total quantities transacted during the period as the appropriate prices and quantities that 
should be inserted into a bilateral index number formula dates back to Walsh (1901; 96) (1921; 88) and Davies 
(1924); see Diewert (1995; 20-24).  Hill (1993; 399) recommended the use of unit values and total quantities as the 
appropriate prices and quantities that should be used in the national accounts under normal conditions.  However, 
when there is high inflation within the year, Hill (1996) did not recommend the use of annual unit values as prices.  
Diewert (1996) (1998) also noted that the annual unit value concept was not appropriate under conditions of high 
inflation but he also noted that even with low inflation, an annual unit value may not be the appropriate price 
concept if consumers have seasonal preferences over commodities.  
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Then using the quantity shares defined by (3), we can rewrite the annual unit value price for 
commodity n in year t as a (quantity) share weighted average of the monthly prices for 
commodity n in year t:  
 
(4)  Pn

t ≡ ∑m=1
12  σn

t,m pn
t,m ;                                                                     n = 1,…,N ; t = 0,1,…,T. 

 
Using (4), the long term annual price relative for commodity n in year t can be written as: 
 
(5)  Pn

t / Pn
0 ≡ ∑m=1

12  σn
t,m pn

t,m / ∑m=1
12  σn

0,m pn
0,m ;                              n = 1,…,N ; t = 0,1,…,T. 

 
This is our first approach to defining a theoretical long term annual fixed base price relative for 
commodity n that could be inserted into an annual superlative index number formula.  The 
annual quantity, Qn

t defined by (1), would be the period t quantity for commodity n that would 
be used in the annual superlative index number formula.  Let us call this approach to defining 
appropriate annual elementary prices the annual unit value approach. 
 
The above approach is fine as far as it goes but it may not be appropriate for at least two reasons: 
 
• The year may be too long a period to ignore within the period price variation.  In particular, 

the approach breaks down if there is high inflation during the year; i.e., the implicit 
assumption that price variation within the year can be ignored breaks down.10 

• The annual unit value approach may not be valid if consumers have seasonal preferences 
over some commodities.11 

 
Thus it may be useful to take other points of view to the problem of aggregating monthly price 
information into annual prices.  In particular, one could take a stratified sampling point of view.  
Thus we could regard each monthly long term price relative in year t, pn

t,m / pn
0,m for m = 

1,…,12, as a stratified sample from 12 monthly strata.  Each long term price relative, pn
t,m / pn

0,m, 
compares a monthly price for commodity n in year t to the corresponding monthly price of 
commodity n in the base year, year 0.  Thus if t = 1, then each of these price relatives, is 
expressing an annual rate of price change for that particular month m. 
 
How should these 12 long term monthly price relatives, pn

t,m /  pn
0,m, be combined into a single 

annual long term price relative?  Obviously, using an unweighted arithmetic or geometric mean 
are possibilities.  These two choices lead to the Carli and Jevons long term annual price 
relatives for commodity n in year t, PC and PJ respectively: 
 
(6)  PC(pn

0,pn
t) ≡ ∑m=1

12 (1/12) (pn
t,m / pn

0,m) ;                                 n = 1,…,N ; t = 1,…,T; 
(7)  PJ(pn

0,pn
t) ≡ ∏m=1

12 (pn
t,m / pn

0,m)1/12       ;                                  n = 1,…,N ; t = 1,…,T 
 
where we define the year t price vector for commodity n as 
 
(8)  pn

t ≡ (pn
t,1, pn

t,2,…, pn
t,12) ;                                                        n = 1,…,N ; t = 0,1,…,T. 

                                        
10 See Hill (1996) and Diewert (1996) (1998). 
11 See Diewert (1996) (1998). 
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For completeness, we should note the following formula due to Dutot12 that is used to aggregate 
price quotes at the elementary level: 
 
(9)  PD(pn

0,pn
t) ≡ [∑m=1

12 (1/12) pn
t,m] / [∑m=1

12 (1/12) pn
0,m] ;         n = 1,…,N ; t = 1,…,T. 

 
Note that the ratio of averages form of the Dutot index (9) is similar in structure to our earlier 
annual unit value formula (5).  In fact, if the quantity share weights in (5), the σn

t,m, are all equal, 
then (5) collapses down to (9). 
 
The use of the Carli formula (6) is not recommended since it does not satisfy the time reversal 
test and in fact has an upward bias from the perspective of that test.13  Diewert (1995) discussed 
the relative merits of the unweighted elementary aggregation formulae (6), (7) and (9) and 
generally expressed a preference for the use of the Jevons geometric formula, (7), both from the 
viewpoint of the economic approach as well as the axiomatic approach to elementary indexes.  
Hover, the lack of weighting in these indexes is a real drawback14 and so we now turn our 
attention to weighted versions of the above formulae. 
 
Let µ(a,b) be a weighted average of the two (positive) numbers a and b.  Recall or earlier 
definition (3) of the month m share of year t consumption of commodity n, σn

t,m.  We define the 
year t vector of these monthly quantity shares for commodity n by: 
 
(10)  σn

t ≡ (σn
t,1, σn

t,2,…, σn
t,12) ;                                                          n = 1,…,N ; t = 0,1,…,T. 

 
The mean function µ and the quantity weights defined by (10) above can be used to define the 
following weighted counterparts to the unweighted indexes (6), (7) and (9) above: 
 
(11)  PC(pn

0,pn
t,σn

0,σn
t)    ≡ ∑m=1

12 µ(σn
0,m,σn

t,m) (pn
t,m / pn

0,m) ;                 n = 1,…,N ; t = 1,…,T; 
(12)  ln PJ(pn

0,pn
t,σn

0,σn
t) ≡ ∑m=1

12 µ(σn
0,m,σn

t,m) ln (pn
t,m / pn

0,m) ;             n = 1,…,N ; t = 1,…,T; 
(13)  PD(pn

0,pn
t,σn

0,σn
t)    ≡ [∑m=1

12µ(σn
0,m,σn

t,m) pn
t,m]/[∑m=1

12µ(σn
0,m,σn

t,m) pn
0,m] ;     

                                                                                                                     n = 1,…,N ; t = 1,…,T. 
 
Note the difference between the weighted Dutot formula (13) and the annual unit value price 
relative defined earlier by (5): in (5), the quantity weights in the numerator and the denominator 

                                        
12 For references to the literature on elementary index number formulae, see Diewert (1995). 
13 Fisher (1922; 29-30 and 66) was the first to point this out.  
14 The price quote in a month where very little quantity is transacted gets the same weight as a price in a month 
where a large quantity is transacted.  Walsh made this criticism of the unweighted stochastic approach to index 
number theory, as did Keynes (1930; 76-77) some years later: “It might seem at first sight as if simply every price 
quotation were a single item, and since every commodity (any kind of commodity) has one price-quotation attached 
to it, it would seem as if price-variations of every kind of commodity were the single item in question.  This is the 
way the question struck the first inquirers into price-variations, wherefore they used simple averaging with even 
weighting.  But a price-quotation is the quotation of the price of a generic name for many articles; and one such 
generic name covers a few articles, and another covers many.  … A single price-quotation, therefore, may be the 
quotation of the price of a hundred, a thousand, or a million dollar’s worths, of the articles that make up the 
commodity named.  Its weight in the averaging, therefore, ought to be according to these money-unit’s worth.”  
Correa Moylan Walsh (1921; 82-83). 
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were in general different whereas in (13), the weights in the numerator and denominator are the 
same. 
 
However, this is not the end of possible “reasonable” weighting schemes that could be applied 
(in theory) at the elementary level.  Instead of using the monthly quantity shares ,σn

t,m, as 
weights, we could use monthly value shares, sn

t,m, as weights.  Thus define the year t monthly 
expenditure share for commodity n as: 
 
(14)  sn

t,m ≡ pn
t,m qn

t,m / ∑k=1
12 pn

t,k qn
t,k ;               m = 1,…,12 ; n = 1,…,N ; t = 0,1,…,T. 

 
Define the year t vector of these monthly expenditure shares for commodity n as 
 
(15)  sn

t ≡ (sn
t,1, sn

t,2,…, sn
t,12) ;                                                      n = 1,…,N ; t = 0,1,…,T. 

 
Taking a Laspeyres or base period perspective, we can now define expenditure share weighted 
counterparts to the Carli, Jevons and Dutot annual price relatives; i.e., define the Laspeyres type 
year t annual long term price relatives for commodity n using the expenditure share weights (15) 
for these 3 formulae as follows: 
 
(16)   PC,0(pn

0,pn
t,sn

0)    ≡ ∑m=1
12 sn

0,m (pn
t,m / pn

0,m) ;                            n = 1,…,N ; t = 1,…,T; 
(17)   ln PJ,0(pn

0,pn
t,sn

0) ≡ ∑m=1
12 sn

0,m ln (pn
t,m / pn

0,m) ;                       n = 1,…,N ; t = 1,…,T; 
(18)  PD,0(pn

0,pn
t,sn

0)     ≡ [∑m=1
12 sn

0,m pn
t,m]/[∑m=1

12 sn
0,m pn

0,m] ;         n = 1,…,N ; t = 1,…,T. 
 
We now follow in the footsteps of Theil (1967; 136-137), who proposed a solution to the lack of 
weighting in the unweighted Jevons formula (7) in the context of a stochastic approach to index 
number theory.  We argue as follows. Suppose we draw monthly long term price relatives for 
year t and commodity n at random in such a way that each dollar of expenditure on commodity n 
in the base period has an equal chance of being selected. Then the probability that we will draw 
the month m price relative is equal to sn

0,m, the period 0 month m expenditure share for 
commodity n. Then the overall mean (period 0 weighted) price change for the year t long term 
price relative for commodity n is ∑m=1

12 sn
0,m(pn

t,m/pn
0,m), which is just the right hand side of (16).  

Theil made just this argument, except he applied it to the logarithmic price ratios, ln (pn
t,m / 

pn
0,m), instead of the price ratios themselves, pn

t,m / pn
0,m, and he ended up providing a stochastic 

interpretation for the index defined by (17). 
 
In the context of producing superlative indexes, the lack of a symmetric treatment of the time 
periods 0 and t in the formulae (16)-(18) is troublesome: the base period plays an asymmetric 
role in these formulae.15  In order to obtain symmetric formulae, we let µ(a,b) be a symmetric 
mean of the positive numbers a and b.  Then we can use this mean function in order to define the 
following symmetric counterparts to the index number formulae (16)-(18): 

                                        
15 This lack of symmetry als o troubled Theil (1967; 136-137) who went on to provide a symmetric version of 
formula (17).  Thus in addition to his first stochastic index, PT,0 ≡ ∑m=1

12 sn
0,m ln (pn

t,m/pn
0,m), Theil argued that an 

equally valid stochastic index could be obtained using the period t shares, sn
t,m, as probability weights, which leads 

to the index PT,1 ≡ ∑m=1
12 sn

1,m ln (pn
t,m/pn

0,m).  Finally, Theil combined the two sets of probability weights by taking 
their arithmetic average, which leads to the final Theil type index, PT ≡ ∑m=1

12 (1/2)[sn
0,m + sn

t,m] ln (pn
t,m/pn

0,m).  theil 
observed that the resulting index was not only symmetric in the data, but it also satisfied the time reversal test. 
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(19)  PC,µ(pn

0,pn
t,sn

0,sn
t)     ≡ ∑m=1

12 µ(sn
0,m,sn

t,m) (pn
t,m / pn

0,m) ;                 n = 1,…,N ; t = 1,…,T; 
(20)   ln PJ,µ(pn

0,pn
t,sn

0,sn
t) ≡ ∑m=1

12 µ(sn
0,m,sn

t,m) ln (pn
t,m / pn

0,m) ;             n = 1,…,N ; t = 1,…,T; 
(21)  PD,µ(pn

0,pn
t,sn

0,sn
t)     ≡ [∑m=1

12 µ(sn
0,m,sn

t,m) pn
t,m]/[∑m=1

12 µ(sn
0,m,sn

t,m) pn
0,m] ;  

                                                                                                                    n = 1,…,N ; t = 1,…,T. 
 
If we take the perspective of Theil’s stochastic approach to index number theory, then neither of 
the Dutot formulae, (18) or (21) seem to be satisfactory.  A more satisfactory Dutot index from 
the stochastic viewpoint is: 
 
(22)  PD(pn

0,pn
t,sn

0,sn
t)     ≡ [∑m=1

12 sn
t,m pn

t,m]/[∑m=1
12 sn

0,m pn
0,m] ;         n = 1,…,N ; t = 1,…,T. 

 
The numerator in (22) is ∑m=1

12 sn
t,m pn

t,m and it can be interpreted as the year t expected price 
level for commodity n, while the denominator in (22) is ∑m=1

12 sn
0,m pn

0,m and it can be interpreted 
as the year 0 expected price level for commodity n.  This long term annual price relative for 
commodity n in year t has the same disadvantage as our earlier unit value annual price relative 
defined by (5) above: the price weights in the numerator and denominator of these formulae are 
generally different.   
 
How are we to choose the mean function µ and how are we to choose between the alternative 
weighted formulae (19) and (20) above?  In order to answer this question, we need ask what 
properties we want our index to satisfy.  We will ask that the index number formula satisfy two 
“reasonable” properties. 
 
For our first “reasonable” property, we ask that the index, P(pn

0,pn
t,sn

0,sn
t) say, satisfy the 

following time reversal test:  
  
(23)  P(pn

0,pn
t,sn

0,sn
t) P(pn

t,pn
0,sn

t,sn
0) = 1. 

 
It can be seen that the generalized Carli index, PC,µ(pn

0,pn
t,sn

0,sn
t)  defined by (19), does not 

satisfy the time reversal test whereas the generalized Jevons index, PJ,µ(pn
0,pn

t,sn
0,sn

t) defined by 
(20), does satisfy this test provided that the function µ(a,b) is symmetric; i.e., we have µ(a,b) = 
µ(b,a) for all a > 0 and b > 0. 
 
For our second “reasonable” property, we ask that the index P(pn

0,pn
t,sn

0,sn
t) satisfy the following 

linear homogeneity in period t prices property: 
 
(24)  P(pn

0,λpn
t,sn

0,sn
t) = λ P(pn

0,pn
t,sn

0,sn
t) for all λ > 0. 

 
Applying this test to index numbers of the form defined by (20) where µ is a symmetric mean 
leads to the following condition that the weights µ(sn

0,m,sn
t,m) must satisfy: 

 
(25)  ∑m=1

12 µ(sn
0,m,sn

t,m) = 1 for all weights sn
0,m and sn

t,m which separately sum to 1 over m. 
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Condition (25) is also reasonable from the viewpoint of Theil’s stochastic approach; we want the 
overall probabilities µ(sn

0,m,sn
t,m) (which treat the probabilities, sn

0,m and sn
t,m,  in each year for 

month m in a symmetric manner) of selecting each long term monthly price relative for 
commodity n, pn

t,m/pn
0,m, to sum to unity.  In the Appendix, we show that the only homogeneous 

symmetric mean µ, which satisfies the functional equation (25), is the simple arithmetic mean.  
Using this simple mean, formula (20) becomes the Törnqvist-Theil index number formula 
defined as follows:16 
 
(26) ln PT(pn

0,pn
t,sn

0,sn
t) ≡ ∑m=1

12 (1/2)[sn
0,m + sn

t,m] ln (pn
t,m / pn

0,m) ;        n = 1,…,N ; t = 1,…,T. 
 
This concludes our discussion of the problem of how should the monthly price information at the 
lowest level of aggregation be aggregated over months to form an annual price level or price 
relative.  From the national accounts perspective, the unit value formula (5) for constructing 
annual long term price relatives seems “best”.  From the viewpoint of (weighted) stochastic 
approaches to index number theory, we could take either a price levels approach or a price 
relatives approach to the problem of constructing annual prices.  The stochastic price levels 
approach leads to the generalized Dutot formula (22) as being “best” while the stochastic price 
relatives or price ratios approach leads to the Törnqvist-Theil index (26) as being “best”.  Thus 
we have tentatively narrowed down the bewildering array of possible methods for aggregating 
monthly price information into annual prices into just three alternatives: (5), (22) or (26).  The 
interesting point to note is that all three of our “best” approaches involved weighting the monthly 
prices by monthly shares that reflected either the relative importance of monthly consumption of 
the commodity (formula (5)) or the relative importance of monthly expenditures on the 
commodity (formulae (22) and (26)).  Thus each of our “best” approaches to the monthly 
aggregation of prices problem involved the use of monthly quantity or expenditure weights.  This 
makes intuitive sense since months are not of equal length and hence are not of equal economic 
importance.  Of course, weather and custom further intensify the economic inequality in the 
consumption of any commodity n over the months of the year; i.e., there are definite seasonal 
fluctuations in the movement of prices and quantities and our methods for aggregating prices 
over months should take these fluctuations into account.  
 
In the following section, we assume that the Törnqvist-Theil index number formula, PT  defined 
by (26), is used in order to aggregate up the monthly price information into annual prices.  We 
then assume that the annual index is also constructed by using the Törnqvist-Theil formula.  
Finally, we indicate how this two stage aggregation procedure can be justified from the 
viewpoint of the economic approach to index number theory. 
 
 
3. Two Stage Aggregation: Approach 1 
 
Suppose that the long term annual price relatives for each commodity n are constructed using the 
Törnqvist-Theil index PT  defined by (26) above.  We now go through the mechanics for 

                                        
16 Note that we have provided a somewhat deeper justification for Theil’s choice of the probability weighting 
function, µ(a,b) = (1/2)a + (1/2)b. 
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constructing a final overall annual index using the Törnqvist-Theil formula at the final stage of 
aggregation as well. 
 
It is useful to add a bit of new notation.  Let Vn

t be the year t annual expenditures on commodity 
n; i.e., we have: 
 
(27)  Vn

t ≡ ∑m=1
12 pn

t,m qn
t,m ;                                                              n = 1,…,N ; t = 0,1,…,T. 

 
For the base year, we define the annual price for commodity n, Pn

0 say, to be unity for all 
commodities and we define the corresponding annual quantities, Qn

0 say, to be equal to the 
corresponding base year expenditures on commodity n, Vn

0; i.e., we make the following 
normalizations for the base year annual prices and quantities: 
 
(28)  Pn

0 ≡ 1 ;                                                                                      n = 1,…,N ; 
(29)  Qn

0 ≡ Vn
0 ;                                                                                  n = 1,…,N. 

 
For the years t which follow the base year, we define the annual year t price for commodity n by 
using the Törnqvist-Theil formula, (26); i.e., define Pn

t by: 
 
(30)  ln Pn

t ≡ ∑m=1
12 (1/2)[sn

0,m + sn
t,m] ln (pn

t,m / pn
0,m) ;                        n = 1,…,N ; t = 1,…,T. 

 
At this point, we need to deal with strongly seasonal commodities; i.e., it is very likely that for 
some commodity classes n, there are some months m where consumer expenditures on this 
commodity class are zero.  Assuming that these zero expenditure months always occur for the 
same months each year, then the required modification for formula (30) is straightforward: 
simply sum over months m for which there are positive expenditures.  In what follows, we 
assume that this modification has been made if necessary. 
 
The corresponding annual quantity for commodity n in year t,  Qn

t, is defined by deflating the 
year t expenditure on commodity n, Vn

t, by the year t price for commodity n, Pn
t defined by (30); 

i.e., we have: 
 
(31)  Qn

t ≡ Vn
t / Pn

t ;                                                                          n = 1,…,N ; t = 1,…,T. 
 
 Now define the annual expenditure share on commodity n for year t by 
 
(32)  Sn

t ≡ Vn
t / ∑k=1

N Vk
t ;                                                                  n = 1,…,N ; t = 0,1,…,T. 

 
Using the above definitions, we can now use the Törnqvist-Theil formula, (26), in order to 
aggregate the annual commodity prices, Pn

t, into an overall price level, Pt, as follows: 
 
(33) Pt ≡ ∑n=1

N (1/2)[Sn
0 + Sn

t] ln (Pn
t / Pn

0)  
            = ∑n=1

N (1/2)[Sn
0 + Sn

t] ln (Pn
t)                                               t = 1,…,T 

 
where the last equality follows from the normalizations (28). 
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The two stage aggregation procedure, which led to the final overall price level for period t, Pt 
defined by (33), can be given an economic justification.  Suppose that the consumer maximizes 
an annual utility function U, which has the following form: 
 
(34) u = U(q1

1,…,qN
1;q1

2,…,qN
2;…;q1

12,…,qN
12) 

 
where qn

m is the consumer’s consumption of commodity n in month m of the year; i.e., we are 
following the example of Mudgett (1955) and Stone (1956; 74-75) and distinguishing each 
commodity n in each month m as a separate commodity which enters the consumer’s utility 
function.  Suppose further that the annual utility function U has the following separable 
functional form:17 
 
(35) U(q1

1,…,qN
1;q1

2,…,qN
2;…;q1

12,…,qN
12) ≡ F[f1(q1

1,…,q1
12),f2(q2

1,…,q2
12),…,fN(qN

1,…,qN
12)] 

 
so that there is an annual subaggregator function for commodity n, fn(qn

1,…,qn
12), that aggregates 

the monthly consumption of commodity n into an annual aggregate for commodity n, for n = 
1,…,N.  For simplicity, we will assume that the micro aggregator functions, f1,…,fN, and the 
macro aggregator function F are all linearly homogeneous, concave and nondecreasing functions 
of their respective variables18.  Thus these aggregator functions have unit cost function duals, 
c1,…,cN and C respectively, and these dual unit cost functions satisfy the same regularity 
conditions.19   
 
Recall definitions (8), pn

t ≡ (pn
t,1, pn

t,2,…, pn
t,12), which defined the year t price vectors for 

commodity n.  Under the usual assumptions of cost minimizing behavior on the part of 
consumers and given that the utility function U satisfies the separability conditions (35) plus the 
assumption that the cn are translog unit cost functions, then it can be shown that the Törnqvist-
Theil annual index numbers defined by (26) are exact for these translog unit cost functions20; i.e, 
we have: 
 
(36)  ln [cn(pn

t)/cn(pn
0)] = ∑m=1

12 (1/2)[sn
0,m + sn

t,m] ln (pn
t,m / pn

0,m) ;        n = 1,…,N ; t = 1,…,T. 
 
If in addition the unit cost function C that is dual to the macro aggregator function F is also has 
the translog functional form, then it can be shown that the annual price index Pt defined above by 
(33) is exactly equal to the following economic cost of living index: 
 
(37)  Pt = C[c1(p1

t),c2(p2
t),…,cN(pN

t)] / C[c1(p1
0),c2(p2

0),…,cN(pN
0)] ;       t = 1,…,T. 

 
Thus the use of the Törnqvist-Theil index number formula (26) in order to calculate annual 
prices from monthly prices not only has a strong justification from the stochastic approach to 
index number theory, it also has a very strong justification from the viewpoint of the economic 
approach to index number theory.  Note that the two stage aggregation procedure that we have 

                                        
17 If some commodities n are not consumed in month m, then the corresponding quantities qn

m are simply omitted in 
the list of arguments for the annual utility function U. 
18 The linear homogeneity assumption on F can be relaxed. 
19 See for example, Diewert (1993a; 120-122). 
20 See Diewert (1976; 121). 
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outlined in this section has the added benefit that it can deal with the problem of strongly 
seasonal commodities in a perfectly adequate manner.  However, the separability assumptions 
that we have made in this section are not the most natural ones that can deal with the problems of 
seasonal commodities.  In this section, we aggregated first over seasons, holding the commodity 
constant, and then aggregated over commodities.  In the next two sections, we explore an 
alternative two stage aggregation procedure where we first aggregate over commodities holding 
the season constant and then aggregate over seasons.21 
 
 
4. Year over Year Monthly Indexes 
 
It seems clear that the separability assumptions on the annual utility function U that were made 
in (35) above are not the most natural.  It is intuitively more appealing to think of the consumer 
as aggregating over commodities within a month in the first stage of aggregation rather than 
aggregating over months in the first stage.  Thus in this section and the following one, we will 
assume that the consumer’s annual utility function satisfies the following separability 
restrictions: 
 
(38)U(q1

1,…,qN
1;q1

2,…,qN
2;…;q1

12,…,qN
12)≡G[g1(q1

1,…,qN
1);g2(q1

2,…,qN
2);…;g12(q1

12,…,qN
12)]. 

 
Thus the month 1 micro aggregator function, g1(q1

1,…,qN
1), aggregates up the consumption of 

each commodity qn
1 in January into a January subutility, the month 2 micro aggregator function, 

g2(q1
2,…,qN

2), aggregates up the consumption of each commodity qn
2 in February into a 

February subutility and so on.  The macro aggregator function G then aggregates up these 
monthly subutilities into an annual utility. Again, for simplicity, we will assume that the monthly 
micro aggregator functions, g1,…,g12 and the macro aggregator function G are all linearly 
homogeneous, concave and nondecreasing functions of their respective variables22.  Thus these 
aggregator functions have unit cost function duals, say d1,…,d12 and D respectively, and these 
dual unit cost functions satisfy the same regularity conditions. 
 
Define the vector of month m prices in year t as follows: 
 
(39)  pt,m ≡ (p1

t,m,…,pN
t,m) ;                                                                m =1,…,12 ; t = 0,1,…,T. 

 
We also need to define the expenditure share of commodity n for month m of year t as follows: 
 
(40)  s*n

t,m ≡ pn
t,m qn

t,m / ∑k=1
N pk

t,m qk
t,m ;                      n = 1,…,N ; m = 1,…,12 ; t = 0,1,…,T. 

 
Now define a vector of these shares for month m of year t as follows: 
 
(41)  s*t,m ≡ (s*1

t,m,…,s*N
t,m)                                                             m = 1,…,12 ; t = 0,1,…,T. 

 

                                        
21 These alternative two stage aggregation procedures for constructing an annual index in the context of seasonal 
monthly data were first discussed by Balk (1980a) (1980b) and Diewert (1980; 506-508). 
22 The linear homogeneity assumption on G can be relaxed. 
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The reader should note the difference between the earlier expenditure shares, sn
t,m defined by 

(14), and the new expenditure shares, s*n
t,m, defined by (40): the sn

t,m sum to one over the months 
m for each commodity n and each year t whereas the s*n

t,m sum to one over the commodities n 
for each month m and each year t. 
 
We can use the commodity shares of expenditure in years t and 0 and in month m to construct 
the following Törnqvist-Theil price index which compares the prices in month m of year t, pt,m, 
with the prices of month m in the base year, pt,0: 
 
(42) lnPT(p0,m,pt,m,s*0,m,s*t,m) ≡ ∑n=1

N(1/2)[s*n
0,m + s*n

t,m] ln(pn
t,m / pn

0,m) ; m = 1,…,12;t = 1,…,T.   
 
Under the usual assumptions of cost minimizing behavior on the part of consumers and given 
that the utility function U satisfies the separability conditions (38) plus the assumption that the 
dm are translog unit cost functions, then it can be shown that the Törnqvist-Theil year over year 
monthly index numbers defined by (42) are exact for these translog unit cost functions; i.e, we 
have: 
 
(43) ln[dm(pt,m)/dm(p0,m)] = ∑n=1

N(1/2)[s*n
0,m + s*n

t,m] ln(pn
t,m / pn

0,m) ; m = 1,…,12 ; t = 1,…,T. 
 
Thus the fixed base monthly Törnqvist-Theil indexes defined by (42), which compare the prices 
in month m of year t with the prices of the same month m in the base year, can be given a strong 
economic justification.  Note that these 12 year over year monthly indexes should be free of 
seasonal influences.  In the following section, we show how these monthly indexes can be 
aggregated up to give us an annual index. 
 
 
5. Two Stage Aggregation: Approach 2 
 
Suppose that the year over year fixed base monthly price indexes, dm(pt,m)/dm(p0,m), are defined 
by equations (43), where the Törnqvist-Theil index number formula is used on the right hand 
side of (43).  We now go through the mechanics for constructing a final overall annual index 
using the Törnqvist-Theil formula to aggregate over these year over year monthly indexes. 
 
Again, we need a bit of new notation.  Let Vt,m be the month m expenditures on all commodities 
in year t; i.e., we have: 
 
(44)  Vt,m ≡ ∑n=1

N pn
t,m qn

t,m ;                                                              m = 1,…,12 ; t = 0,1,…,T. 
 
For the base year, we define the aggregate (over commodities) month m price level, P0,m say, to 
be unity for all 12 months and we define the corresponding aggregate monthly base period 
quantities,  Q0,m say, to be equal to the corresponding base year expenditures on all commodities 
during month m, V0,m; i.e., we make the following normalizations for the base year monthly 
aggregated prices and quantities: 
 
(45)  P0,m ≡ 1 ;                                                                                        m = 1,…,12 ; 
(46)  Q0,m ≡ V0,m ;                                                                                   m = 1,…,12. 
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For the years t which follow the base year, we define the month m price levels for year t, Pt,m, by 
using the Törnqvist-Theil formula, (42); i.e., define Pt,m by: 
 
(47) ln Pt,m ≡ ∑n=1

N(1/2)[s*n
0,m + s*n

t,m] ln(pn
t,m / pn

0,m) ;                        m = 1,…,12 ; t = 1,…,T. 
 
Again at this point, we need to deal with strongly seasonal commodities; i.e., it is very likely that 
for some months m, there are commodities n where consumer expenditures on this commodity 
class are zero.  Assuming that these zero expenditure commodities in a given month are always 
zero expenditure commodities over all years for that month, then the required modification for 
formula (47) is straightforward: simply sum over the commodities n for which there are positive 
expenditures.  In what follows, we assume that this modification has been made if necessary. 
 
The corresponding aggregate monthly quantity for month m in year t, Qt,m, is defined by 
deflating the month m expenditures on commodities in year t, Vt,m, by the month m aggregate 
price in year t, Pt,m defined by (47); i.e., we have: 
 
(48)  Qt,m ≡ Vt,m / Pt,m ;                                                                           m = 1,…,12 ; t = 1,…,T. 
 
 Now define the annual expenditure share on all commodities during month m in year t by 
 
(49)  St,m ≡ Vt,m / ∑k=1

N Vt,k ;                                                                 m = 1,…,12 ; t = 0,1,…,T. 
 
Using the above definitions, we can now use the Törnqvist-Theil formula in order to aggregate 
the monthly aggregate prices in year t, Pt,m, into an overall price level,P* t, as follows: 
 
(50) P*t ≡ ∑m=1

12 (1/2)[S0,m + St,m] ln (Pt,m / P0,m)  
                  = ∑m=1

12 (1/2)[S0,m + St,m] ln Pt ,m 
 
where the last equality follows from the normalizations (45). 
 
The above two stage aggregation procedure, which led to the final overall price level for period t, 
P*t defined by (50), can be given an economic justification.  Under the usual assumptions of cost 
minimizing behavior on the part of consumers and given that the utility function U satisfies the 
separability conditions (38) plus the assumptions that the micro unit cost functions dm are 
translog unit cost functions and that the macro unit cost function D is translog, then it can be 
shown that the two stage Törnqvist-Theil annual index number, P*t defined by (50), is exactly 
equal to the following economic cost of living index: 
 
(51)  P*t = D[d1(pt,1),d2(pt,2),…,d12(pt,12)] / D[d1(p0,1),d2(p0,2),…,d12(p0,12)]  ;       t = 1,…,T; 
 
where the vector of commodity prices in month m of year t is defined as 
 
(52)  pt,m ≡ (p1

t,m,…,pN
t,m) ;                                                    m = 1,…,12 ; t = 0,1,…,T.      
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Thus the use of the Törnqvist-Theil index number formula in order to first calculate year over 
year monthly indexes and then aggregate these monthly indexes into an annual fixed base 
aggregate index also has a very strong justification from the viewpoint of the economic approach 
to index number theory.  As was the case with the alternative two stage aggregation procedure 
outlined in section 3 above, the present two stage aggregation procedure can also deal with the 
problem of strongly seasonal commodities in a perfectly adequate manner.  Furthermore, the 
separability assumptions that we have made in this section are perhaps the most natural ones that 
can deal with the problems caused by the existence of seasonal commodities.  
 
The question now arises: how does the two stage price level P*t constructed by (50) above 
compare to our earlier two stage estimate Pt defined by (33)?  In order to provide an answer to 
this question, we will take a slight detour and outline yet another method for constructing an 
annual price index. 
 
Our third economic approach to the construction of an annual price index is also the one that 
makes the least restrictive assumptions.  Recall the general annual utility function U, which had 
no separability restrictions placed on it; i.e., recall (34) above.  We now assume that U is dual to 
a general translog unit cost function, c say.23  We further assume that c has the translog 
functional form.  There will be a Törnqvist-Theil index number formula that is exact for this set 
of assumptions.  In order to define this index, it is necessary to introduce yet a third set of 
definitions for expenditure shares.  Thus we define the expenditure share of commodity n in 
month m of total annual expenditures, s**n

t,m, as follows: 
 
(53)  s**n

t,m ≡ pn
t,m qn

t,m / ∑j=1
N ∑k=1

12 pj
t,k qj

t,k ;                                            t = 0,1,…,T. 
 
Now we can use the Törnqvist-Theil index number formula, treating each commodity in each 
month in a year as a separate commodity, in order to define the following sequence of annual 
indexes: 
 
(54)  ln P**t ≡ ∑n=1

N ∑m=1
12 (1/2)[s**n

0,m + s**n
t,m] ln(pn

t,m / pn
0,m) ;              t = 0,1,…,T. 

 
Under the usual assumptions about cost minimizing behavior on the part of consumers, it can be 
shown that the single stage Törnqvist-Theil annual index number, P**t defined by (54), is exactly 
equal to the following economic cost of living index: 
 
(55)  P**t = c[pt,1,pt,2,…,pt,12] / c[p0,1,p0,2,…,p0,12]  ;                                       t = 1,…,T. 
 
It turns out that the annual indexes P**t defined by (54) will normally be very close to the two 
stage annual indexes P*t defined earlier by (50).  If we regard each of these two index number 
formulae as functions of the price and quantity vectors that pertain to periods 0 and t, then it can 
be shown that these two index number formulae approximate each other to the second order 
around any point where the two price vectors are equal and where the two quantity vectors are 

                                        
23 If there are strongly seasonal commodities so that say qn

m does not appear in the utility function U defined by 
(34), then the corresponding price pn

m will not appear as an argument in the dual cost function c and when we 
calculate our overall index, terms involving the subscript n and the superscript m should be omitted in the formula. 
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equal.24  Thus if period t is not too distant from the base period and price and quantity 
fluctuations are not too violent, then P**t will typically differ from P*t only in the third decimal 
place.  Similarly25, it can be shown that Pt defined by (33) will approximate P**t also to the 
second order around any point where the two price vectors are equal and where the two quantity 
vectors are equal.  Hence, for normal time series data, the two stage Törnqvist-Theil indexes 
constructed in section 3 above will be very close to their counterpart two stage Törnqvist-Theil 
indexes constructed in this section.  They will also be very close to the Törnqvist-Theil index 
that constructs the annual indexes in a single stage.  This latter index is exact for an economic 
index that makes the least restrictive assumptions of the three economic models that we have 
considered.  
 
This completes our discussion on the problems involved in constructing a sequence of 
superlative annual indexes using monthly data for calendar years.  However, if we have monthly 
data, there is no need to restrict ourselves to the construction of annual indexes for only calendar 
years.  In the following section, we look at the problems involved in constructing annual indexes 
for a moving sequence of 12 consecutive months. 
 
 
6. Moving Year Annual Superlative Indexes 
 
As was mentioned in the introduction, it seems inefficient to patiently collect monthly price and 
quantity information for 12 consecutive months and then produce an annual price index once a 
year.  How can we make better use of the incremental price and quantity information that flows 
into the statistical agency each month? 
 
Recall our discussion of year over year monthly indexes in section 4 above and our subsequent 
discussion in section 5 where we aggregated these monthly indexes into calendar year annual 
indexes.  However, there is no need to restrict ourselves to calendar years: the methodology 
explained in section 5 can be adapted to making a price comparison for any 12 consecutive 
months with the base 12 months. 
 
We will not spell out the details of this moving year methodology.  Additional information on 
this method can be found in Diewert (1983b) (1996) (1999) and in Alterman, Diewert and 
Feenstra (1999).  It does seem to work well for the empirical examples for which it has been 
implemented: nice smooth series are obtained which are free from seasonal fluctuations.26  After 
centering, the moving year sequence of monthly indexes is very comparable to a monthly price 
series that has been seasonally adjusted by X-11, except that the moving year indexes tend to be 
somewhat smoother.  Of course, the price index for every twelfth month reduces to a calendar 
year comparison with the base year. 
 

                                        
24 See Diewert (1978; 895). 
25 Again apply the result on the approximate consistency in aggregation of superlative index number formulas in 
Diewert (1978; 895). 
26 Comparisons of this moving year index number theory method for seasonal adjustment and more traditional 
econometric and statistical methods for seasonal adjustment may be found in Diewert (1999; 61-64) and in 
Alterman, Diewert and Feenstra (1999). 
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7. Month to Month Superlative Indexes 
  
 
The indexes suggested above in sections 3,5 and 6 are all annual type indexes and thus they 
cannot give accurate information on the short term month to month change in prices.27  Hence, 
there is a need for a month to month superlative price index.28 
 
Using the Törnqvist-Theil formula as usual and the notation introduced in section 4, the short 
term movement of prices going from month m to month m+1 of year t is given by:29 
 
(56) ln PT(pt,m,pt,m+1,s*t,m,s*t,m+1) ≡ ∑n=1

N(1/2)[s*n
t,m + s*n

t,m+1] ln(pn
t,m+1 / pn

t,m) ;  
                                                                                                                m = 1,…,11 ; t = 0,1,…,T. 
 
It can be seen that the short term price indexes defined by (56) are quite different than the 
indexes that we have defined up to this point and they serve a different purpose; i.e., to indicate 
month to month movements in prices rather than year over year movements. 
 
Existing statistical agency short term price indexes tend to be of the Laspeyres type and so there 
could be a need for a superlative index along the lines of (56).  We also note that existing 
statistical agency consumer price indexes tend to use annual weights from a somewhat distant 
base year.  However, the weights in a short term superlative index like that defined by (56) are 
not only current, but they are also definitely not annual weights; they are monthly weights that 
pertain to the two months being compared.  If annual weights are used in (56), then the resulting 
index is definitely not superlative and indeed, it cannot be justified from either the economic 
approach to index number theory or from the perspective of Theil’s stochastic approach to index 
number theory. I also do not know of any test approaches to index number theory that deal with 
monthly prices and annual expenditure weights. 
 
 
8.  Aggregation over Regions and Households: Paasche and Laspeyres Indexes. 
 
Up to this point, we have implicitly assumed a representative consumer model.  In this section 
and the next one, we consider some of the problems involved in the construction of a superlative 
index when there are many households or regions in the economy and our goal is the production 
of a national index. 

                                        
27 The year over year monthly indexes introduced in section 4 definitely do not give any information on the short 
term month to month movement in prices. 
28 If there is a hyperinflation, all of the annual indexes that we have discussed are not very relevant without 
modification.  In the case of a hyperinflation, the consumer’s budget constraint for 12 consecutive months must have 
interest rate discount factors in order to sensibly compare prices between different months.  A month to month index 
number is what is needed for indexation purposes under conditions of high inflation. 
29 Formula (56) needs to be modified when going from December to January.  The formula also needs to be 
modified when there are strongly seasonal commodities; i.e, commodities n such that n is present in one period but 
not the other.  In this case, the shares in (56) have to be redefined and the summation in (56) must be restricted to 
commodities n that are present in both periods.  This is the maximum overlap method for constructing short term 
indexes that was used extensively by Alterman, Diewert and Feenstra (1999). 
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In this section, we will consider an economic approach to the CPI that is based on the plutocratic 
cost of living index that was originally defined by Prais (1959).  This concept was further refined 
by Pollak (1980; 276) (1981; 328) who defined his Scitovsky-Laspeyres cost of living index as 
the ratio of total expenditure required to enable each household in the economy under 
consideration to attain its base period indifference surface at period 1 prices to that required at 
period 0 prices.  Diewert (1983a; 190-192) (2000) generalized Pollak’s analysis and we repeat 
some of his analysis below. 
 
Suppose that there are H households (or regions) in the economy and suppose further that there 
are N commodities in the economy in periods 0 and 1 that households consume and that we wish 
to include in our definition of the cost of living.30  Denote an N dimensional vector of 
commodity consumption in a given period by q ≡ (q1,q2,…, qN).  Denote the vector of period t 
market prices faced by household h by ph

t ≡ (ph1
t,ph2

t,…,phN
t) for t = 0,1.31  In addition to the 

market commodities that are in the vector q, we assume that each household is affected by an M 
dimensional vector of environmental32 or demographic33 variables or public goods, e ≡ 
(e1,e2,…,eM).  We suppose that there are H households (or regions) in the economy during 
periods 0 and 1 and the preferences of household h over different combinations of market 
commodities q and environmental variables e can be represented by the continuous utility 
function fh(q,e) for h = 1,2,…,H.34  For periods t = 0,1 and for households h = 1,2,…,H, it is 
assumed that the observed household h consumption vector qh

t ≡ (qh1
t,…,qhN

t) is a solution to the 
following household h expenditure minimization problem: 
 
(57)  min q { ph

t•q : fh(q,eh
t) ≥ uh

t }  ≡ Ch(uh
t,eh

t, ph
t)  ;  t = 0,1;  h = 1,2,…H 

 
where eh

t is the environmental vector facing household h in period t, uh
t ≡ fh(qh

t,eh
t) is the utility 

level achieved by household h during period t and Ch is the cost or expenditure function that is 
dual to the utility function fh.35  Basically, these assumptions mean that each household has 
stable preferences over the same list of commodities during the two periods under consideration, 
the same households appear in each period and each household chooses its consumption bundle 
in the most cost efficient way during each period, conditional on the environmental vector that it 
faces during each period.  Note that the household (or regional) prices are in general different 
across households (or regions). 

                                        
30 The aggregation issues are the same whether we are attempting to construct a month to month superlative index as 
in the previous section or an annual Stone-Mudgett index as in the earlier sections. 
31 Using our previous notation, pn

t,m was the price of commodity n in month m of year t.  We now replace t,m by a 
single period index t, which could denote a specific rolling year if our goal is to construct an annual superlative 
index or it could denote a specific month if our goal is to construct a superlative month to month index.  Previously, 
N denoted the number of commodity classes that we are willing to consider in each month.  If we are considering 
month to month superlative indexes, then our new N is equal to our old N; if we are considering annual moving year 
superlative indexes, then our new N is equal to 12 times our old N. 
32 This is the terminology used by Pollak (1989; 181) in his model of the conditional cost of living concept. 
33 Caves, Christensen and Diewert (1982; 1409) used the terms demographic variables or public goods to describe 
the vector of conditioning variables e in their generalized model of the Konüs price index or cost of living index. 
34 We assume that each fh(q,e) is continuous and increasing in the components of q and e and is quasiconcave in the 
components of q.    
35 Note that p•q ≡ ∑n=1

N pnqn is the inner product between the vectors p and q. 
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With the above assumptions in mind, we generalize Pollak (1980) (1981) and Diewert (1983a; 
190)36 and define the class of conditional plutocratic cost of living indexes, 
P*(p0,p1,u,e1,e2,…,eH), pertaining to periods 0 and 1 for the arbitrary utility vector of household 
utilities u ≡ (u1,u2,…,uH) and for the arbitrary vectors of household environmental variables eh 
for h = 1,2,…,H as follows: 
 
(58)  P*(p1

0,…,pH
0,p1

1,…,pH
1,u,e1,e2,…,eH) ≡ ∑h=1

H Ch(uh,eh,ph
1) / ∑h=1

H Ch(uh,eh,ph
0) . 

 
The numerator on the right hand side of (58) is the sum over households of the minimum cost, 
Ch(uh,eh,ph

1), for household h to achieve the arbitrary utility level uh, given that the household h 
faces the arbitrary vector of household h environmental variables eh and also faces the period 1 
vector of prices ph

1. The denominator on the right hand side of (58) is the sum over households 
of the minimum cost, Ch(uh,eh,ph

0), for household h to achieve the same arbitrary utility level uh, 
given that the household faces the same arbitrary vector of household h environmental variables 
eh and also faces the period 0 vector of prices ph

0. 
 
We now specialize the general definition (58) by replacing the general utility vector u by either 
the period 0 vector of household utilities u0 ≡ (u1

0,u2
0,…uH

0) or the period 1 vector of household 
utilities u1 ≡ (u1

1,u2
1,…uH

1). We also specialize the general definition (58) by replacing the 
general household environmental vectors (e1,e2,…eH) ≡ e by either the period 0 vector of 
household environmental variables e0 ≡ (e1

0,e2
0,…eH

0) or the period 1 vector of household 
environmental variables  e1 ≡ (e1

1,e2
1,…,eH

1).  The choice of the base period vector of utility 
levels and base period environmental variables leads to the Laspeyres conditional plutocratic 
cost of living index, P*(p1

0,…,pH
0,p1

1,…,pH
1,u0,e0)37, while the choice of the period 1 vector of 

utility levels and period 1 environmental variables leads to the Paasche conditional plutocratic 
cost of living index, P*(p1

0,…,pH
0,p1

1,…,pH
1,u1,e1).  It turns out that these last two indexes satisfy 

some interesting inequalities, which we derive below.  
 
Using definition (58), the Laspeyres plutocratic conditional cost of living index, 
P*(p1

0,…,pH
0,p1

1,…,pH
1,u0,e0), may be written as follows: 

 
(59)  P*(p1

0,…,pH
0,p1

1,…,pH
1,u0,e1

0,e2
0,…,eH

0)  
                        ≡ ∑h=1

H Ch(uh
0,eh

0,ph
1) / ∑h=1

H Ch(uh
0,eh

0,ph
0) 

                        = ∑h=1
H Ch(uh

0,eh
0,ph

1) / ∑h=1
H ph

0•qh
0     using (57) for t = 0 

                        ≤ ∑h=1
H  ph

1•qh
0 / ∑h=1

H ph
0•qh

0 
                                   since Ch(uh

0,eh
0,ph

1) ≡ min q { ph
1•q : fh(q,eh

0) ≥ uh
0 } ≤ p1•qh

0 and qh
0  

                                   is feasible for the cost minimization problem for h = 1,2,…,H 
                        ≡ PDL 

                                        
36 These authors provided generalisations of the plutocratic cost of living index due to Prais (1959).  Pollak and 
Diewert did not include the environmental variables in their definitions of a group cost of living index. 
37 This is the concept of a cost of living index that Triplett (1999; 27) finds most useful for measuring inflation: 
“One might want to produce a COL conditional on the base period’s weather experience….  In this case, the 
unusually cold winter does not affect the conditional COL subindex that holds the environment constant. … the 
COL subindex that holds the environment constant is probably the COL concept that is most useful for an anti-
inflation policy.”  Hill (1999; 4) endorses this point of view. 
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where PDL is defined to be the disaggregated (over households) Laspeyres price index, ∑h=1

H  
ph

1•qh
0 / ∑h=1

H ph
0•qh

0, which uses the individual vectors of household or regional quantities for 
period 0, (q1

0,…,qH
0), as quantity weights.38  If prices are equal across households (or regions), 

so that  
 
(60)  ph

t = pt   for t = 0,1 and h = 1,2,…,H, 
 
then the disaggregated Laspeyres price index PDL collapses down to the usual aggregate 
Laspeyres index, PL; i.e., if (60) holds, then PDL in (59) becomes 
 
(61)  PDL ≡ ∑h=1

H  ph
1•qh

0 / ∑h=1
H ph

0•qh
0 

               = p1• ∑h=1
H qh

0 / p0• ∑h=1
H qh

0 
               = p1•q0 / p0•q0 
               ≡ PL 
 
where the total quantity vector in period t is defined as 
 
(62)  qt ≡∑h=1

H qh
t      for t = 0,1. 

 
The inequality (59) says that the theoretical Laspeyres plutocratic conditional cost of living 
index, P*(p1

0,…,pH
0,p1

1,…,pH
1,u0,e0), is bounded from above by the observable (in principle)  

disaggregated Laspeyres price index PDL.  The special case of inequality (59) when the equal 
prices assumption (60) holds was first obtained by Pollak (1989; 182) for the case of one 
household with environmental variables and by Pollak (1980; 276) for the many household case 
but where the environmental variables are absent from the household utility and cost functions. 
 
In a similar manner, using definition (58), the Paasche conditional plutocratic cost of living 
index, P*(p1

0,…,pH
0,p1

1,…,pH
1,u1,e1), may be written as follows: 

 
(63)  P*(p1

0,…,pH
0,p1

1,…,pH
1,u1,e1

1,e2
1,…,eH

1)  
                        ≡ ∑h=1

H Ch(uh
1,eh

1,ph
1) / ∑h=1

H Ch(uh
1,eh

1,ph
0) 

                        = ∑h=1
H ph

1•qh
1 /∑h=1

H Ch(uh
1,eh

1,ph
0)      using (57) for t = 1 

                        ≥  ∑h=1
H  ph

1•qh
1 / ∑h=1

H ph
0•qh

1              using a feasibility argument 
                        ≡ PDP  
 
where PDP is defined to be the disaggregated (over households) Paasche price index, ∑h=1

H  
ph

1•qh
1 / ∑h=1

H ph
0•qh

1, which uses the individual vectors of household quantities for period 1, 
(q1

1,…,qH
1), as quantity weights. 

 
If prices are equal across households (or regions), so that assumptions (60) hold, then the 
disaggregated Paasche price index PDP collapses down to the usual aggregate Paasche index, PP; 
i.e., if (60) holds, then PDP in (63) becomes 

                                        
38 Thus the disaggregated Laspeyres index can be regarded as an ordinary Laspeyres index except that each 
commodity in each region is regarded as a separate commodity. 
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(64)  PDP ≡ ∑h=1

H  ph
1•qh

1 / ∑h=1
H ph

0•qh
1 

               = p1• ∑h=1
H qh

1 / p0• ∑h=1
H qh

1 
               = p1•q1 / p0•q1 
               ≡ PP. 
  
Returning to the inequality (63), we see that the theoretical Paasche conditional plutocratic cost 
of living index, P*(p1

0,…,pH
0,p1

1,…,pH
1,u1,e1), is bounded from below by the observable 

disaggregated Paasche price index PDP.  Diewert (1983a; 191) first obtained the inequality (63) 
for the case where the environmental variables are absent from the household utility and cost 
functions and prices are equal across households. 
 
Using the inequalities (59) and (63) and the continuity properties of the conditional plutocratic 
cost of living P*(p1

0,…,pH
0,p1

1,…,pH
1,u,e) defined by (58), it is possible to modify the method of 

proof used by Konüs (1924) and Diewert (1983a; 191) and establish the following result:39  
 
Proposition 1: Under our assumptions, there exists a reference utility vector u* ≡ (u1

*,u2
*,…,uH

*) 
such that the household h reference utility level uh

* lies between the household h period 0 and 1 
utility levels, uh

0 and uh
1 respectively for h = 1,…,H, and there exist household environmental 

vectors eh
* ≡ (eh1

*,eh2
*,…,ehM

*) such that the household h reference mth environmental variable 
ehm

* lies between the household h period 0 and 1 levels for the mth environmental variable, ehm
0 

and ehm
1 respectively for m = 1,2,…,M and h = 1,…,H,  and the conditional plutocratic cost of 

living index P*(p1
0,…,pH

0,p1
1,…,pH

1,u*,e*) evaluated at this intermediate reference utility vector 
u* and the intermediate reference vector of household environmental variables e* ≡ 
(e1

*,e2
*,…,eH

*)  lies between the observable (in principle) disaggregated Laspeyres and Paasche 
price indexes, PDL and PDP, defined above by the last equalities in (59) and (63). 
 
Thus the theoretical national consumer price index P*(p1

0,…,pH
0,p1

1,…,pH
1,u*,e*) is bounded 

from above by the disaggregated Laspeyres index PDL and from below by the disaggregated 
Paasche index PDP.  Hence if PDL and PDP are not too different, a good point approximation to the 
theoretical national consumer price index will be the disaggregated Fisher index PDF defined as: 
 
(65)  PDF ≡ [PDL PDP]1/2 . 
 
The disaggregated Fisher price index PDF is computed just like the usual Fisher price index, 
except that each commodity in each region is regarded as a separate commodity. 
 
Since statistical agencies do not calculate Laspeyres, Paasche and Fisher price indexes by taking 
inner products of price and quantity vectors as we have done in (59) and (63), it will be useful to 
obtain formulae for the Laspeyres and Paasche indexes that depend only on price relatives and 
expenditure shares.  In order to do this, we need to introduce some notation.  Define the 
expenditure share of household h on commodity n in period t as 
 

                                        
39 Note that the household cost functions must be continuous in the environmental variables which is a real 
restriction on the types of environmental variables which can be accommodated by the Proposition.  
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(66)  shn
t ≡ phn

t qhn
t / ∑j=1

N phj
t qhj

t ;                  t = 0,1 ;  h = 1,2,…,H ;  n = 1,2,…,N. 
 
Define the expenditure share of household h of total period t consumption as: 
 
(67)  Sh

t ≡ ∑n=1
N phn

t qhn
t /  ∑k=1

H ∑j=1
N phj

t qhj
t  

              = ph
t•qh

t / ∑k=1
H pk

t•qk
t                                    t = 0,1 ;  h = 1,2,…,H. 

 
Finally, define the national expenditure share of commodity n in period t as: 
 
(68)  σn

t ≡ ∑h=1
H phn

t qhn
t / ∑k=1

H pk
t•qk

t                                    t = 0,1 ;  n = 1,2,…,N 
              = ∑h=1

H [phn
t qhn

t / ph
t•qh

t][ ph
t•qh

t / ∑k=1
H pk

t•qk
t] 

              = ∑h=1
H shn

t  ph
t•qh

t / ∑k=1
H pk

t•qk
t]                              using definitions (66) 

              = ∑h=1
H shn

t Sh
t                                                             using definitions (67). 

 
The Laspeyres price index for region h (or household h) is defined as: 
 
(69)  PLh ≡ ph

1•qh
0 /  ph

0•qh
0                                         h = 1,2,…,H 

              = ∑n=1
N (phn

1/ phn
0) phn

0 qhn
0 / ph

0•qh
0 

              = ∑n=1
N  shn

0(phn
1/ phn

0)                                   using definitions (66). 
 
Looking back at (59), the disaggregated national Laspeyres price index PDL is defined as follows: 
 
(69) PDL ≡ ∑h=1

H  ph
1•qh

0 / ∑h=1
H ph

0•qh
0 

              = ∑h=1
H  [ph

1•qh
0 / ph

0•qh
0][ ph

0•qh
0 / ∑h=1

H ph
0•qh

0] 
              = ∑h=1

H  [ph
1•qh

0 / ph
0•qh

0] Sh
0                      using definitions (67) with t = 0 

(70)       = ∑h=1
H Sh

0 PLh                                               using definitions (69) 
              = ∑h=1

H Sh
0 ∑n=1

N  shn
0(phn

1/ phn
0)                  using the last line of (69) 

(71)       = ∑h=1
H ∑n=1

N Sh
0 shn

0(phn
1/ phn

0)                    rearranging terms. 
 
Equation (70) shows that the national Laspeyres price index is equal to a (period 0) regional 
expenditure share weighted average of the regional Laspeyres price indexes.  Equation (71) 
shows that the national Laspeyres price index is equal to a period 0 expenditure share weighted 
average of the regional price relatives, (phn

1/ phn
0), where the corresponding weight, Sh

0shn
0, is the 

period 0 national expenditure share of commodity n in region h. 
 
The Paasche price index for region h (or household h) is defined as: 
 
(72)  PPh ≡ ph

1•qh
1 /  ph

0•qh
1                                         h = 1,2,…,H 

              = 1 / ∑n=1
N (phn

0/ phn
1) phn

1 qhn
1 / ph

1•qh
1 

              = 1 / ∑n=1
N  shn

1(phn
1/ phn

0)−1                                   using definitions (66) 
              = [∑n=1

N  shn
1(phn

1/ phn
0)−1]−1 . 

 
From (63), the disaggregated national Paasche price index PDP is defined as follows: 
 
(73) PDP ≡ ∑k=1

H  pk
1•qk

1 / ∑h=1
H ph

0•qh
1 
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              = 1 / {∑h=1
H  [ph

0•qh
1 / ph

1•qh
1][ ph

1•qh
1 / ∑k=1

H pk
1•qk

1]} 
              = 1 / ∑h=1

H  [ph
1•qh

0 / ph
0•qh

0]−1 Sh
1                      using definitions (67) with t = 1 

(74)       = [∑h=1
H Sh

1 PLh
−1]−1

                                               using definitions (72) 
              = [∑h=1

H Sh
1 ∑n=1

N  shn
1(phn

1/ phn
0)−1]−1                     using the last line of (72) 

(75)       = [∑h=1
H ∑n=1

N Sh
1 shn

1(phn
1/ phn

0)−1]−1                       rearranging terms. 
 
Equation (73) shows that the national Paasche price index is equal to a (period 1) regional 
expenditure share weighted harmonic mean of the regional Paasche price indexes.  Equation (75) 
shows that the national Paasche price index is equal to a period 1 expenditure share weighted 
harmonic average of the regional price relatives, (phn

1/ phn
0), where the weight for this price 

relative, Sh
1shn

1, is the period 1 national expenditure share of commodity n in region h. 
 
Now if prices are equal across regions, the formulae (71) and (75) simplify.  (71) becomes: 
 
(76) PDL = ∑h=1

H ∑n=1
N Sh

0 shn
0(phn

1/ phn
0)                     

              = ∑h=1
H ∑n=1

N Sh
0 shn

0(pn
1/ pn

0)                    using assumptions (60) 
              = ∑n=1

N σn
0 (pn

1/ pn
0)                                   using (68) for t = 0 

 
and (75) becomes  
 
(77) PDP = [∑h=1

H ∑n=1
N Sh

1 shn
1(phn

1/ phn
0)−1]−1 

              = [∑h=1
H ∑n=1

N Sh
1 shn

1(pn
1/ pn

0)−1]−1           using assumptions (60) 
              = [∑n=1

N σn
1 (phn

1/ phn
0)−1]−1                        using (68) for t = 1. 

 
Thus with the assumption that commodity prices are the same across regions, in order to 
calculate national Laspeyres and Paasche indexes, we require only “national” price relatives and 
national commodity expenditure shares for the two periods under consideration.  However, if 
there is regional variation in prices, then the simplified formulae (76) and (77) are not valid and 
we must use our earlier formulae, (71) and (75). 
 
It is now necessary to discuss a practical problem that faces statistical agencies: namely, that 
existing household consumer expenditure surveys, which are used in order to form estimates of 
household expenditure shares, are not very accurate.  Thus the detailed commodity by region 
expenditure shares, Sh

0 shn
0 and Sh

1 shn
1, which appear in the formulae (71) and (75) are generally 

measured with very large errors.  Hence, it may lead to less overall error if the regional 
commodity expenditure shares shn

t are replaced by the national commodity expenditure shares σn
t 

defined by (68).  Whether this approximation is justified would depend on a detailed analysis of 
the situation facing the statistical agency.  
 
In the following section, instead of using the conditional plutocratic aggregate price index P* 
defined by (58) as our target national index, we use Theil’s stochastic approach as our national 
target index.  
 
  
9. Aggregation over Regions and Households: Theil’s Stochastic Approach 
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Recall Theil’s (1967; 136-137) stochastic approach to the determination of the aggregate average 
price change between periods 0 and 1, explained in section 2 above.  Using the notation 
introduced in the previous section, in order to apply Theil’s approach in the present context, we 
simply weight the logarithm of each regional price relative, phn

1/  phn
0, by its average expenditure 

share of national expenditure over the two periods under consideration, (1/2)Sh
0shn

0 + 
(1/2)Sh

1shn
1, in order to obtain the logarithm of the average price change, PT; i.e., we have 

 
(78)  ln PT  = ∑h=1

H ∑n=1
N (1/2)[Sh

0 shn
0 + Sh

1 shn
1] ln (phn

1/ phn
0). 

 
Using the usual second order approximation properties of the Fisher and Törnqvist-Theil 
indexes40, it can be shown that the disaggregated Fisher index PDF defined by (65) above 
approximates PT  defined by (78) to the second order around any equal (or proportional) price and 
quantity vectors for the two periods under consideration. 
 
Suppose instead of using Theil’s stochastic approach to index number theory, we wanted to use 
the economic approach to index number theory and aggregate up the regional or individual 
household Törnqvist indexes into a national price index.  Thus, define the logarithm of the  
Törnqvist index PT h for household (or region) h as follows: 
 
(79)  ln PT h ≡ ∑n=1

N (1/2)[ shn
0 + shn

1] ln(phn
1/ phn

0) ;                  h = 1,2,…,H 
 
where the household expenditure shares shn

t are defined by (66) in the previous section.  Now 
suppose each household h has preferences that are dual to the general (nonhomothetic) translog 
cost function Ch(uh,ph).  Under the assumption of optimizing behavior for each household in each 
period, Diewert (1976; 122) shows that the Törnqvist index PT h is exactly equal to the Könus true 
cost of living Ch(uh*,ph

1) / Ch(uh*,ph
0) where uh

* is the geometric mean of the period 0 and 1 
utility levels for household h; i.e., we have41 
 
(80) PT h = Ch(uh*,ph

1) / Ch(uh*,ph
0) ;                    h = 1,2,…,H. 

 
We now want to form some sort of average of the individual household true Könus cost of living  
indexes or true price indexes.  In order to obtain an index that most closely resembles the 
stochastic index (78), we will take a weighted geometric average of the household h true indexes.  
Thus define the social cost of living index PS with geometric weights wh as follows: 
 
(81) ln PS(w1,…,wH) ≡ ∑h=1

H wh ln [Ch(uh*,ph
1) / Ch(uh*,ph

0)]. 
 
For a democratic index, we would choose the weights wh = 1/H; i.e., we would choose equal 
weights.   
 

                                        
40 See Diewert (1978; 886-889). 
41 For analogous exact results in household translog models with environmental variables, see Caves, Christensen 
and Diewert (1982; 1409-1411). 
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For a plutocratic index, a reasonable choice for the weights would be the average expenditure 
share of region (or household) h in national expenditure over the two periods under 
consideration: 
 
(82)  wh = (1/2)Sh

0 + (1/2)Sh
1 ;               h = 1,2,…,H 

 
where the Sh

t are the shares of household h in period t’s national consumption; see (67) above.  
Now substitute (79), (80) and (82) into (81) and we obtain the following expression for the 
plutocratic social cost of living index: 
 
(83) ln PS[(1/2)S1

0+(1/2)S1
1,…, (1/2)SH

0+(1/2)SH
1]  

                             =  ∑h=1
H ∑n=1

N (1/2)[Sh
0 + Sh

1](1/2)[shn
0 + shn

1] ln (phn
1/ phn

0). 
 
Now compare (78) with (83); i.e., compare the stochastic approach measure of aggregate price 
change to the plutocratic economic approach.  Somewhat surprisingly, we see that the two 
estimates of national price change between the two periods are not identical.42  It can also be 
seen that the two measures of aggregate price change are equal if either: (i) the regional shares 
Sh

t are identical for the two periods or (ii) the household expenditure shares on commodities are 
identical for each household for the two periods; i.e., if either  
 
(84)  Sh

0 = Sh
1          for h = 1,2,…,H or 

(85)  shn
0 = shn

1         for h = 1,2,…,H and n = 1,2,…,N. 
 
However, in general, the stochastic approach estimate of aggregate price change defined by (78) 
will not equal the plutocratic social cost of living index defined by (83), which means that the 
statistical agency will have to make a choice between these alternative approaches. 
 
As was mentioned in the previous section, the individual household (or regional) commodity 
expenditure shares, shn

0 and shn
1, which appear in the formulae (78) and (83) are generally 

measured with very large errors.  Hence again, it may lead to less overall error if the regional 
commodity expenditure shares shn

t are replaced by the national commodity expenditure shares σn
t 

defined by (68). 
 
 
10.  Conclusions  
 
In addition to the existing timely CPI that most statistical agencies currently produce, it would be 
useful for the agency to produce 3 alternative classes of superlative consumer price indexes: 
 
• A short term month to month superlative CPI should be produced using monthly weights; 

see section 7 above.  This index would be the best measuring stick for very short term 
movements in prices.  This index would not be free of seasonal influences. 

• Twelve separate year over year superlative indexes for each month of the year should be 
produced; see section 4 above.  These indexes are of interest to the business community 

                                        
42 It can be verified that both sets of share weights sum to unity. 
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because they are free of seasonal influences and give an accurate picture of price movements 
over the past year in each current month.  These indexes are also the basic building blocks 
for the next class of index. 

• A superlative index should be produced, which compares the prices of the last 12 months 
with the corresponding months in a base year; see section 6 above.  These moving year 
indexes would be available on a monthly frequency and they would be free of seasonal 
influences.  They would be counterparts to existing price series that are adjusted by various 
econometric and statistical methods such as X-11.  However, I believe that these moving 
year superlative indexes have many advantages over series that are adjusted by existing 
seasonal adjustment methods. 

 
A possible disadvantage of producing 4 separate CPI’s is that the public might be confused.  
However, they all serve very different purposes.  If I had to pick just a single one of the above 3 
alternative superlative indexes, I would pick the moving year indexes.  Next, I would pick the 
short term superlative index.  It ranks behind my first choice because the existing CPI could 
serve much the same purposes. 
 
There are problems of aggregation over regions or households associated with producing any one 
of the above three classes of superlative index.  These aggregation problems were briefly 
discussed in sections 8 and 9 above.  The main problem is that monthly commodity expenditure 
shares by type of household or by region are subject to large measurement errors.  This means 
that these expenditure shares will have to be approximated or estimated in some manner.  We 
suggested the use of national expenditure shares in place of the regional expenditure shares but 
other estimation and smoothing methods might be appropriate.  These regional aggregation 
problems mean that the construction of an annual superlative index number will not be a trivial 
exercise.  
 
 
 
A final recommendation is that the BLS make every effort to obtain accurate expenditure data as 
well as accurate price data.  The production of superlative indexes requires accuracy in both sets 
of variables. 
 
 
Appendix: On Justifying the Arithmetic Average in the Törnqvist-Theil Index Formula. 
 
 
The functional equation that we study is the following one: 
 
(A1) ∑m=1

12 µ(sm,Sm) = 1 for all weights sm ≥ 0 and Sm ≥ 0 such that 
 
(A2) ∑m=1

12 sm = 1 and ∑m=1
12 Sm = 1, 

 
where µ is a homogeneous, symmetric mean.  We follow Diewert (1993b; 361-364) and define a 
homogeneous, symmetric mean µ(x,y) as a function of two nonnegative variables that has the 
following properties: 
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(A3)  µ(x,x) = x ;                                                                           (mean property); 
(A4)  µ(x,y) = µ(y,x) ;                                                                   (symmetry property); 
(A5)  µ(x,y) is a continuous function over its domain of definition; 
(A6)  µ(x,y) is increasing in its components and  
(A7)  µ(λx,λy) = λµ(x,y)  for all λ > 0 and x ≥ 0,y ≥ 0 ;              (homogeneity property). 
 
Let: 
 
(A8)  sm = (1/12)             for m = 1,2,…,12 ;  
(A9)  Sm = (1/12) + (1/12) xm    for m = 1,2,…,11 and 
(A10) S12 = (1/12) − (1/12) ∑m=1

11 xm . 
 
Substitution of (A8)-(A10) into the functional equation (A1) leads to the following functional 
equation for xm ≥ −1 for each m and ∑m=1

11 xm ≤ 1 : 
 
(A11)  ∑m=1

11 µ[1/12, (1/12)(1 + xm)] + µ[1/12, (1/12)(1 − ∑m=1
11 xm)] = 1. 

 
Multiply both sides of (A11) by 12 and use the homogeneity property (A7) in order to transform 
(A11) into the following functional equation for xm ≥ −1 for each m and ∑m=1

11 xm ≤ 1 : 
 
(A12) ∑m=1

11 µ[1, 1 + xm]  = 12 − µ[1, 1 − ∑m=1
11 xm] . 

 
Now define the following functions f and g in terms of µ as follows: 
 
(A13)  f(x) ≡ µ(1,1 + x) ; 
(A14)  g(y) ≡ 12 − f(− y) = 12 − µ(1,1− y ). 
 
Substitution of (A13) and (A14) into (A12) leads to the following functional equation: for xm ≥ 
−1 for each m and ∑m=1

11 xm ≤ 1 : 
 
(A15) ∑m=1

11 f( xm) = g( ∑m=1
11 xm) . 

 
From Theorem 2.6.3 in Eichhorn (1978; 39), the functional equation (A15) has the following 
solution:43 
 
(A16)  f(x) ≡ αx + β  ; 
(A17)  g(y) ≡ αy + 11β  
 
where α and β  are real numbers.  Note that  
 
(A18)  f(0) ≡ µ(1,1)      using (A13) 
                  =  1              using (A3) 

                                        
43 We require either property (A5) or (A6) on µ in order to apply Eichhorn’s result. 
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                  = α0 + β       using (A16) 
                  = β  . 
 
Thus the parameter β  in the solution (A16) and (A17) must equal 1.  In our particular 
application, we need to check whether Eichhorn’s general solution also satisfies the additional 
restriction in (A14); i.e., whether f and g defined by (A16) and (A17) also satisfy g(y) = 12 − f(− 
y).  We have : 
 
(A18)  g(y) ≡ αy + 11β                    using (A17) 
                   = αy + 11                     using (A18)  
                   = 12 − 1 − α( −y) 
                   = 12 − [α( −y )+ 1] 
                   = 12 − f( −y)                using definition (A16) with β  = 1. 
 
We now use the symmetry property (A4) in order to determine the constant α.  Using (A13): 
 
(A19)  f(x) ≡ µ(1,1 + x)  
                  = µ(1 + x,1)                                        using (A4) 
                  = (1 + x) µ(1,[1 + x]−1)                       using (A7) 
                  = (1 + x) µ(1,1 − x[1 + x]−1) 
                  = (1 + x) f(− x[1 + x]−1)                      using definition (A13) 
                  = (1 + x) [α(− x[1 + x]−1) + 1]                          using (A16) and (A18). 
 
Again using (A16) and (A18), we have: 
 
(A20)  f(x) = αx + 1 
                  = (1 + x) [α(− x[1 + x]−1) + 1]                           using (A19). 
 
Solving (A20) for α leads to the solution 
 
(A21) α = ½. 
 
Thus  
 
(A22)  f(x) = µ(1,1 + x) = (1/2) x + 1. 
 
Now set 1 + x = c and multiply both sides of (A22) by a to obtain the following equation: 
 
(A23)  a µ(1,c) = a [(1/2){c − 1} + 1]                         or 
             µ(a,ac) = (1/2) ac + (1/2) a                             using (A7) or 
              µ(a,b) = (1/2) b + (1/2) a                               letting b ≡ ac. 
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